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Abstract

Gouézel and Sarig introduced operator renewal theory as a method to prove
sharp results on polynomial decay of correlations for certain classes of nonuni-
formly expanding maps. In this paper, we apply the method to planar dispers-
ing billiards and multidimensional nonMarkovian intermittent maps.

1 Introduction

In two seminal papers, Young [53 [54] obtained results on exponential and subexpo-
nential decay of correlations for nonuniformly hyperbolic dynamical systems. In the
case of subexponential decay, a natural question is to establish that the decay rates
obtained in this way are optimal. The first progress in this direction was by Sarig [47]
who introduced the method of operator renewal theory. This method was extended
and refined by Gouézel [24] and gives optimal results for one-dimensional intermittent
maps of Pomeau-Manneville type [46], 51].

A challenge has been to extend the applicability of operator renewal theory to
higher-dimensional examples. Two specific directions have required attention: (i)
planar dispersing billiards, (ii) multidimensional nonMarkovian intermittent maps.
For results in these directions, we mention [31, [52].

In this paper, we extend the operator renewal theory of Gouézel and Sarig [24], 147]
to provide lower bounds in general situations where the Young tower method [54]
provides upper bounds. This includes directions (i) and (ii) above. In the case of
lower bounds for dispersing billiards, these are the first results using operator renewal
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theory, and the first results by any methods for billiards with decay rates other than
n~!. For multidimensional intermittent maps, we obtain essentially optimal upper
and lower bounds on decay of correlations.

Roughly speaking the result of Gouézel and Sarig takes the following form. Let
f: M — M be an ergodic measure-preserving transformation defined on a probability

space (M, p). The correlation function p, ., (n) is given by

Pow(n) = [y,vwo frdu— [, vdu [, wdp (1.1)

for L? observables v, w : M — R. For definiteness, as in [24] [47] we consider one-
dimensional Markovian intermittent maps such as in [37] with f(z) ~ z'*¥/? for
x near zero, where § > 1, and unique absolutely continuous invariant probability
measure . Fix n € (0,1). By [54], there is a constant C' > 0 such that

100.00(7)] < CJ0] g [0] 0o 2~ FD

for all v € C"(M), w € L>®(M), n > 1. Now fix a closed subset X C M with 0 ¢ X
and let b : X — Z* denote the first return time to X. By [24] [47], there exists a
constant C' > 0 such that

|pv,w(n) - Zj>n U(h > ]) fMUd:u fMWdﬂl < CHU”CW‘W‘OOCB(H) (1'2)
for all v € C"(M) supported in X, w € L®(X), n > 1, where

n=" £ >2
Cs(n) = ¢n2logn B=2 ) (1.3)
n20-0) 1< p <2

Since p(h > n) ~ en=? for some ¢ > 0, this shows that the results in [54] are sharp.
If in addition [wvdu = 0, then p,,(n) = O(n?) for all 3 > 1. (One consequence
of the main result in this paper is that the latter estimate holds for all w € L*>(M);
this is not shown in previous papers. See Remark )

Abstract theorems for nonuniformly expanding and nonuniformly hyperbolic dy-
namical systems are stated in Sections [3] and [7] respectively. In common with the
method of [24, 47], we induce on a convenient subset Y C M with induced map
F .Y — Y that is Gibbs-Markov for nonuniformly expanding maps and Gibbs-
Markov after quotienting along local stable leaves for nonuniformly hyperbolic maps.
A key difference from [24], [47] is that F' need not be a first return map. As in [10],
we are able to control the adverse effects associated with not being a first return and
to obtain results that are essentially the same as those in [24] [47].

Remark 1.1 We note that the setting in [52] is currently restricted to planar time-
reversible systems.

In the remainder of the introduction, we focus on the applications to billiards and
multidimensional intermittent systems.



1.1 Billiard examples

Markarian [38] and Chernov & Zhang [17] considered a general framework for
analysing decay of correlations for diffeomorphisms with singularities, with special
emphasis on slowly mixing planar dispersing billiards. All known results on upper
bounds for decay of correlations for dispersing billiards fall within this framework.
Within this framework, we obtain lower bounds.

The specific examples are described in more detail in Section[§ Here we summarize
the results. All integrals are with respect to Liouville measure. Upper bounds are for
general dynamically Holder observables v and w. Lower bounds are for dynamically
defined Holder observables with nonzero mean supported in a suitable subset X of
phase space.

e Bunimovich stadia, semidispersing billiards, billiards with cusps. In these
examples, the correlation decay rate O(n~') was established by [15, 17, 18, 38]. By
the argument in [7, Corollary 1.3] (see also [6, Corollary 1.1]), the result is essentially
optimal in the sense that if v = w and if v is Holder and satisfies a nondegeneracy
condition, then np,,(n) # 0 as n — oco. However, for several years it remained an
open question to obtain an asymptotic rate of the type (1.2)).

We prove that for all three types of billiard there is a constant ¢ > 0 such that
pow(n) ~ en™t [v [w. The constant ¢ is given explicitly in terms of the billiard
configuration space. For example, in the case of a Bunimovich stadium with straight
sides of length ¢,

_ 443log3 2
~ 4—3log3 4+ 1)

(Throughout, log means logarithm to base e.)

A similar result for semidispersing billiards and billiards with cusps (but not
stadia) can be found in [52], though it is not clear that the asymptotic p,.,(n) ~
const. n~! is established there.

e Billiards with cusps at flat points. Correlation decay rates O(n~(*~Y) with
[ any prescribed value in (1,2) were obtained in [56]. Here, /5 corresponds to the
flatness at the cusp. We obtain the asymptotic p,.,(n) ~ ecn™=Y [ [w. Again,
the constant ¢ is given explicitly.

e Bunimovich flowers. The correlation decay rate p,,,(n) = O((logn)*n=2) was
obtained in [I7]. It is conjectured that the optimal rate is const.n=2. We obtain the
lower bound p,.,(n) > (logn)'n™2 [v [w.

e Dispersing billiards with vanishing curvature. Correlation decay rates
O((logn)?n=¥=1)) with 3 any prescribed value in (2,00) were obtained in [56] for
Holder observables. Here, 8 corresponds to the flatness at the points of vanishing
curvature. We obtain the lower bound p,,(n) > (logn)~'n=F=Y [v [w.



1.2 Hu-Vaienti maps

We consider a class of piecewise smooth multidimensional nonuniformly expanding
intermittent maps f : M — M, M C RF compact, with a neutral fixed point.
The case k = 1 is very well-understood. Upper bounds on decay of correlations were
obtained by [29, 54] and the results were shown to be sharp by [24, 29, [47]. Extending
to multidimensional examples is relatively straightforward in the Markov case, but
the nonMarkov case is very challenging because the standard symbolically Holder
spaces are unavailable for nonMarkov maps and there are difficulties using spaces of
bounded variation in higher dimensions. Also, as shown in [30], such maps often have
poor bounded distortion properties.

Hu & Vaienti [30] obtained results on existence of absolutely continuous ergodic
invariant measures (both finite and infinite) for various classes of multidimensional
nonMarkovian intermittent maps. In a subsequent paper [31], first results on upper
and lower bounds on decay of correlations were obtained. As an application of the
results in this paper, we obtain essentially optimal upper and lower bounds.

To fix ideas, we focus on [31, Example 5.1] as described in detail in Section [6.4]
The neutral fixed point is taken to be at 0 and f(z) = z(1 + |z|7 4+ O(|z|"")) for
x close to 0 where v € (0,k) and ' > ~. Using results of [1, 30], we show that
Pow(n) = O(n=(F/M=1=9) for y Holder and w € L™, where € is arbitrarily small. This
is in marked contrast to [31] who obtain results no better than p, ,,(n) = O(n=((1/7)-1)
in the multidimensional case k > 2 and only for observables with support bounded
away from 0.

Moreover, our decay rate is essentially optimal. For v Holder and w € L* with
supports bounded away from 0 and nonzero mean, we show that for any € > 0

n~ (M=) o (n) < pm (B, (1.4)

The remainder of the paper is organized as follows. In Section [2, we recall
background material on inducing, Gibbs-Markov maps, Young towers, and Chernov-
Markarian-Zhang structures. Our main result for nonuniformly expanding maps is
stated in Section [3] and proved in Section 4l In Section [, we relate tail estimates
for different return times. In Section [0, we apply our results to multidimensional
nonuniformly expanding maps including those mentioned in Subsection [1.2]

In Section [7], we extend our main result to nonuniformly hyperbolic systems,
including solenoidal versions of the maps in Section [6} Finally, in Section [§ we
consider the examples from billiards mentioned in Subsection [1.1

Notation We use the “big O” and < notation interchangeably, writing a,, = O(b,,)
or a, < b, if there is a constant C' > 0 such that a,, < Cb, for all n > 1. Also,
we write a, ~ b, if a, < b, < a,. As usual, a, ~ b, as n — oo means that
lim,, 00 a,, /b, = 1.



Convolution of sequences a,, b, (n > 0) is denoted (a % b), = >_7_; a;b,;. Often
we use the abuse of notation a, xb,. If ag is undefined (as for example a,, = n~2logn)
then we redefine ap = 1 without mentioning it. With these conventions we have the
standard facts n™? xn"?7 = O(n"7) and n ? xn"%logn = O(n"9logn) for all p > 1,
q € (0,p].

2 Preliminaries

In this section, we recall background material on (one-sided) Chernov-Markarian-
Zhang structures.

Gibbs-Markov maps Let (Y, uy) be a probability space with an at most count-
able measurable partition «a, and let /' : Y — Y be an ergodic measure-preserving
transformation. For 6 € (0,1), define the separation time s(y,y’) to be the least
integer n > 0 such that F"y and F™y lie in distinct partition elements in «. It is
assumed that the partition « separates trajectories, so s(y,y’) = oo if and only if
y = v; then 6° is a metric.

Let & = ﬁy% 1Y — R. We say that F'is a (full-branch) Gibbs-Markov map if

e |, :a—Y is a measurable bijection for each a € o, and

e There are constants C' > 0, § € (0, 1) such that |log&(y) — log&(y')| < Cosw)
for all y,y' € a, a € a.

A consequence is that there is a constant C' > 0 such that

£(y) < Cpy(a)  and  |&(y) — E£Y)] < Cuy ()o@, (2.1)

for all y,y' € a, a € a.

Return maps Suppose that (M, ) is a probability space and that f: M — M is
an ergodic measure-preserving transformation. Fix a measurable subset X C M with
w(X) > 0and h: X — Z* integrable such that f*@x € X for all x € X. Then h is
called a return time and f*: X — X is called a return map.

If h is the first return time to X under f (i.e. h(z) = inf{n > 1: f"z € X}),
then f": X — X is called the first return map and ux = (u|x)/p(X) is an ergodic
fh-invariant probability measure on X.

Young towers Let F': Y — Y be a full-branch Gibbs-Markov map on (Y, iy )
with partition « and let ¢ : Y — Z™ be an integrable function constant on partition



elements. We define the (one-sided) Young tower A = Y'? and tower map fa : A — A
as follows:

(y, 0+1) £<p(y) -2
(Fy,0) (=o(y)—1

Let ¢ = [, ¢dpuy. Then pa = (py X counting)/@ is an ergodic fa-invariant prob-
ability measure on A, and it is mixing if and only if ged{y(a) : @ € a} = 1.
The tower has exponential tails if py (¢ > n) = O(e~") for some ¢ > 0, polyno-
mial tails if py(e > n) = O(n=?) for some B > 1, and superpolynomial tails if
py (e >n) =0(n=P) for all > 1.

