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Abstract. We consider deterministic homogenization (convergence to a stochastic differential equation) for multiscale systems of the
form

X1 =Xk A1 Lan (g, o) F 072l G, vy vt = T

where the fast dynamics is given by a family 7}, of nonuniformly expanding maps. Part 1 builds on our recent work on martingale
approximations for families of nonuniformly expanding maps. We prove an iterated weak invariance principle and establish optimal
iterated moment bounds for such maps. (The iterated moment bounds are new even for a fixed nonuniformly expanding map 7'.) The
homogenization results are a consequence of this together with parallel developments on rough path theory in Part 2 by Chevyrev, Friz,
Korepanov, Melbourne and Zhang.

Résumé. Nous étudions un probleme d’homogénéisation déterministe (avec convergence vers une équation différentielle stochastique)
pour un systeme multi-échelle de la forme suivante :

X1 =Xk 1 Lan (g, o) + 172l G, vy v = T

ou la dynamique rapide est donnée par une famille 7, de transformations non uniformément dilatantes. La partie 1 prolonge nos travaux
récents sur I’approximation par des martingales pour des familles de transformations non uniformément dilatantes. Nous montrons un
principe d’invariance faible itéré, et établissons des bornes optimales sur les moments dans ce cadre (ces bornes sont nouvelles méme
pour une transformation non uniformément dilatante 7' fixée). En combinant ceci et des développements paralleles sur la théorie des
chemins rugueux par Chevyreyv, Friz, Korepanov, Melbourne et Zhang, nous obtenons les résultats d’homogénéisation dans la partie 2.
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1. Introduction

Recently, there has been a great deal of interest in deterministic homogenization [5-9,12,16,17,20,24] whereby deter-
ministic multiscale systems converge to a stochastic differential equation as the time-scale separation goes to infinity.
A byproduct of this is a deeper understanding [16] of the correct interpretation of limiting stochastic integrals [28].

Using rough path theory [11,23], it was shown in [16,17] that homogenization reduces to proving certain statistical
properties for the fast dynamics. These statistical properties take the form of an “iterated invariance principle” (iter-
ated WIP) which gives the correct interpretation of the limiting stochastic integrals, and control of “iterated moments”
which provides tightness in the rough path topology used for proving convergence. In particular, the homogenization
question was settled in [16,17] for uniformly expanding/hyperbolic fast (Axiom A) dynamics and for nonuniformly ex-
panding/hyperbolic fast dynamics modelled by Young towers with exponential tails [29]. The results in [16,17] also
covered fast dynamics modelled by Young towers with polynomial tails [30] but the results were far from optimal. It turns
out that advances on two separate fronts are required to obtain optimal results:
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(i) Martingale methods for nonuniformly expanding maps modelled by Young towers, yielding optimal control of iter-
ated moments;

(ii) Discrete-time rough path theory in p-variation topologies, relaxing the required control for ordinary and iterated
moments.

These two directions rely on techniques in smooth ergodic theory and in stochastic analysis respectively, so the homoge-
nization question divides naturally into two parts. This paper Part I covers the ergodic-theoretical aspects required for (i),
while the rough path aspects required for (ii) are dealt with in Part 2 by Chevyrev et al. [4]. As we explain below, together
these provide an optimal solution to the homogenization question when the fast dynamics is given by a nonuniformly
expanding map or a family of such maps.

The homogenization question that we are interested in takes the following form. Let 7,, : A — A, n > 1, be a family
of dynamical systems with ergodic invariant probability measures j,,. Consider the fast-slow system

(1.1) X1 = Xk 0 ay o, o) A7 Pby (ke i)y ket = Tuvks

where x; = x,ﬁ”) takes values in RY with xo = & e R4, and vk takes values in A. Our main assumption is that 7}, is a
uniform family of nonuniformly expanding maps of order p > 2 as in [20] (see Section 3 below for precise definitions).
We impose mild regularity conditions on ay, b, : R? x A — R and require that f Abn(x, y)du,(y) =0forall x € R,
n>1.

Define x,(t) = x[(:t)]
variables on the probability spaces (A, A,) with values in the Skorohod space D([0, 1], R4). The aim is to prove weak
convergence, X, —, X as n — 0o, where X is the solution to a stochastic differential equation.

and let A, be a family of probability measures on A. We regard X, as a sequence of random

Example 1.1. To fix ideas, we focus first on the case where 7,, = T is a single nonuniformly expanding map. Pomeau-
Manneville intermittent maps [27] provide the prototypical examples of such maps. We consider in particular the class of
intermittent maps studied in [22], namely

x(l +2yxy) x < %,
1

2x —1 x> —.
2

(1.2) T:[0,1]—1[0,1], Tx=

Here y > 0 is a parameter and there is a unique absolutely continuous invariant probability measure p provided y < 1.