Now suppose that f : M — M is an ergodic measure-preserving transformation on
a probability space (M, u), and that Y C M is measurable with u(Y) > 0. Suppose
that /' : Y — Y is a full-branch Gibbs-Markov map with respect to a probability
measure iy on Y, and that ¢ : Y — Z% is a return time, constant on partition
elements, such that F' = f¥. Form the tower A = Y% and tower map fa : A — A.
The map myr : A — M, muy(y,€) = f'y defines a semiconjugacy between fa and f.
We require moreover that (my).a = p. Then we say that f is modelled by a Young
tower.

A={(y,0) €Y XZ:0<L<p(y) -1}, fA(y,f)Z{

Chernov-Markarian-Zhang structure Suppose that (M, u) is a probability
space and let f: M — M be an ergodic and mixing measure-preserving transforma-
tion. Roughly speaking, the map f admits a Chernov-Markarian-Zhang structure if
there is an integrable first return time h : X — Z* such that the first return map
fx = f": X — X is modelled by a Young tower Y. The full map f : M — M is also
modelled by a Young tower Y'¥. We denote these towers by A = Y¥ and A,piq = Y7
since in the applications that we have in mind either the tower A,,piq is exponential
or for any ¢ > 1 the subset Y C X can be chosen such that fx is modelled by a
Young tower Y7 with puy (0 > n) = O(n™7). In the latter case, we say that fx is
modelled by Young towers with superpolynomial tails.

In more detail, suppose Y C X C M are Borel sets with p(Y) > 0. Define the
first return time h : X — Z* and first return map fx = f*: X — X.

We assume that fx : X — X is modelled by a Young tower Apq = Y7 with
return time o : Y — Z7 and return map F = f% : Y — Y. In particular, F =
f$ Y = Y is a full-branch Gibbs-Markov map with ergodic invariant probability
measure py and partition a such that o is constant on partition elements. We require
in addition that h is constant on fia for alla € a, 0 < ¢ < o(a) — 1.

Define the induced return time

p=hy Y =T, oly) =0 h(fty). (2.2)

Then ¢ is integrable with respect to py and constant on partition elements. In
particular, f : M — M is modelled by a Young tower A = Y% with the same
Gibbs-Markov map F' = f§ = f%.



We say that f : M — M satisfying these assumptions possesses a Chernov-
Markarian-Zhang structure.

Remark 2.1 The method of choosing a first return map modelled by a Young tower
with exponential tails arises in various contexts in the literature, see for example [9} [10]

in the noninvertible context. However, the method plays a special role in the context
of billiards [17, 138], see Remark [7.1| below.

Remark 2.2 It is part of our set up that p is mixing, but in general the tower map
fa A — A is mixing only up to a finite cycle d > 1 where d is often unknown.
As in [13, Theorem 2.1, Proposition 10.1], the a priori knowledge that p is mixing
ensures that for many purposes the value of d is irrelevant (in fact it suffices that u
is ergodic for all powers of f).

Dynamically Holder observables Suppose that f : M — M possesses a
Chernov-Markarian-Zhang structure as above. Fix 6 € (0,1). For v : M — R,
define

[o(f*y) — v(f*y)]
Gsy.y") '

[vll3; = [vloe + [vlgy, [0l = sup sup (2.3)

Yy’ €Y, yFy 0<t<ep(y)—1

We say that v is dynamically Hélder if ||v]|,, < oo and denote by H(M) the space of
such observables.

Of particular interest are observables supported in X. We identify L>°(X) with
{fw e L>*(M) : w|yx = 0}. Also, we write H(X) = {v € H(M) : suppv C X}.

It is standard that Holder observables are dynamically Hélder for the classes of
dynamical systems of interest in this paper, as we now recall. Given n € (0,1] and a
metric d on M, define

ol = s Jo(a) — v(@)l/d(z, @'Y
z, ' €M, xFz’

Let C"(M) be the space of bounded observables v : M — R for which |v|,, < oo.

Proposition 2.3 Letn € (0, 1]. Suppose that there exist K > 0, 6y € (0, 1) such that
d(f'y, f'y) < K6 forall y.yf €Y, 0< 0 < ply) — 1.
Then C"(M) C H(M) where we may choose any 6 € [0],1).

Proof Letve C"(M),y,y' €Y,0<{<¢(y)—1. Then
[0(f*y) = v(FY ) < [olead(foy, FY)" < K006

Hence |v|;, < K"v|, and it follows that v € H(M). |



3 Statement of the main result

In this section, we state our main abstract result for maps f : M — M with a
Chernov-Markarian-Zhang structure. Let ¥ C X C M denote the corresponding
return map sets and recall that ¢ = h, : Y — Z7T is the induced return time.
Throughout, we suppose that py (¢ > n) = O(n="") for some ' > 1. (As discussed in
Section , in our main examples any 3 < 3 is permitted where pux(h > n) = O(n=?),
and often we can take 8’ = 3. However, h and § play no role in this section.)

Define the correlation function p,,,(n) as in (L.I). It follows from Young [54] that
Pow(n) = O(||v]||w|ee n™® D) for all v € H(M), w € L®°(M), n > 1. We can now
state our main theorem. Let

on = [y olipsnydpy, Yo =n"" %0, (3.1)
Define (s as in ({1.3)).

Theorem 3.1 Let f: M — M be a map with a Chernov-Markarian-Zhang structure,
and suppose that py (¢ > n) = O(n™"") for some ' > 1. Then there is a constant
C > 0 such that for allmn > 1,

(@) [ =67 Sr(o ) [ v [ win] < Cllfuolat+ ()

for allv e H(X), w e L>®(X),
(b) |pvw(n)] < Cllv|ly|wleyn for allv € H(X) with [,,vdu =0, we L>(M).
Clearly n=% < 0, < v,. The sequences are readily estimated from above:

Proposition 3.2 e If o is bounded, then v, = O(n™").
e If o has exponential tails, then , = O(n=" logn).

o Lete > 0. If py (o > n) = O(n™ %) with q sufficiently large (depending on ¢),
then ~y, = O(n~#'=9),

Proof Suppose that o has exponential tails, and fix K > 0. Then
oy = / olipsnybty < Kpuy (o >n) + / liosxyodpy < Kn™% +0(e=K),
Y Y
for some ¢ > 0. Choosing K = (f'/c)logn, we obtain o, = O(n~?logn). Also

n=" «n " logn = O(n=" logn).
The other cases are similar and hence omitted. [ ]



Remark 3.3 In particular, if ¢ is bounded, then we are back in the situation of [24]
A7) and our estimates reduce to theirs. Note that we have the slight improvement in
Theorem (b) that w is an arbitrary L function, not necessarily supported in X.
Such a result does not seem to have been noted before.

When o is unbounded, [24], [47] does not apply directly since the estimates required
for applying operator renewal theory are problematic on X, while the dynamics on
Y is not given by a first return map, so it is necessary to incorporate arguments
from [10].

Remark 3.4 As in [I0], we can incorporate observables supported on the whole of
M that decay sufficiently quickly off X. Let 6 : Y — R. Suppose that v,w : M — R
are such that >>7" v o f| <&, 3297 jwo f| <& on Y. Then Theorem [3.1] holds
with o, defined using ¢ instead of o.

In contrast to [I0], we do not require that the Hélder constants of v decay off X.

4 Proof of the main theorem

In this section we prove Theorem [3.1] We continue to suppose that f : M — M
possesses a Chernov-Markarian-Zhang structure and that uy (p > n) = O(n™?) for
some 3 > 1. In Subsection we state an analogous result, Theorem for ob-
servables defined on A and deduce Theorem [3.1] as a consequence. In Subsection [4.2]
we recall some results from operator renewal theory for the Gibbs-Markov map on Y.
In Subsection [4.3] we prove Theorem [4.2]

4.1 Tower reformulation

Recall that M is modelled by a Young tower A = Y% and that F = f? : Y —» Y
is a full-branch Gibbs-Markov map. Let d = ged{p(a) : a € a}. The tower map
fa A — A is mixing if and only if d = 1. To deal with the cases d = 1 and
d > 2 uniformly, we set ® = d~1p. Replace A by A = Y?® and redefine fa : A — A
accordingly. Also, define pua = (py X counting)/®. Then fa is mixing.
Define
s A — M, Ty, ) = f%.

Then 7y, is a semiconjugacy between fa and g = f?, and (my).ua is an ergodic g-
invariant probability measure on M. It is an easy consequence of the definitions that
(71 )« ia is absolutely continuous with respect to the original measure p. Moreover,
1 is mixing for f by assumption and so is also ergodic for g. Hence mj; is a measure-
preserving semiconjugacy between (A, fa, ua) and (M, g, u).

Observables v : M — R supported in X lift to observables v = vomy : A =& R

supported in 7T]T41 (X) C A. More generally, we consider observables v supported in

Xg=XU f*IAX U---U f~@=DX. Such observables lift to observables & : A — R
supported in X = 7,/ (Xy) C A.



Proposition 4.1 0% ' 14(y,0) < o(y) fory €Y.

Proof Lety € Y. Set hj(y) = S._0 h(fix). Since h : X — Z7 is the first return
time to X under the map f : M — M we have that f‘y € X for some ¢ > 0 precisely
when ¢ = h;(y) for some j > 0. Since ¢(y) = h,() (), there are precisely o(y) returns
of y to X under f by time o(y). Hence Zf:(%)_l Lipeyexy = o(y) for y € Y.

Finally,

P(y)—1 O(y)—1 Q(y)—1 d—1 w(y)—1
Z 1)?(ya€) = Z 1{f“y€Xd} S Z Z 1{f£d+iy€X} = Z 1{f"'y€X}7
(=0 =0 (=0 =0 =0
and the result follows. [ |

Fix 6 € (0,1) and define

’TJ(y?g) _@<y,7£)| (41)

[0llo = |0]oc +[0lg,  [0]p = sup Sup 64

Y.y €Y, y#y 0<U<P(y)—1
Let Fy(X) denote the space of observables & supported in X with ||3]jy < co.
Given 0, w € L>®(A), we define
PE,@(”) = fA vwo fdun.

Theorem 4.2 There is a constant C' > 0 such that for alln > 1,

(a) |Pra(n) — (L+ @130 iy (® > j)) [ Odpa fA@duA‘ < Clfollg|wloc(yna +

Car(n)) for allv e Fo(X), w e L®(X),
(0) 1p%.5(n)| < Cll5)l6|@]ocna for all & € Fo(X) with [, dus =0, @ € L=(A).

We conclude this subsection by showing that Theorem is a direct consequence
of Theorem 4.2

Proof of Theorem |[3.1] Recall that g = f¢ Writen =md —r form>1,0<r <
d — 1. Using the measure-preserving semiconjugacy my : A — M, ma(y, £) = gy, we
can write
pow(n) = [yvo frwog™du— [, vdu [, wdp
L (m)— [y 0dua [ Wdpa. (4.2)

vo fT.w

=

Suppose as in part (a) that v € H(X) and w € L>*(X). Then suppv/o\/fr C
o f"X C 7y Xg= X and suppw C 7, X C X4. Moreover,

P

lvo frlg= sup sup  [o(f*y) —o(f*y)| /60w
Y,y €Y, y#y 0<<d(y)—1
< sup sup  |u(ffy) — v(fY)|/0°WY) = Jul,,.

vy €Y, y#y 0<t<p(y)—1

10



Hence it follows from (4.2) and Theorem [£.2{(a) that

pow(n) = @130y (P > j) [y vdp [y, wdu(
P o) = (L4 TV iy (@ > ) [ D [y @ dps|

vo fT w

< [0 0 N0l oo (Yona + Cor () < [[0]l30]0]o0 (ma + o ().

Now Yma = Ynyr < 7o and C/j/ (m) < CB’ (n) Moreover,

Oy (@ =) =g Y pylp>jd)=¢7td Y py(p>jd) + 0.

Jj>m j>(n+r)/d j>[n/d]

By monotonicity of uy (¢ > k),

jd+d—1 jd—1
> vl >k) <dpy(e>jd) < Y pyle > k).
k=jd k=jd—d

Summing over j yields

> myle>k)<d Z y(e>jd) < > pyle>k),

k> ([n/d)+1)d n/d k>[n/dd

and hence d ;g 1ty (¢ > jd) =324, py(p > k) + O(n™%). This completes the
proof of part (a).
Similarly, in the context of part (b),

|ow(m)] = 1055 5 (M) < v o fllolwloorma < [[0llg|wloom

by Theorem (b) |

4.2 Operator renewal theory on Y

SetD={2€C:|z]<l}andD={2€C:|z| <1}. Let R: L}Y(Y) — LY(Y) and
L : LY(A) — L'(A) denote the transfer operators for ' : Y — Y and fa : A — A
respectively. Define the renewal operators R(n), T'(n) : LY(Y) — L'(Y),

R(n)v = R(1{p=nyv), n > 1, T(n)v =1y L"(1yv), n >0,

~

and the corresponding Fourier series R(z), T(z) : L*(Y) — L'(Y), for z € D,

R(z) =Y R(n)z", T(z)=)» T(n)"

11



A calculation shows that

~

}Af(z)v = R(z*v) for z €D and T = (I —R)"'onD.
Also, for z € D, we define
B(z): L'(Y) = L'(Y),  B(z)=(z — 1)T(2),

with Fourier coefficients B(n), n > 0.

Given v : Y — R, define |v]p = sup,..,/ [v(y) —v(y')|/0°“¥) and [[v]|o = [v]eo+[v]o-
Let F»(Y') be the Banach space of observables v with ||v]js < co. Since F': Y — Y
is a Gibbs-Markov map and ¢ : YV — ZT is constant on partition elements, the
operators R, R(n), T(n), R( ) and T( ) are bounded operators on Fy(Y). Define
Py =1 fyvd,uy.

Define (s as in the introduction. Since F is mixing and ged{®(a) : a € a} =1,
it follows from [24] that on Fy(Y):

Lemma 4.3 (a) T(n) = b(n)P + H(n) where b(n) =1+ &~} Y ion Hy (@ > j) and
1H(n)lle = O(¢pr(n)).

(b) There is a sequence b(n) > 0 such that T(n) = b(n)P + H(n) where |H(n)||y =
O(n=).

(¢) |B(n)lls = O(n="). "

4.3 Proof of Theorem 4.2
Let v,w € L>*(A). Define V(n), W(n) : Y - R,

V(n)(y) = Lawzn0(y, ®(y) —n),n>1,  W(n)(y) = Law)>nw(y,n), n >0,
as well as

JO(”’) = /A 1{n+€<‘1>(y)}ﬁ<y7 f)ﬁ(y’ n+ 6) dpn.

The following formula is a discrete time analogue of a formula in [45]. (The proof is
in the Appendix.)

Proposition 4.4 p} ;(n) = Jo(n)+®~" [[.(T(n)* RV (n))* W (n)duy for all v, €
L=(A), n>1.[] n

Proposition 4.5 |V (n)|1 < [0]e py (P > n) and [W(n)|1 < || oy (P > n) for all
0,w € L>®(A), n > 1. Moreover, there is a constant C' > 0 such that |RV (n)|ls <
Collg oy (P > n) for all v € Fo(A), n > 1.

Extending the convention mentioned in the introduction, 7'(n)x RV (n)

=220 TU)RV (n—3j).
Similarly, (T'(n) * RV (n)) x W(n) = E?:o G(j)W(n — j) where G(n) = T(n) x RV

(n).
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Proof The estimates for |V (n)|; and |W(n)|; are immediate. Let y,y" € a, a € a.
Then [V(n)(y)| < 1{e(a)zn}|0]e and

V(n)(y) = V) ()l = La@zn |0y, ®(a) —n) = 0(y', ®(a) = n)]

< Lp(yzny|0]o °0).

Given y € Y, set y, = F~'(y) Na. Then (RV (n))(y) = Y& Wa)V(n)(ya) so
RV (n)]eo < 32,1y (a)[0]o0 La(a)y=n) = [0]ocpty (P > 1),
by (2.1)). Also, for y,9/ €Y,

[(RV(n))(y)—(RV (n))(y)]
< S AWV () (ya) — V() Wo)| + 1€(wa) — EWIV () (Y]}
< 5]l6 3 v (@)L agazny = O[]l iy (D = ).

Hence |RV (n)]g < ||9]|g py (P > n) and the estimate for ||RV (n)||y follows. |

Corollary 4.6 Let H(n), H(n) : Fo(Y) = Fo(Y) be as Lemma . There is a
constant C' > 0 such that

(a) | [y (H(n) x RV (n))  W(n) dpy| < C[8]g] s Cor (1),
(6) | fy (H(n) x RV (n)) % W (n) dpy | < C|[3]o|@]ocn7"
for all v € Fy(A), w e L®(A), n > 1.

Proof By Proposition and the estimate for H(n) in Lemma [4.3|(a), the first
integral is estimated by

[H(n) « RV (n)]oo x [W(n)l < [[H(n)llo x [[RV (n)llo * [W(n)|
< Gor(n) * ollon™ x |@]oc 0™ < ||8]lo|@]oc G (n).

The second integral is estimated in the same way using Lemma [4.3|(b). n
For n > 0, define

(y)—n—1 (y)-1
A W) = Yomsny Y. 0w,0,  Am)y) = > lpeni(y, o).
/=0 (=0

Lemma 4.7 (a) |Jo(n)| < O 13|o|@|oo Ona for all & € L¥(X), @ € L®(A),
n > 1.

A~

(b) [A1(n)]1 < |0]oc Opa for all v € L®(X), n > 1.
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(c) |As(n)]y < @)oo Ong for all @ € L®(X), n > 1.
Proof Since v is supported in )?,

o(n)] < [3]oo o /A Lncat Lz () ) djia

Bl [ 1o Z 12 (9.0) duy

515 oc T / Loy dpty = B3] | e
Y

IA

by Proposition 4.1
Next, [Ai(n)(y)] < Tiagsn) e [o(y,£)] and it again follows that

Sy 1A (m)] dpiy < [oloo f, Liwomy0 iy = [Ploo Ona. Similarly for Ay(rn). '
The Fourier series for V(n), W(n) are given by
P(y)-1 - P(y)-1
SOy 0, WE) = ) Hly, ), zeD.
=0 =0

Proposition 4.8 A;(z) = (z — 1)"{(V(2) = V(1)), and Asy(2) = (= = 1)1 (W(2) -
W (1)) for z € D.

Proof We have

00 e(y)-1  2(y)—n-1 Q(y)-1  (y)—£-1
AR =Y " ame) = > > 0= (X )0
n=0 n=0 (=0 =0 n=0
o(y)-1
= (=D Y EWT =iy 0 = =) V() - VD).
=0
The calculation for As is similar. [ |

Proof of Theorem By Lemma [4.3|(a) and Proposition [4.4]

Pin(m) = Jo(m)+ B(n) + 7 [ (H(n) « RV (1) + W) dy,

where
En) = & /Y(b(n)P*RV(n)) SWhdpy,  bn) =1+ (@ > ).
By Corollary [£.6/(a) and Lemma [4.7](a),
Psa(n) = E(n) + O([|0]lo|@]o (g + Gar(n)))- (4.3)
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= b(=){ PP ()P (1) + Px7(1)P(/w7(z) = WD)+ P(V(z) = V(1)) PW(2) |
= b(2)PV(1)PW (1) + (2 — 1)b(2){ PV (1) PAy(2) + PA,(2) PW(2)}.

Moreover, (z — 1)b(z) = —b(1)z + Yo ,(b(n —1) — b(n))z" with Fourier coefficients
that are O(py (® > n)). Hence it follows from Proposition [4.5(and Lemma 4.7 that

E(n) = b(n)PV(1)PW (1) + O(|8]sc|@|ec ™ * 0pa),
and we obtain

p35(n) = b(n) PV (1) PW (1) + O ([[3]lo] @] (Yaa + Cor ()

PV(1) =&~ /V )dpy = @ /Y

and similarly PW =/ A Wdpa. This completes the proof of part (a).

The proof of part (b) proceeds in much the same way but with b(n) and H(n)
replaced by b(n) and H(n) from Lemma (b) Using Corollary (b) instead of
Corollary [4.6|(a), we obtain

) dur () = [ o,

=0

pr.a(n) = E(n) + O(]|3]lo]@]oc o),

where E(n) = b(n)«PV (n)«PW (n). Calculating as in part (a) and using PV (1) = 0,

E(2) = (z = Db(2) PA, (2) P ().

~

By Lemma(b), (z—1)b(z)P = B(2)—(2—1)H(z) and hence has Fourier coefficients
h(n) that satisfy |h(n)| = O(n=") by Lemma [4.3(b,c). It follows that

E(n) = h(n) x PAy(n) x PW(n) = O(|0]oc|w]ocma),

yielding the desired estimate in part (b). Note also that the terms involving As(n)
are no longer present. The estimate for Ay(n) in Lemma [4.7(c) was the only one that
required w to be supported in X, so part (b) holds for all w € L*(A). |
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5 Tail estimates

In applications, we are often given information about the first return time h : X —
ZF. To apply Theorem (3.1, it is necessary to translate this into information about
the tails py (¢ > n) of the induced return time ¢ : Y — Z™.

We begin with a rough estimate of this type.

Proposition 5.1 Fiz 3, € > 0.
Suppose that f : M — M possesses a Chernov-Markarian-Zhang structure and
that Avapia = Y7 has exponential tails.

(a) If px(h > n) = O(n"?), then py(p > n) = O((logn)’n"").

(b) If ux(h > n) > cn=" for some ¢ > 0, then there exists ¢ > 0 such that
i (p > m) > ¢(logn)~n-?.

Now suppose that Avapia has polynomial tails with py (o > n) = O(n™9) for q
sufficiently large (depending on B and €).

(C) ]f,uX(h > n) = O(n‘ﬁ), then My(gp > n) — O(n—(ﬁ—e)),
(d) If ux(h > n) > cn? for some ¢ > 0, then there exists ¢ > 0 such that
py (@ >n) > dn=(6+9),

Proof (a) This is proved in [17, [38].
(b) Let h = homx : Appia = Z1 where Appia = Y7 and mx : Apapia — X is the
semiconjugacy mx (y,£) = f4y. Then for any K > 0,

oux(h >mn) :5MArapld /Y Z L y.ysny Wy (y)
=0

< /Yal{s0>n} dpy = /Yal{a<Klogn}1{so>n} dpy + /Yo-l{0>Klogn}1{<p>n} dpy
< (K logn)puy (¢ > n) + |ols(uy (0 > Klogn))'/2.
We have py (0 > n) = O(e~*") for some a > 0. Fixing K sufficiently large,
(logn)uy (¢ > n) > pux(h >n) + O(n K¥?) > n=F,

s0 py (¢ >n) > (logn)~n=F.

(c,d) These arguments are similar and hence omitted. n
Next, we consider a sharper estimate following [44]. First we collect some special

cases of existing results about limit laws. Assume that fy : X — X is modelled by a

Young tower Aapig = Y7 with o € L*(Y). In particular, F': Y — Y is Gibbs-Markov.

Let ¢ = [, o dpy.
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Lemma 5.2 Let ¢p : X — R be integrable with fxwd,ux = 0, and define 9, :

Y = R, ¢,(y) = Zi%)_l V(f%y). Let G denote a nonconstant random variable. Let
by =n'? 1< B<2, orb, = (nlogn)/2. (In the latter case, set f = 2.)