Moreover, the central limit theorem (CLT) holds for all Holder observables v : [0, 1] — R, provided y < % By [13], the

CLT fails for typical Holder observables once y > % Even for y = %, the CLT requires a nonstandard normalization.

Hence it is natural to restrict here to the range y € (0, %). (The range y € (%, 1) leads to superdiffusive phenomena [13,
26] and we refer to [3,12] for the homogenization theory for the corresponding fast-slow systems.)

The homogenization problem for fast-slow systems driven by such intermittent maps 7 (with A, = ©) was previously
considered in [16] and then [5]. The techniques therein sufficed in the restricted range y € (0, %) and even then only in the
special case b(x, y) = h(x)v(y) where h : R — R4*m 4. A — R?. There are two additional steps, covered in Parts 1
and 2 respectively, that lead to homogenization in the full range y < (0, %) and for general b:

(i) As mentioned above, to obtain homogenization results it suffices to prove the iterated WIP and control of iterated
moments. These statistical properties are formulated at the level of the map 7' for Holder observables v : [0, 1] — R¢
with ['vdu = 0. The iterated WIP was already proved in [16] in the full range y € (0, %). Define

Syv = Z voT/, Spv = Z (voTi)®(voTj).

0<j<n O<i<j<n

There are numerous methods for estimating ordinary moments |S,v|;2-1) for p < 1/y. Estimates for iterated mo-
ments |S,v|;2-1/3 were given in [16]. In Theorem 2.4 of the current paper, we estimate [S,v|; -1; this is the first
result giving optimal estimates for iterated moments. Using [5], we can then cover the full range y € (0, %) in the
product case b(x, y) = h(x)v(y).

(i) The papers [16,17] use rough path theory in Holder spaces. However, Holder rough path theory requires control of
the ordinary moments |S,v|;2, and the iterated moments |S,v|;4 for some g > 3. As shown in [25, Section 3], such
control even for the ordinary moments requires y < %. The papers by Chevyreyv et al. [4,5] employ rough path theory
in p-variation spaces and require iterated moment estimates only for g > 1. Whereas [5] is restricted to the product
case b(x, y) = h(x)v(y), Part 2 [4] covers general b following [17]. This method combined with the previous iterated
WIP and iterated moment estimates in [16] covers the range y € (0, %) for general b.
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Combining (i) and (ii), we cover the optimal range y € (0, %) for general b.

In addition, we obtain the homogenization result X, —, X for a larger class of measures including the natural choice
A, = Leb.

Returning to families of nonuniformly expanding maps, in [20] we considered intermittent maps 7 : [0, 1] — [0, 1],
n € NU {oo}, as in (1.2) with parameters y, such that lim,_ « ¥» = Yoo- Homogenization results with A, = u, and
An = oo Were obtained in [20] for a restricted class of fast-slow systems with b, (x, y) = h,(x)v,(y), h, exact, for
Yo € (0, %). (For such systems, rough path theory was not needed.) By the results in this paper, combined with those in
Part 2, we treat general b,,, again in the full range y € (0, %). Moreover, we cover a larger class of measures including
A, = Leb.

The remainder of Part 1 is organized as follows. In Sections 2 and 3, we consider nonuniformly expanding maps (fixed,
and in uniform families [20], respectively). In particular, we obtain optimal estimates for iterated moments in Theorem 2.4
and the iterated WIP for families in Theorem 3.4. In Section 4, we consider examples including the intermittent maps in
Example 1.1. The theory is extended to families of nonuniformly expanding semiflows in Section 5.

We refer to Part 2 for the parallel developments in rough path theory and a precise statement and proof of homoge-
nization for the fast-slow systems (1.1).

Notation. For a,b € R?, we define the outer product a ® b = ab” € R*4_For J € R™*", we use the norm |J| =
Qo Y 15.)‘/2. Then |a ® b| < |a||b| for a, b € RY.

For real-valued functions f, g, the integral | f dg denotes the It6 integral (where defined). Similarly, for vector-valued
functions, | f ® dg denotes matrices of Itd integrals.

We use “big O” and < notation interchangeably, writing a,, = O (b,,) or a, < b,, if there are constants C > 0, ng > 1
such that a, < Cb,, for all n > ng. As usual, a, = 0(b,) means that lim,,_, oo a, /b, = 0.

Let v: A — R be an observable on a metric space (A,dp) and let n € (0, 1]. Recall that v : A — R is n-
Holder observable, v € C(A), if |[vlly = [v]eo + SUP,y [V(x) — v(y)|/dA(x, y)" < 00. where |v|e = sup, |v]. For

v=(v1,...,v2): A —> R d > 1, we write v e C"(A, RY) ifv; e C"(A) for j=1,...,d,and set |v]|, :Z?zl lvjlly.

2. Nonuniformly expanding maps

In this section, we recall and extend the results in [20] for nonuniformly expanding maps.