(a) b,* Z;:& Yo fﬁg —q G if and only if b} Z;:Ol Uy 0 FI —, 5YBG.
(b) Suppose that 1, is constant on elements of the partition o for the Gibbs-Markov

map F. If b;lz?:_& Yy 0 FI —4 7Y/8G, then py (|tby] > n) ~ Gegn™ where
co > 0 is a constant given explicitly in terms of G.

Proof (a) Since F is Gibbs-Markov, the condition o € L? ensures that n="/?(¢,—n&)
converges in distribution (to a possibly degenerate normal distribution) and hence

that b, (0, — no) converges in probability to zero. The result now follows from [44]
Theorem A.1]. (See [26], 48] for related results.)

(b) Again using that F' is Gibbs-Markov, this follows from [27, Theorem 1.5]. |

Corollary 5.3 Let G, b,, 5 and ¢y be as in Lemma . Suppose that (Z;L:_g ho f} —
n [y hdux) /b, =4 G. Then py (o > n) ~ geon™>.

Proof Since ¢ = h,, it follows from Lemma (a) that (Z?:_Olgo o FI —
n [, ¢ dpy) /b, —4 3/°G. By Lemma (b), py (o >n) ~ Gegn=". N

6 Piecewise smooth multidimensional nonMarko-
vian nonuniformly expanding maps

In this section, we show how to combine the methods in this paper with a result of
Alves et al. [I] to treat a large class of multidimensional examples. In particular,
we obtain essentially optimal upper and lower bounds, as well as strong statistical
properties, for Hu-Vaienti maps [30].

6.1 Existence of Chernov-Markarian-Zhang structures in ar-
bitrary dimensions

Let M C R¥ be compact. We consider local diffeomorphisms f : M — M with
finitely many branches. That is, there are disjoint open subsets Ui,...,Ux C M
with M = Ufil U;, and there exists n € (0,1) and for i = 1,..., K there exist
U/ C R* open with U; C U/ such that f|y, extends to a C**"-diffeomorphism from U}
onto its range.

Next we specify a compact first return set X C M with int X = X. (We could take
X to be the closure of one of the U; but this need not be the case.) For simplicity, we
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suppose that the boundaries of Uy, ..., Uk and X are piecewise smooth (with finitely
many pieces). Let Sy C M denote the singularity set Sp = 0X U Ufil oU; for f.

Now define the first return time A : X — Z* and first return map fx = f* :
X\ S — X\ S with singularity set

S={reX:flres& forsomej=0,....,h(x) —1}U{h = oo}

A result of Alves et al. [I] guarantees under very mild conditions that fx is modelled
by Young towers with superpolynomial tails if and only if fx has superpolynomial
decay of correlations. We verify these conditions for a large class of nonuniformly
expanding maps.

Define X,, = {x € X \ S : h(x) = m}. Let || || denote the Euclidean norm on R*
and on k x k matrices. We suppose that there are constants A € (0,1), § > 0 and
C,q > 1 such that

(i) Leb(z € X :dist(z,S) <€) < e for all e € (0,1).
(ii

(iii

)
) (D fx(2))7Y| < min{\,Cm~} and |Dfx(z)|| < Cm? for all z € X,,, m > 1.
) ID(fH)(fPx)) 7 ] < Cms for all x € X,,,, m > 1, and 4,5 > 0 with i + j < m.
(iv) [[fiz — fly| < Cllz — y||°m for all z,y € X, with dist(z,y) < dist(z,S)/2,
m>1,0<j5<m.

Remark 6.1 If f is noncontracting (||Df(z)v]| > |lv| for all x € M, v € R?),
then (iii) is automatic with C'm? replaced by 1 and (iv) is automatic by (ii) with

0=1.

Lemma 6.2 Suppose that f : M — M 1is a nonuniformly expanding map satisfying
conditions (1)-(iv). Let p be an absolutely continuous mizing f-invariant probability
measure on M and define pux = pu(X) *ulx. Suppose further that

(v) dux/dLeb € L"(X) for somer > 1,

(vi) For all C" observables v : X — R, all w € L>®(X), and all p > 0, there is a
constant C > 0 such that | [y vwo frdux — [yvdux [y wdpx| < Cn for
alln > 1, and

(vii) >, (logm) pux (X)) < oo.

Then f possesses a Chernov-Markarian-Zhang structure and the map fx : X — X
1s modelled by Young towers with superpolynomial tails.

Proof To prove that fx is modelled by Young towers with superpolynomial tails,
we apply [I, Theorem C]. Since there are some small inaccuracies in the statement
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there, we refer to [5, Theorem A.1] for a corrected version. It suffices to verify that
px is an expanding measure and to verify conditions (C0)-(C3) in [5, Appendix A].
By condition (ii), log |[(Dfx)7!| <logA < 0 and

IDfx(z) || > C'm™ for all z € X,,, v € T, X with |[v| =1, (6.1)

so |log||Dfx(z)7Y| | <logC + qlogm on X,,. By (vii), log |[|[(Dfx)™!| is integrable
with respect to ux and [y log [|(Dfx)~'||dux <logA < 0. This is the definition for
x to be an expanding measure.

Assumption (i) is precisely condition (CO0).

By (ii) and definition of S,

dist(z,S) < Cm~°diam M for all x € X,,, m > 1. (6.2)
By (62 and (i),
dist(z,S) < ™' < || Dfx(2)v]| < Cm? < dist(x,S)"?°,

for x € X,,,, v € T, X with |[v|| = 1, verifying (C1).

For conditions (C2) and (C3), we consider a pair of points z,y € M \ S with
dist(z,y) < dist(z,S)/2. in particular, z,y € X,, for some m > 1 and fiz, f7y lie in
common open sets Uj(;) for each 0 < j <m — 1.

On X,,, we have log|det Dfx| = log|det D(f™)| = Z;”:_Ol log | det(Df)|o f7, so
for z,y € X,, with d(z,y) < d(x,8)/2,

|log |detD fx ()| — log | det D fx(y)||

< 37 [1og| det(DF) ()| ~ o | det (D))

=0

m—1
<Y Pz = Fyll" < o —y|m! e < e — y||” dist(z, §) "0,
7=0

by (6.2)) and (iv). This verifies (C3). Also,

|log | D fx ()| = log [[Dfx ()~ "l| < IDfx(x)™" = Dfx(y) "I/ Dfx(x)"|
< m?||Dfx(x)™" = Dfx(y)~"|

by (6.1). On X,, we have (Dfx)™" = (D(f™))™" = Ap_1--- Ao where A;(z) =
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(Df)(f7z)~!. Hence,

IDfx (@) =D fx(y) "l = | Am-1(z) -+ Ao(@) — Api(y) - - Ao(y)

3

IN

[Am—1(x) - - A (@) || As(2) = Ai()[[[[Aia () - - - Ao ()]

1D D ) Ai() = AN ()7

(VAN
I I
S -

i

m—1
<m* Y || Ai(x) — A,
=0

by (iii). By (iv),
[4i(z) = Ai)|| = | DF(fra)™t = DE(fry) < (1 fe = Fryll” < |z =yl Pmm.
Hence by (ii),

[log || D fx (x) 7! [| = log | D fxc () 7 lI| < mP T | — ™.
<D fx () HTETEIED R g — 7.

This verifies condition (C2).

Hence we conclude from [5, Theorem A.1] that for any ¢ > 1 the map fy : X — X
is modelled by a Young tower A,,q = Y7 with py (0 > n) = O(n™9).

Finally, we note that the construction in [I] uses [2, Main Theorem 1] where it is
made explicit that Y together with its partition elements a € « are diffeomorphic to
open balls in R¥ with the property that f¢ maps each a diffeomorphically onto Y.
In particular, the connected set f%a lies in one of the subsets X,, for each 0 < £ <
o(a) — 1, so h is constant on fia. Hence f possesses a Chernov-Markarian-Zhang
structure. |

Remark 6.3 In the situation of Lemma , suppose in addition that condition (vi)
is improved to stretched exponential decay of correlations and that duy/dLeb is
bounded below. Then part (2) of [I, Theorem C] yields Young towers Ap,piq with
stretched exponential tails. In particular, if the rate of decay of correlations is ex-
ponential and duy /dLeb is bounded below, then for every v € (0, %), there exists
Y C X and ¢ > 0 such that fx : X — X is modelled by a Young tower Y7 with
py (o >n)=0(e™").

A standard argument (see for example [30, Theorem A and p. 1210]) shows that
dux /dLeb is bounded below whenever f is noncontracting and topologically exact.
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6.2 Upper bounds and limit laws

Although the emphasis in this paper is on lower bounds, we obtain essentially optimal
upper bounds and many strong statistical properties as a consequence of Lemma [6.2]

Suppose that in the situation of Lemma|6.2) px(h > n) = O(n~?) for some 8 > 1.
Then py (¢ > n) = O(n~#~9) by Proposition [5.1|(c) where ¢ > 0 is arbitrarily small.
Hence by [54], we have the upper bound

Pow(n) = O(Jv|lx|w]ee n=P~179) for all v € H(M), w € L®(M), n > 1.

By [22] 28], 41], large deviation estimates and moment bounds follow from this
upper bound for all § > 1. For g > 2, we obtain the following properties. The
central limit theorem (CLT) and weak invariance principle (WIP) follow from [40].
For error rates (Berry-Esseen estimates) in the CLT, and the local CLT, see [25]. The
almost sure invariance principle with rates follows by [20] 21}, [35].

Homogenization (convergence of fast-slow systems to a stochastic differential equa-
tion) when the fast dynamics is one of these maps f : M — M follows from [19] 23], 34].
Convergence rates in the WIP and homogenization are obtained in [4].

6.3 Lower bounds

We continue to suppose that we are in the situation of Lemma and that px(h >
n) = O(n=") for some B > 1. Let ¢ > 0. Again puy (¢ > n) = O(n"¥~9) and also
Yn = O(n~¥=9)) by Proposition [3.2l Hence it follows from Theorem (a) that

poan(n) = @AY a1ty (0 >jd)/Mvdu/deM+O(n—(s—e))

for all v € H(X), w € L*(X), where s = min{2( — 1), 8}. By Theorem (3.1))(b),
Puw(n) = O(n~¥=9) for all v € H(X) with [, vdu =0 and all w € L>®(M).
If moreover, ux(h > n) ~ n=? then by Proposition (c,d),

n7(571+6) < pv,w(n) < n7(57176)7

for all v € H(X), w € L*>(X) with nonzero mean.

6.4 Application to Hu-Vaienti maps

We continue to consider local diffeomorphisms f : M — M, where M C RF is
compact, with finitely many branches as in Subsection We now specialize to
intermittent maps with a neutral fixed point at 0 as described in Section [I.2] These
maps are piecewise C1*" for some n € (0,1) with finitely many branches, noncon-
tracting everywhere (so ||[Df(z)v]| > [jv|| for all z € R*, v € RF), and expanding
everywhere except at 0 (so |Df(z)v| > ||v|| for all v € R¥ if and only if = # 0).
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The existence of absolutely continuous invariant probability measures for one-
dimensional intermittent maps was studied by [51] when the maps are Markov and
by [57] in the nonMarkov case. In [30], a Banach space of quasi-Hélder observables
studied by [33] 49] was used to establish existence of o-finite absolutely continuous
ergodic f-invariant measures 1 on M for multidimensional nonMarkov nonuniformly
expanding maps. The cases u(M) < oo and u(M) = oo are considered equally
in [30]; here we focus on the case of finite measures. The results in [30] require a
delicate analysis taking into account poor distortion properties of multidimensional
nonuniformly expanding maps. In [31], the quasi-Holder space was used further to
analyze upper and lower bounds on decay of correlations. Here we show how to
combine [30] and Lemma to obtain the essentially optimal results mentioned in
Section [L.2l

To fix ideas, we focus on [31], Example 5.1], setting
f(x) = a(1+ [z[" + O(|z["))

for x close to 0 where v € (0, k) and 7/ > ~. Recall that the domains of the branches
are denoted Uy, ..., Uk and have piecewise smooth boundaries; we assume that 0 €
int Uy and f~'0N{JOU; = (. This means that Assumptions 1 and 2 of [30, Theorem A]
are satisfied. Also, we assume that f : M — M is topologically exact. Our final
assumption is a growth of complexity condition, Assumption 3 in [30, Theorem A],
which is too technical to reproduce here. As pointed out in [31, Remark 5.2] it follows
from [49, Lemma 2.1] that we can arrange for Assumption 3 to be satisfied by choosing
f to be sufficiently expanding outside of a suitable neighborhood of 0.

Choose an open ball R with 0 € R C U, such that R C fR and fR C U,. Set
X =M\R.

Proposition 6.4 There is a unique absolutely continuous invariant probability mea-
sure x on X. The assumptions of Lemma are satisfied and px(h > n) ~ n="?
where = k/~.

Proof The singular set S is a countable union of piecewise smooth submanifolds
limiting on finitely many piecewise smooth submanifolds, so condition (i) is satisfied.

Since the first return set X is bounded away from 0, it is immediate from non-
contractivity on M and uniform expansion on X that ||[(Dfx)™ ! < A < 1. The
remaining estimates in (ii) are established in [30} 3I]. (A big advantage here is that §
can be taken arbitrarily small and g arbitrarily large, so the fine details in [30, [31] such
as unbounded distortion are not an issue.) Since f is noncontracting, conditions (iii)
and (iv) hold by Remark [6.1]

A key step in [30] is to establish quasicompactness of the transfer operator for
the first return map fx : X — X. Assumptions 1-3 of [30, Theorem A] are men-
tioned explicitly above. As noted in [31, Example 5.1], Assumption 4 is automatic.
Hence [30, Theorem A| guarantees the existence of an absolutely continuous invariant
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probability measure px on X. The density is quasi-Holder and hence lies in L>(X)
verifying condition (v) of Lemma . By Remark , the density is also bounded
below and hence px is unique.

Moreover, [30, Theorem A] establishes quasicompactness in the quasi-Hélder space
and hence px is mixing up to a finite cycle. Since the support of a nonvanishing quasi-
Holder function has nonempty interior [49, Lemma 3.1], it follows from topological
exactness that px is mixing. Condition (vi) is now an immediate consequence of
quasicompactness.

By [30], each X,, is a finite union of approximately spherical shells bounded by
hypersurfaces S,, and S,,41 where S, is approximately a sphere of radius ~ m~/7.
It follows that px(X,,) < Leb(X,,) < m™*/7 so condition (vii) is satisfied.

By Remark [6.3] topological exactness ensures that ux(h > n) ~ Leb(h > n).
Moreover, {h > n} = J, ., X is a finite union of balls of radius ~ n="7 so px(h >
n) ~nA. n

Hence for v € (0, k), we can apply the results in Subsections and to obtain
the upper and lower bounds in (|1.4)), as well as the limit laws mentioned in Section .

7 Two-sided version of the main result

In this section, we extend Theorem to invertible maps. A two-sided analogue
of the Chernov-Markarian-Zhang structure is described in Subsection [7.1] The main
result of this section, Theorem is stated in Subsection [7.2] and reformulated for
towers in Subsection [7.3] In Subsection [7.4] we show how to approximate two-sided
observables by one-sided observables. In Subsection [7.5, we complete the proofs.

7.1 Preliminaries

We describe a two-sided (invertible) analogue of the structures discussed in Section 2|
Throughout, f: M = M, fx : X - X, fa: A — Aand F:Y — Y are all two-
sided versions of the maps from Section [2| and the one-sided versions are denoted
F:Y — Y and so on. We continue to write ¢ = fy @ duy but as will become clear
this does not cause any confusion.

Two-sided Gibbs-Markov maps Let (Y, d) be a bounded metric space with Borel
probability measure py and let F': Y — Y be an ergodic measure-preserving trans-
formation. Let F': Y — Y be a full-branch Gibbs-Markov map with partition o and
ergodic invariant probability measure jiy.

We suppose that there is a measure-preserving semiconjugacy @ : Y — Y, so
7oF = For and ,uy = Jiy. The separation time on Y lifts to a separation time
on Y given by s(y,vy') = s(7y, 7y’) for y,y’ € Y. Suppose that there exist constants
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C >0, 60 ¢€(0,1) such that
d(F™y, F™y) < C(0" + 0°%¥)™) forally,y’ € Y, n > 1. (7.1)

Then we call F':' Y — Y a two-sided Gibbs-Markov map.

Two-sided Young towers Let F':Y — Y be a two-sided Gibbs-Markov map on
(Y, py) and let ¢ : Y — ZT be an integrable function that is constant on 7 'a for
each a € a. In particular, such a return time ¢ is well-defined on Y. Define the
one-sided Young tower A = Y¥ and tower map fa : A — A as in Section [2] Using
F:Y = Y instead of F: Y — Y, we also define the two-sided Young tower A =Y¥
and tower map fa : A — A. We obtain ergodic invariant probability measures
pa = (py X counting)/@ and jia = (jiy X counting)/@ on A and A.

The projection 7 : Y — Y extends to 7 : A — A with @(y,f) = (7y,£). This
defines a measure-preserving semiconjugacy between fa and fa.

Now suppose that f : M — M is an ergodic measure-preserving transformation on
a probability space (M, u), and that Y C M is measurable with (YY) > 0. Suppose
that F': Y — Y is a two-sided Gibbs-Markov map with respect to a probability uy
on Y, and that ¢ : Y — Z% is a return time as above. Form the tower A = Y%
and tower map fa : A — A. The map 7y : A — M, 7y(y,0) = f'y defines a
semiconjugacy between fa and f. We require moreover that (mys).pua = . Then we
say that f is modelled by a two-sided Young tower.

Two-sided Chernov-Markarian-Zhang structure Let (M,d) be a bounded
metric space with Borel probability measure p and let f : M — M be an ergodic
and mixing measure-preserving transformation. Suppose that Y C X C M are Borel
sets with (YY) > 0. Define the first return time h : X — Z* and first return map
fX = fh X — X

We require that fx : X — X is modelled by a two-sided Young tower Aapiq = Y7
with return time o : Y — Z* and retwrn map F = ¢ : Y — Y. Here, F = Y —
Y is a two-sided Gibbs-Markov map with ergodic invariant probability measure iy
and partition « such that o is constant on partition elements. We require in addition
that h is constant on f47 'a foralla € a, 0 < ¢ < o(a) — 1.

Define the induced return time ¢ = h, : ¥ — Z" as in (2.2). Then ¢ is an
integrable return time (constant on #7'a for a € «). In particular, f : M — M is
modelled by a Young tower A = Y% with the same two-sided Gibbs-Markov map
F=f%=f*

We say that f : M — M satisfying these assumptions possesses a two-sided
Chernov-Markarian-Zhang structure.

Remark 7.1 Young [53] introduced Young towers with exponential tails as a gen-
eral method for dealing with diffeomorphisms with singularities; the initial landmark
application was to prove exponential decay of correlations for planar finite horizon
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dispersing billiards. Chernov [I3] simplified the construction of exponential Young
towers and used this to prove exponential decay of correlations for planar dispersing
billiards with infinite horizon. Then Young [54] studied examples with subexponential
decay of correlations using Young towers with subexponential tails. Markarian [3§],
noting that Chernov’s simplification no longer applies in the subexponential case,
devised the method outlined in this section: namely to construct a first return map
for which Chernov [I3] applies. This was used to prove the decay of correlations
bound O(1/n) for Bunimovich stadia. The method was extended and simplified by
Chernov & Zhang [17] who applied it to a large class of billiard examples. Subsequent
applications of the method include [15] [16, [56].

Remark 7.2 We have omitted much of the structure often associated with Young
towers, mentioning only those properties required in the sequel. For instance, we
have not made any explicit mention of a product structure, though we make use of
condition ([7.1)) which is a consequence. Similarly, we have not made explicit the
quotienting procedure (along local stable leaves) that passes from F to F.

Two-sided dynamically Holder observables Suppose that f: M — M admits
a two-sided Chernov-Markarian-Zhang structure as above. Fix 6 € (0,1). For v :
M — R, define

lo(fy) —v(f*)
[0l = [v]oo + [V, [0}, = sup  sup i}
) " * ¥,y €Y, y#y’ 0<0<p(y) d(y,y') + 05wv)

We say that v is dynamically Holder if ||v||,, < oo and denote by H (M) the space of
such observables. Write H(X) = {v € H(M) : suppv C X}.

Again, it is standard that Holder observables are dynamically Holder for the classes
of dynamical systems of interest in this paper:

Proposition 7.3 Letn € (0,1] and let dy be a bounded metric on M. Let C"(M) be
the space of observables that are n-Holder with respect to dy. Suppose that there exist
K >0, v € (0,1) such that do(f'y, f%') < K(do(y,y') + fyg(y’y/)) for all y,y' € Y,
0</l<e(y —1.

Then C"(M) C H(M) where we may choose any 6 € [y!,1) and d = d? for any
'€ (0,n].

Proof Letve C"M),y,y €Y,0<{<p(y)—1. Then

0(F) — v () < Iolondol Fy, £ < KMelgu oy, )" + 475)
< [0l (d(y, ') + 0°09)).

Hence |v|,, < [v], and it follows that v € H(M). |
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7.2 Statement of the main result

As in Section [3| we provide an abstract result for maps f : M — M with a Chernov-
Markarian-Zhang structure under the assumption that uy (¢ > n) = O(n=?) for
some 3’ > 1. In this situation it follows from Young [54] that p, . (n) = O(n=(¥"~V)
for dynamically Holder observables. (The result in [54] is formulated for one-sided
systems; see [36, Theorem 2.10] or [42, Appendix B] for the two-sided case.) We
obtain a lower bound for dynamically Holder observables supported in X.

Define o, 7, as in (3.1)) and (z as in (1.3).

Theorem 7.4 Let f : M — M be a map with a two-sided Chernov-Markarian-Zhang
structure, and suppose that py (¢ > n) = O(n™") for some 3 > 1. Then there is a
constant C' > 0 such that for alln > 1,

(@) [ =6 S vt > ) [ v [ wi| < Clollglwlai + G )

for all v, w € H(X),
(0) |pow(n)| < CllvllyllwllsYims for all v, w € H(X) with fM’udu =0.

Remark 7.5 The classical Smale-Williams solenoid construction can be adapted (see
for example [3, Section 5] and [43, Example 4.2]) to construct intermittent maps that
are the invertible analogue of the Hu-Vaienti maps in Section (The constructions
in [3, 43] are written down for one-dimensional maps but apply equally to multidi-
mensional maps.) The resulting solenoidal intermittent maps fall within the two-sided
Chernov-Markarian-Zhang framework and have stable and unstable directions of any
specified dimension. Our results yield essentially optimal upper and lower bounds
on decay of correlations for these examples. Again, the lower bounds are realized by
Holder observables that are supported away from the neutral fixed point.

7.3 Tower reformulation

Let d = ged{p(a) : @ € a}. As in Section we replace the tower A = Y¥ by
a mixing tower A = Y® where ® = d~'¢. Again we have a measure-preserving
semiconjugacy s (y, ) = g‘y between (A, fa, ua) and (M, g, ) where g = f¢. We
consider observables v : M — R supported on Xy = X U--- U f:(d_l)X and the
corresponding lifted observables § = v oy : A — R supported in X = 7,/ X.

Fix 6 € (0,1) and define

- ~ ~ ~ ’ﬁ<y7€> B @<y,7£)|
V|lg = |V]|co T+ |V]o, Vg = sup sup —.
Il g g g ey, yry 0<t<a(y)-1 Ay, y') + gswy')

(7.2)

Let fg()A( ) denote the space of observables ¢ supported in X with 1D]lo < o0.
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Given 0, w € L*(A), define

paln) = [ 9@ fdua,
A
The counterpart of Theorem (4.2 is:

Theorem 7.6 There is a constant C' > 0 such that for alln > 1,

(a)

Pra(n) —(L+ @S iy (® > ) [ T dpua IA@duA’ < Cllollollwllo(vpn/21a +
Car(n)) for all o, @ € Fo(X),
(b) 105.zm)| < Cllollellwlle Vins2a for all v,w € Fo(X) with Sy 0dpa =0.

Theorem is a direct consequence of Theorem in exactly the same way that
Theorem was a direct consequence of Theorem [4.2l Hence we omit the details
except to mention that we make use of the estimate vy, 2a)d < Vn/3)-

The key steps in the proof of Theorem are contained in the following result.

Lemma 7.7 There is a constant C > 0 such that for alln > 1:
(a) |pi ()| < Cllwllo(opmza + o (n)) for all w e Fo(X) with [ dus =0,

(6) 1p3.(n)l < Clollal@llo Yiszia for all 6, @ € Fo(X) with [, 5 dpa = 0.

The proof of Lemma[7.7) takes up most of the remainder of this section. Assuming
this result, we can complete the proof of Theorem [7.6]

Proof of Theorem |7 . Let a = pa(X)™" [y 0dpa, b = pa(X)™! [y wdpa and
define v = 0 — alg and wy = w — bl ;. Then S vodpa —waod,UA =0 and

* _ * * *
pﬁ,ﬁ; - pal)?,bl)? + pal)?,wo + p’UQ,ﬁ;'

Note that
fiagngn) = [ algbig o fdus = [ alzbiz o R dpa
A A

so by Theorem [1.2)(a)
g ()= (14073 (@ > ) /A ddua /A i | € [0]ol @ (a + G ().
i>n

By Lemma [T |04 wy(m)] < [0looll@llo(opza + Co(n)) and | 5(n)] <
10]l0]|w]|6Vfn/21a- Part (a) follows from these combined estimates.
If in addition, [, ¥dua = 0, then p 5(n) = p}, 5(n) yielding part (b). |
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Proposition 7.8 Let p,p' € A with 7p = 7p'. Then p € X if and only if p' € X.

Proof Write p = (y,¢), p' = (¢,{) where 7y = 7y’ and ¢ € {0,...,P(y) — 1}.
Since N is the first return time under f to X, we have g¢'y € X, if and only if
td < E?;& h(fky) < (€ + 1)d for some k = 0,...,0(a) — 1. Now use that h is

constant on fL7 ' (7y). |
By Proposition we can write X = 7'Z where Z = 71X C A. By Proposition ,

o(y)-1

Y 10 <o(y) forallyeY. (7.3)

=0

7.4 Approximation by one-sided observables

In this subsection, we show how to approximate two-sided observables by one-sided
observables, broadly following the method used in [42] Appendix B] which was in turn
based on a private communication by Gouézel. Using this we prove Lemma (b)

Extend the separation time s on Y to A by setting s((y, ¢), (v/,¢')) = s(y,y’) when
¢ = (" and 0 otherwise. Let v, = Z;.:S 1y o f4 be the number of entries to Y. For
v € L*>®(A), we approximate ¥ o fX by

Unt A= R, O,(p) =inf{d0 fX(q) : s(p,q) = 2¢n(p)}, n=>1.
Let L : L'(A) — L'(A) denote the transfer operator for fa.

Proposition 7.9 The function v, lies in L=°(A) and projects down to an observable

Uy € L>®(A). Moreover, there exists C > 0 such that for all v € H(A), n > 1,
(@) |Un]oo = [Onfoe < [0]oc-
(b) If supp v C )/(\', then supp v,, C f&”)? and supp L"v,, C Z.
(c) |00 fX = Tn| < Cl0]g 0%

(d) [(L"0:)(D1) — (L"0,)(P2)] < C|0]l 0*717) for all p1, pa € A.
Proof 1If s(p,p’) > 2¢,(p), then v,(p) = 0,(p'). It follows that @, is piecewise
constant on a measurable partition of A, and hence is measurable, and that v,, is

well-defined. Parts (a) and (b) are immediate.
Let p = (y,£) € A. Then

00 fA(P) = Tn(p)| = 00 fA(p) — Vo fA(q)]
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where ¢ = (z,¢) is such that s(p,q) > 2u,(p). Now, fip = (F¥ Py () where
by =0+n—y ) (p) and similarly fiq = (F¥®z ¢;). (Here, U} = Zf;é o [Y.)
By definition of |0]y and (7.1]),

(50 fX(P) = Tu(p)| = [0(F¥" Py, 1) — 0(F¥ )z, 01))]
< |fﬁ|0(d(F¢n(p)y’ Fwn(p)z) _}_HS(Fwn(P)y’Fwn(P)Z))
< |@|9(9¢n(17) + 98(1/»2)—%(10)) < |@|997/)n(p).

This proves part (c).
To prove (d), recall that (L"0,)(p) = > mq—:&n(q)0n(q) where £ is the weight
function. Write

(L"0,)(P1) — (L"0n)(D2) = L1 + I
where

L= Y @) —&@)m@), L= ) &@)@(¢)—.(3)).

Ad1=P1 Ad1=P1
As usual, we pair up preimages so that
$(@1, @2) = (@) + s(D1, P2)- (7.4)
A standard argument shows that |£,(q1) — £.(G2)| < &,.(q1)0°P1P2). Hence,
11| < |0]o0 0°(P1P2),
Next, choose ¢; € A that project to g; and write
Un(@1) — Un(q2) = Vo fA(G1) — Vo fA(Ga),
where ¢, ¢y € A satisfy
$(Gj,45) 2 2¢n(T5) = 2¢n(4;)- (7.5)
As in part (c),
[0 fA(G1) = 0 FR(@)] < [Dlp(67(®) 4 (0 E)0n(0)). (7.6)
Since U,(q1) = Un(G2) if s(q1,q2) > 21, (q1), we may suppose without loss that
s(q1, q2) < 20n(q1) = 20 (1)
Then it follows from that
Un(@1) = s(q1, 42) — ¥nul@1) = s(P1, D2)- (7.7)
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By (@4, ([.3) and (7).

s(q1, G2) = min{s(qi, q2), 5(q1, q1), 5(G2, q2) } > min{vn (@) + s(p1, P2), 20n(q1) }
> Un(q1) + s(p1, D2)-

Substituting this and (7.7) into (7.6)), |0.(q1) — 7.(G@)| < |0]¢6°PP2). Hence
1] < [l

completing the proof. |

We continue to suppose that py (¢ > n) = (@‘5/) for some " > 1 with o,
defined as in (3.1). Define the operators R(n) : L>*(Y) — L*(Y),

R(n)u = L"(1jo=nyu) = R(lfo=nju), n > 1.
Using (2.1)), a standard calculation [24, 47] yields:
Proposition 7.10 There exists C' > 0 such that
[R(n)| vy < Cpy (@ =n)

and |
I(R(n)13)(y) — (R(n)13)(y)] < Cpuy (® = n)os&¥)
forally,y €Y, n>1. .

Lemma 7.11 There exists C > 0 such that | [ 0%"17 o fadiia] < Cona and
| [x 190V diia] < Cn=? for alln > 1.

Proof Define Ly : LY(A) — L*(A) by Leu = L(0"u). Then Lju = L"(6%"u) and
0¥ 150 fAL = / L0 15 djin = / 17Lgldpia.
A A
Similarly, [1y6¥"|; = fA Lyly dia. Hence it suffices to show that |1;L51|; < opq

and |Lp1y |, < n™ 7,
In analogy with Section [£.2, we define the renewal operators Ry(n), Ty(n) :

L>(Y) — L>=(Y),
Ry(n)u = Ly(lip=nyu) = OR(n)u, n > 1, To(n)u = 1y Ly (lyu), n > 0,

and the corresponding Fourier series Eg(z), fg(z) : L®(Y) — L>2(Y), for z €D,
Ro(z) =0 Z R(n)z", Ty(z) = Z To(n)z".
n=1 n=0
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Again, Ty = (I — Rg)~" on D. Moreover, the spectral radius of Re(z) on L=(Y) is at
most @ for z € D, so I — Ry(z) is invertible as an operator on L>®(Y) for all z € D.
By Proposition [7.10, [R(n)| ey < n=%. Tt follows from [25, Theorem A.3] that

[Ty (1) o3y < 77
Next, as in [25, Eq. (11)], we have the decompositionf]

Ly = C(n) 4+ Dy(n), Dy(n) = A(n) x Ty(n) x Bp(n),

where
A(n) : L®(Y) — L*(A), Bp(n): L®(A) — L=(Y), C(n): L*(A) = L'(A),

are given by

(A(n)u)(y,£) = {g(y) ilsze” {u(y,ﬁ —n) (>n

and

(Bo(n)u)(y) = 0 &(a) La(@>n) t(Yas D(a) = n).

aco

Here ¢ satisfies ([2.1]). Hence
[ 1Al dis < ke {(0m)  y € Y= 8 ulopy (@ > ),
A

and
|Be(n)u’oo < ‘u|oo ZMY(Q)l{‘I’(G)>”} = ]u|oo,uy(q) > n)

acx

In other words,
A e s riay < my (@ > 1), |Bo(n)|poo(a)spoe vy < v (P > 1)
Combining this with the estimate for Ty(n) we obtain |Dy(n)1|; < n=%". In particular,
11;D9(n)1)y < n™® and |Dg(n)ly)y < n™.

Finally,
[(C(n)u)(y, O)] = Ligsny|u(y, € — )| < Lag)>ny|tls,
SO
®(y)-1 -

[1zC(n)1]; < ‘i)_l/ Lawsny Y 1z(y,0) diiy < @_1/ Ligsnyo dfiy = 0
Y /=0 Y

by (7.3]). Also C'(n)ly = 0. This completes the proof. |

2The notation here, which is chosen to mimic that in [25], is local to the proof of this Lemma
and should not be confused with similar notation elsewhere in the paper.
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Corollary 7.12 There exists C' > 0 such that

~

|00 fR —Onl1 < Clolgong  for all v € Fp(X), n > 1.
Proof Note that 6% is well-defined on A. By Proposition (b,c),
/ U0 fA — Up|dua < \?7\9/ 0V 1¢ o fAdus = ‘77‘9/ 09" 170 fA djia.
A A A

Hence the result follows from Lemma [7.11] [

A~

Proof of Lemma |7.7(b) For k > 1, let ay = pa(X)™" [, 0 dua. Write pj z(n) =
[o0o fEkwo fAt"dus = Li(k,n) + L(k,n) + I3(k,n) + Li(k,n), where

Lk, m) = / (30 f5 — ) Bo f5 dua,
A

f2<k,n>=/@k (@0 f£ — @) o f2 dyua,
A

Btk ) = pa(%) "

edus [ 1go £ Do fldus
A A

]4(]{3, TL) = / (@k - akl)? 9] fﬁ) @k 0] fg d,uA
A

By assumption, fAf;d,uA = 0. Hence fAﬁkduA = fA(f)k — 0o f&)dua. By
Corollary [7.12]

[L1(F,n)| < [0]g|@locoka,  [H2(k, )| < |0]oo|Wlooka,  [3(k,n)| < [0lo]w]ccora-

Now,

I4(k‘, n) = / (@k —arlzo fﬁ) W} © fg dipa = / U Wy © fz_k dpi (78)
A

A

where B
U = Lk(@k — ak12 e} fZ) = Lk@k — aklg.
Note that I, is defined on A and wy is supported in Z (by Proposition [7.9(b)) with
Jx ur diia = 0. Hence in the notation of Section , Ii(k,n) = p;, 4 (n—k), and by
Theorem [4.2(b),
[ La(k, n)| < Junlo@k|ooVin—rya-

By Proposition [7.9(a), |uge < 2[0]o and |wg|o < |W]e. The same argument as
in the proof of Proposition shows that 1;(y,?¢) = 1;(v/,¢) whenever s(y,y') > 1
(so y,y lie in the same partition element). Hence |1;|s < 2. By Proposition [7.9(d),
luklo < [L*0klo + lax||12]e < [[0]o. Hence |Lu(k, n)| < ||0]l6|@]ocy(n—r)a-

The combined estimates for Iy, Iy, I3, Iy give |p; z(n)| < [|9lo]|wlo(ora +Yin—t)a)-
Taking k = [n/2] yields the desired result. |
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7.5 Completion of the proof of Theorem

It remains to prove Lemma (7.7] - . There is the complication that approximation
of observables w supported on X leads to one-sided observables w, that are not
supported on X. Hence Theorem |4 is not directly applicable. The main new
idea for dealing with this is the followmg.

Lemma 7.13 There is a constant C > 0 such that

P(y)—-1

‘/ > 1{@>n}@k(y,€)dﬁy‘ < Cll@lo(oka + 1"k o (K))
Yo =0

for all @ € Fo(X) with [ @dua =0, n>k>1.

Proof Write [, S0 " 1o @i(y, €) dfiy = By + By where
o1 d—1
B, = / > Yomy (@ —@o fR)(, O dpy, By = / > Lsmy@ o fA(0) dpy .
Y =0 Y =0

By Corollary [7.12] |By| < ® [, |wy, — W o fA|dpa < |W|g opa.
Write By = Bj) + BY where

d—k—1
Bé = / 1{<I>>'n} Z 1{€>n}r&7 © fﬁ(a g) d:qu
Y =0

d—-1

Bé’ :/ 1{¢>n} Z 1{g>n}wofA( )duy.
(=d—k
Since w = wlg and using (7.3,
o1 -1
|1Ba] < WOO/ D ki lz( ) dipy < W\oo/ Liosiy ) 12(-,0) diny
Y=o Y =0
< [l | oo diy =|8]won
v
Next,
o1 O+k—1
B;’ :/ 1{q>>n} Z 1{4>n}wof”k( )d/LY —/ 1{<1>>n} Z 1{]>k+n}wofA( )d,uY
(=0—k j=®
k-1 '
= / Losny O Lijshin—ayi o fA(F-,0) duy = Ey + Ej
Y -
7=0
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where

k—1

E, = / Z Laskin—jy(Wo fi — w;)(F,0) dpy,
%

J=0
k-1

E, = / Zl{<b>k+n7j}{5j<F'aO) dpry .
y

Jj=0

By Proposition [7.9)c),

k—1 k—1
[Ea| < [alo Z/ Lasm0°" dpy = WloZ/ U, 0% dfiy
j=0 Y =0 7Y
where W¥,, = Rl{g~n,). By Proposition and Lemma [7.11}

/ v, 0% djiy < |\Ifn|oo/ Ly 0% dfia < pry (® > n)j 7"
v A

Hence |E| < |w|gpy (P > n).
It remains to deal with Fy. Now

/1{<I>>k+n—j}{17j(F‘ao> d,UY:/l{fb>k+n—j}U_)j(F'70) dﬂYZ/\I’kJrnjU_Jj(',O) djty .
Y Y Y

Define @, : A - R, u,, : A = R,

\\ =
ﬂn(yf):{ e Uy = Ty © T

0 (>0’
Then
/_ Uhyn—jw;(+ 0) diy = ‘1’/_ Upyn—j W5 dfin = (I)/ Uk —jWj dfin
v A A
= ®(G1(j,k +n) + G2(j, k +n))
where

A A
Applying Proposition [7.10] once more,
Wl ooy < iy (P >m) and  [Wa(y) — Ua(y))] < py (@ > n)g*w?)

forall y,y' € Y, n > 1. Hence |u, |00 < py (® > n) and |u, (y, €) —u, (v, 0)| < py (P >
n)@*w¥) for all y,9/ € Y, 0 < £ < ®(y). That is, in the notation of Appendix ,
[unllo < py (2 > 7).
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It follows that
(G (, )| < [t gloo Ly (@5 — @ o fA) 1 < []g 57 (n — )7
Since w has mean zero, we can apply Theorem to obtain
(G2, )| < Mln—sloll@[lo 5~ < Jlll i~ (n = )"
We conclude that
(G1+ Go) (G b+ )| < Jdllg =Dk +n—5)" < @flo i In"

for all j < k, and hence

k—1
|Es(k,n)| < [[wllgn™ ) 577 < Jlalgn" k7 (o (k)
§=0
completing the proof. |

Proof of Lemma (a) Let £ > 1 and write pigﬁ(n) = Iy(k,n) + I4(k,n), where

12<k,n>:/ Lo (@o fy — @) o " dyia,

A

[4(k,n):/ 1)?wkofgde:/_lzwkofg’fdﬂA.
A A

By Corollary [7.12] |I(k,n)| < @]y oka-

Note that I4(k,n) is defined on A and in the notation of Section .1, I,(k,n) =
P1,.@,(n—k). Hence we can proceed almost as in the proof of Theorem {.2(a), with ©
and w replaced by 17 and wy, respectively. Let m = n — k. Following Proposition [4.4]
we write

Lk, n) = Jox(m) + &1 /Y (T(m) + BV (m)) % We(m) iy (7.9)

where

V(m)(y) = Liawemlz(y, ) —m),  Wi(m)(y) = La)smywr(y, m),

and
o) = [ Lssca Lol On(ym + ) da,
Also, define
®(y)-m—1 P(y)—1
Am)Y) = Lowsmy Y 120, Asp(m)(y) = Y Lmeoyinly, ).
£=0 =0
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By Proposition [7.9(a), [Wk|s < |@]e. Proceeding exactly as in Section [4.3] we
obtain the estimates
[V(m)ly < py (@ >m), (Wi(m)i < [@ecpy (@ > m),
Tos(m)] < oo Ogs A1 (m)]s <
Moreover, V' m)(y) = V(m)(y'_) for y,y" € a, a € a. Hence following the proof of
Proposition 4.5, RV (m) € Fy(Y) with ||RV (m)|s < py (® > m).
By assumption, [, wdua = 0. Hence by Lemma |PAs i (m)| < ||@|lo(oka +

m= Pk Gy (k).
We have now estimated all the expressions arising in the proof of Theorem [£.2|a).
Continuing as in that proof, we obtain (cf. (4.3))

[ La(k, n)| < E(m) + |wllo(oma + Co(m))
where Ei(m) = b(m) x PV (m) « PWj(m) and

Ew(2) = b(2) PV (1) PWi(1) + (z — 1)b(2){ PV (2) PAy 1 (2) + P A, (2) PWy(1)}.

Recall that the Fourier coefficients of (z — 1)b(z) are O(m~""). Also,

PWi,(1) :/

Wy djip = / (W — W o fX)dpa < |W]o okq
A A
by Corollary [7.12] Hence
| B (m)| < ||@|o (b(m)ora +m™ x {m™ % (o0 + m ™k Cor (k) + omaora})
< Nw@llg(ora+m™7 ko (k).
Hence

|L4(k, )| < |@]lo(oka + On-rya + (n — k) 7k (o (k) + Cor(n — k).

Combining this with the estimate for I5(k,n) and taking k = [n/2] yields the desired
result. |

8 Billiard examples

In this section, we provide details and proofs for the examples considered in Sec-
tion 1.1} For background material on billiards, we refer to [I4]. The billiard domain,
denoted by @Q, is a compact connected subset of R? or T? with piecewise smooth
boundary and the billiard flow is defined on @ x S!'. Fix a point ¢ € @ and a unit
vector v € S'. Then ¢ moves in straight lines with unit speed in direction v un-
til reflecting (angle of reflection equalling the angle of incidence) off the boundary
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0Q. This defines a volume-preserving flow. A natural Poincaré section is given by
M = 0Q x [—n/2, /2] corresponding to collisions with 0@ (with outgoing velocities
in [-7/2,7/2]). The Poincaré map f : M — M is called the collision map or the
billiard map. It preserves a probability measure u, equivalent to Lebesgue, called
Liouville measure.

Part of the framework in [17, [38] is that the billiard map f : M — M has a (two-
sided) Chernov-Markarian-Zhang structure as defined in Section |f] In particular, f
has a suitably chosen first return map fx = f* : X — X modelled by a Young tower
Arapia = Y¥ with exponential tails. Roughly speaking, X is chosen to be a subset of
phase space bounded away from the regions where hyperbolicity is expected to break
down, e.g. for billiards with cusps, X excludes a neighborhood of each cusp. Since
the specific choice of X involves notation which is not required for understanding the
results, we mainly point the reader to the original references for the precise definitions.
(An exception is Example below, where no extra notation is needed.)

Example 8.1 (Bunimovich stadia [12]) These are convex billiard domains @ C
R? where 9Q is a simple closed curve consisting of two parallel line segments and
two semicircles. By [38], the billiard map f : M — M falls within the Chernov-
Markarian-Zhang framework with px(h > n) = O(n™2?). By [I8, Theorem 1.1],
py (@ >mn) = O(n~?) and hence p, ,,(n) = O(n~!) for dynamically Holder observables.

Here, we improve the estimate on uy (¢ > n) and use this to obtain lower bounds
on decay of correlations.

Proposition 8.2 For Bunimovich stadia, there exists ¢ > 0 such that @ ‘uy (o >
n) ~ en~? and pyn(n) ~ en”t [ vdp [, wdp for all v, w € H(X) with nonzero
mean.

In addition py,.,(n) = O(n~2logn) for all v € H(X) with [vdu = 0 and all
w e H(X).

Proof In the proof of [7, Theorem 1.1] (see in particular [7, page 504, line 11])
it is shown for h : X — Z% (denoted there by ¢.) that (nlog n)*1/2(2?;01h o

fg; —nf « hdpx) converges to a nondegenerate normal distribution. Hence the first
statement follows from Corollary and the second statement from Theorem [7.4](a).
Finally, 7, = O(n"?logn) by Proposition , so the final statement follows from

Theorem [7.4|(b). |

Example 8.3 (Semidispersing billiards) The billiard domain is given by @ =
R\ U Sk where R is a rectangle and there are finitely many disjoint convex scatterers
S C R with C® boundaries of nonvanishing curvature.

By [I7, Theorem 1], the billiard map f : M — M falls within the Chernov-
Markarian-Zhang framework with X = |J Sy x[—7/2,7/2] and px(h > n) = O(n"?).
By [18, Theorem 1.1}, py (¢ > n) = O(n~?) and hence p,,(n) = O(n™!) for dynami-
cally Holder observables.
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Proposition 8.4 The conclusions of Proposition hold for semidispersing bil-
liards.

Proof Note that h is precisely the free flight time considered in [8, 50]. By [50,
Theorem 1], (nlog n)_l/Q(Z;:é ho fik —n [y hdux) converges to a nondegenerate
normal distribution. Now proceed as in the proof of Proposition [8.2] |

Example 8.5 (Billiards with cusps) These are billiard domains @ C R? where
9Q is a simple closed curve consisting of finitely many convex inwards C* curves with
nonvanishing curvature such that the interior angles at corner points are zero.

By [15, Theorem 1.1], the billiard map f : M — M falls within the Chernov-
Markarian-Zhang framework with px(h > n) = O(n™?). By [I8, Theorem 1.1],
py (p >n) = O(n~?) and hence p, ,,(n) = O(n~!) for dynamically Holder observables.

Proposition 8.6 The conclusions of Proposition 8.9 hold for billiards with cusps.

Proof By [0, Theorem 4 and eq. (2.5)], (n logn)_l/z(zg.:gh o f% —n [y hdux)
converges to a nondegenerate normal distribution. Now proceed as in the proof of

Proposition [8.2] |

Example 8.7 (Billiards with cusps at flat points [55]) These are billiard do-
mains Q C R? where 0Q is a simple closed curve consisting of finitely many convex
inwards C® curves such that the interior angles at one of the corner points is zero.
Moreover the curves have nonvanishing curvature except at this corner point where
0Q has the form +z° for some b > 2.

By [55], the billiard map f : M — M falls within the Chernov-Markarian-Zhang
framework with pux(h > n) = O(n=?) where 8 = b/(b — 1) € (1,2). Moreover,
by [55], py (¢ > n) = O(n=?) and hence p,,,(n) = O(n~¥=Y) for dynamically Holder
observables.

Proposition 8.8 For billiards with cusps at flat points, there exists ¢ > 0 such that
py (¢ > n) ~cen™? and py(n) ~ g (B—1)"Len P [ vdp [, wdp for allv, w €
H(X) with nonzero mean.

In addition p,.(n) = O(n=Plogn) for all v € H(X) with [vdu = 0 and all
w e H(X).

Proof By [32, Theorem 3.1], n‘l/ﬁ(zgz_é ho fl — n [y hdux) converges to a non-
degenerate [3-stable law. Hence the first statement follows from Corollary and the
second statement from Theorem [7.4](a).

Finally, v, = O(n=?logn) by Proposition so the final statement follows from

Theorem [7.4{(b). |
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Explicit formulas for asymptotic constants In all the billiard examples consid-
ered above, the constant ¢ can be made completely explicit. For brevity, we restrict
to the case of the stadium in Example 8.1 Let ¢ be the length of the parallel line
segments in Q). The argument in [7, page 504, line 11] shows that

4+ 3log3 (?

n—1
(conlogn)1/2<;hof§( - n/th,uX> —4 N(0,1) where ¢g = 1 33 s

Since ¢ = h,, it follows from Lemma [5.2)(a) that

n—1
B! gpon—n/gpd —a N(0,1)
(; . ,UY) d

where B = (einlogn)'/? and ¢; = Gcy. Define L(z) = 2¢;logz. Then nL(B,) ~ B2
and L(z) = 2 [{ cyu™'du. Applying [27, Theorem 1.5, we obtain sy (¢ > n) ~ ¢;n™2.
Next ¢=0 [ hdux =5/p(X) and u(X) =2/(7 + £) by [, Eq. (6)]. Hence

200 2 4 + 310g3 62 _2
n
T+l 4 —3log3 4(7T+€)

¢ 'y (o >n) ~

By Theorem [7.4f(a)

44 3log3 (2
v, W d d
poaw(n) ~ 4 — 310g3477+£ /v,u/w,u

for v, w € H(X) with nonzero mean.

Example 8.9 (Bunimovich flowers [11]) These are billiard domains @ C R?
where 9Q is a simple closed piecewise C® curve consisting of at least one arc with non-
vanishing curvature that is convex inwards and at least one convex outwards circular
arc that is strictly smaller than a semicircle. All corner points have nonzero angle,
and each convex outwards arc continues to a circle contained in @. (The conditions
can be further relaxed to allow line segments in 0Q), see [17].)

By [I7, Theorem 2], the billiard map f : M — M falls within the Chernov-
Markarian-Zhang framework with pux(h > n) = O(n™%). Hence puy(p > n) =
O((logn)®n=3) leading as in [54] to the upper bound on decay of correlations
pow(n) = O((logn)*n=?) for dynamically Holder observables.

It is also easily verified that pux(h > n) ~ n=3. Only the more delicate upper
bound is explicit in [I7], but the lower bound is much simpler. It suffices to estimate
the contribution from sliding along a single convex outwards circular arc S C 0Q.
Let (7, ¢) denote coordinates on S x [—7/2,7/2] where r € [0, 7] is arclength along
S. Then px is given by dux = cos¢dpdr. The set X is chosen to exclude points
that make at least two successive collisions with S. Hence {h > n} includes all points
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(r, @) with r close to the beginning of S and ¢ close to 7/2. Since S is circular, the
angles at successive collisions remain close to this initial value of ¢ so it is clear that
{h > n} contains a set of the form

E,={(r,¢):0<r<

Sle

2

3
ME]

<o <

NE]

I

where a and b are constants independent of n. Hence
px(h >n) > [° f:{% 1g, cospdedr ~ sab’n=3,
By Proposition it follows that py (¢ > n) > (logn)~*n=%. By Theorem [7.4]
Pow(n) > (logn)™'n=2 [, vdp [, wdp for all v, w € H(X), n > 1.

Example 8.10 (Dispersing billiards with vanishing curvature [16]) These
are planar periodic dispersing billiards @ = T? \ |J Sy where there are finitely many
disjoint strictly convex scatterers Sy with C*® boundaries of nonvanishing curvature,
except that the curvature vanishes at two points. Moreover, there is a periodic
orbit that runs between these two points and the boundary nearby has the form
+(1 + |x[°) for some b > 2. By [16, Theorem 1], the billiard map f : M — M falls
within the Chernov-Markarian-Zhang framework with pux(h > n) = O(n=") where
B—1=(b+2)/(b-2) € (1,00). Hence uy(p > n) = O((logn)’n=") leading as
in [54] to the upper bound on decay of correlations p,.,(n) = O((logn)’n=¥=1) for
dynamically Holder observables.

Moreover pux(h > n) > en™® by [16, Proposition 2]. By Proposition ,
it follows that py(¢ > n) > (logn)"'n?. By Theorem [7.4 p,.(n) >
(logn)~'n®=Y [ wdp [, wdp for all v, w € H(X), n > 1.

A Formula for the correlation function
In this appendix, we prove Proposition One method would be to check equality of

coefficients directly, but we choose to convert all sequences into Fourier series. Recall
that V(n)(y) = Lia>n0(y, ®(y) —n), W(n)(y) = l{e>nw(y,n), with Fourier series

D(y)—1 P(y)—1
V) = > 207%,0, W) =Y iy0).

Define &, = Z;:é ® o FY. Arguing as in [39, Section 6.2] (with discrete time instead
of continuous time), write

Prz(n) = / Lintecan0(y, £) wo fa(y,€) dpa
A

+) / L () <ntt<trpn (0 (U, 0) W 0 fR (Y. 0) dua = Jp(n),
k=1 YA k=0
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where Jy(n) was defined in Section |4.3 and

Jr(n) = / Vo) <tin<ay 00y, OW(F Y, L+ 1 — Py(y)) dpa, k> 1.
A

For k> 1,

T(2) = g P Ju(n) = @1/Y

Making the substitution ¢ = ¢+ n — ®x(y),

P(y)—1 Ppy1(y)—L-1

SN My OB(Fry 4 n— Di(y)) dpy

(
=0 n=0y(y)—¢

(y)—1 B(FFy)—1

jk(z) _(I)—l/y( Z z‘%(y,ﬁ))( Z ZZI{D(Fky,K/))z@’“(y) dpy

£'=0

= @_1/ 2%k, W(z) o F* dyuy,
Y

where v, (y) = ZZI):(%)_l 2%0(y, £). Note that z%v, = ‘7(2) Hence
RF(z%0,) = RFIR(2™2%,) = RF1 (2™ R(2%0.)) = R(2)" 'RV (2),
and so

Jp(z) = &1 / RF(2™0,) - W (2) dpy = !
Y

R(2)F 'RV (2) - W () dpy.

==

Hence,

—~

R(2)* 'RV (2) - W(2) dpy

WE
—

Pra(z) = Julz) = Jo(z) + &7

1

k=
= Jo(z) + @ /Yf(z)R‘A/(z) : W(z) dpty .

o
T

This completes the proof of Proposition [4.4]

B Upper bounds on Young towers

In this appendix, we recall a standard result giving an upper bound on decay of
correlations for two-sided Young towers. We could not find the result stated in the
form we require in the literature; hence we provide the details.

Let fa : A = A be a mixing two-sided Young tower with pa(® > n) = O(n="")
where ' > 1. As in Section , A =Y? is a tower over a two-sided Gibbs-Markov
map defined on a bounded metric space (Y, d). Fix 0 € (0,1) and define Fy(A) to be
the space of observables ¢ : A — R with ||o]jg < oo where [|0]|g is defined as in (7.2).
Note that if v : M — R lies in H(M), then © = vomy € Fy(A) and [|7lg = [Jv]|4-
However, here we consider observables on A that need not be lifts of observables
on M and the underlying metric space (M, d) plays no role.
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Theorem B.1 There exists a constant C' > 0 such that
| [vio sidus ~ [ odns [ wans| < Clalion
A A A

for all 0, w € Fy(A), n > 1.

First, we mention some prerequisites. Define Fy3(A) to consist of observables
v: A — R with ||5]|p < oo where ||7]| is defined as in ([4.1]). Note that if v € Fy(A),
then 0 = v o7 € Fyp(A) and ||0]|s = [|7]|e-

For © € Fp(A), define @, : A — R and v, : A — R as in Section [7.4]

Proposition B.2 There exists C' > 0 such that for all v € Fp(6), n > 1,
(a) [o0 fR = Tuli < Clolgn= 7Y,

(b) [[IL"0nllo < C|0]lo-

Proof (a) Arguing as in the proof of Proposition [7.9) [0 0 f2 — ¥, < |0]p0%".
Proceeding as in the proof of Lemma [7.11] we can write

/ 0% din = / LY dfip = / Lyldfia
A A A

and Lj = C(n) + D(n) where |[D@m)l]; < n%.  Also, [C(n)l]; <
O[5 Liasny @ diiy < n~ =1 Hence
50 f — 0|1 < |0]p|0%" |1 < |Blgn=¥' D,

(b) The same calculations as in Proposition [7.9(d), show that |L"0,|« < [0]s and
[(L700) (P1) — (L"00)(P2)| < [[0]lg 07172 for pr,ps € A, > 1. u

Proof of Theorem First, recall that there is a constant C' > 0 such that

‘/ vwo fRdjia —/ @dﬂA/ u_)dﬂA) < C||g|w]oo n~ BV (B.1)
A A A
for all v € Fy(A), w € L>®°(A), n > 1. (This follows from [54, Theorem 3], the specific
dependence on ||9|g, ||« being a standard consequence of the uniform boundedness
principle. Alternatively, see [30], Section 2.2].)

Suppose without loss of generality that [ AWdpa = 0. Write

/177:(70 i”d,qu/ﬁof”[ﬁofznd;mzll(n)+Ig(n)+I3(n)
A A
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where
fl(”):/(ﬁofﬁ—@n)@o R dpa, fz(”):/ﬁn(@ofg—fﬁn)o R dpa
A A

Ig(n):/z?nwno i”d;m:/@nwnoﬁ”dm:/L”z‘;nwnofgdm.
A A

A
By Proposition [B.2[(a),

[1L(n)| < [B]g|@loe n™ Y, (n)] < [0]oc|@]g Y.
By (B.1).
[I3(n)] < ‘/ L"v, d/jA’ ‘/_wn d/jA’ || L0 || oo n~ .
A A

Since w has mean zero, it follows from Proposition (a) that | [5 @, dia| =
| [ (W, — Wo fR)dua| < |w]gn~ ¥~V Hence using Proposition (b),

[ Is(n)] < [[Bllgll@]lon=Y,

and the result follows. [ |
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