Let (A, da) be abounded metric space with finite Borel measure p andlet 7 : A — A be a nonsingular transformation.
Let Y C A be a subset of positive measure, and let o be an at most countable measurable partition of Y. We suppose that
there is an integrable return time function 7 : ¥ — 7, constant on each a with value t(a) > 1, and constants 8 > 1,
n € (0, 1], C; > 1 such that for each a € «,

(1) F =TT restricts to a (measure-theoretic) bijection from a onto Y.
(2) dA(Fx, Fy) > Bda(x,y) forall x,y €a.
(3) da(Ttx,Ty) < Cidp(Fx, Fy) forallx,yeca, 0<{ < t(a).

@) ¢o= dj(’y'gF satisfies |log £o(x) — logZo(y)| < Cidx(Fx, Fy)" forall x, y € a.

Such a dynamical system 7 : A — A is called nonuniformly expanding. (It is not required that 7 is the first return
time to Y.) We refer to the induced map F =T7 : Y — Y as a uniformly expanding map. There is a unique absolutely
continuous F-invariant probability measure py on Y and duy/dp € L.

Define the (one-sided) Young tower map [30], fa : A — A,

. t+D, £=t(y) -2,
A= YXZ:0<t< —1 = .
{(yve)e 0_3_7«’()’) }’ fA(y’E) (Fy,O), EZT(y)—l
The projection 7 : A — A, ma(y, £) = T'y, defines a semiconjugacy from fa to T. Define the ergodic fa-invariant
probability measure yua = py x {counting}/ fY tduy on A. Then w = (a)«ta is an absolutely continuous ergodic
T -invariant probability measure on A.
In this section, we work with a fixed nonuniformly expanding map 7 : A — A with induced map F =T :Y —» Y
where 7 € LP(Y) for some p > 2,! and Young tower map fa : A — A. The corresponding ergodic invariant proba-

n [20], we considered this set up with p > 1. Since we have no new results for p < 2 beyond those already in [20], we restrict in this paper to the case
p=2.
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bility measures are denoted w, iy and pa. Throughout, | |, denotes the L”-norm on (A, ), (¥, uy) and (A, pa) as
appropriate. Also, || ||, denotes the Holder norm on A and Y.

Although the map T is fixed, the dependence of various constants on 7' is important in later sections. To simplify the
statement of results in this section, we denote by C various constants depending continuously on diam A, C1, 8, 1, p and

IT],.

II)_,et L:LY(A) = LY(A) and P: LY(Y) = LY(Y) denote the transfer operators corresponding to fa : A — A and
F:Y—>Y.(So [y, Lvwdua = [yvwo fadua forveL'(A), we L®(A),and [, Pvwduy = [y vwo Fduy for
ve L' (Y), we L®(Y).)

Let { =duy/duy o F. Given y € Y and a € «, let y, denote the unique y, € a with Fy, = y. Then we have the
pointwise expression for L,

Zé‘(yu)v(ya, T(Ya) — 1)7 =0,
2.1 (Lv)(y, €) = | aca

2.1. Martingale-coboundary decomposition

Let T : A — A be a nonuniformly expanding map as above with return time v € LP(Y), p > 2. Fix d > 1 and let
v e C"(A,R?) with [, vdu = 0. Define the lifted observable ¢ =vom : A — R%.
We recall the martingale-coboundary decomposition

2.2) ¢=m+xofa—x, mekerL

from [20, Section 2.2], which is obtained as follows. First, define the induced observable ¢' : Y — R4 by ¢'(y) =
Z(:yo)fl ¢ (y, ). Next, define x',m’': ¥ — R by x' =322, Pk¢/ and ¢’ =m' + x' o F — x'. Let
o 0.  f=t()-2
(23) XG0 =x') +kZ:jo¢<y,k> and myO=1" 1
By [20, Section 2.2], [|x’ll,;, < Cllvll,. Furthermore,

Proposition 2.1. |[m|, < C|vlly, |x|p—1 < Cllvlly and foralln >1, q > p,
\r]pg;u o fx— xl\p < Clolly (07 + 0" P11 2y Tlp).

(In particular, |maxi<n | x © fX — x|, < C'llvllyn'/?)

Proof. See [20, Propositions 2.4 and 2.7]. O
Proposition 2.2. |L"|m|? |« < C||v||}) foralln > 1.

Proof. Using (2.1) and the definition of m, we have

(o) |m )|’ €=0,
(LIm|?)(y,0) = Z | |
0, l<t<t(y)-1.

Note that [m'| <2|x'|eo + 19’ < 2|x |oc + TIV]ec K T|V|ly. Also [14¢|e0 K py(a) (see for example [20, Proposi-
tion 2.2]). Hence

Liml? <> py@t@” vl = t|hllv? < llv]l?.

aca

Hence, |L" [m|P |oo < |L|m|P |0 < [[0]15 forall n > 1. O

Letg=UL(m®m)— [,m@mdua: A — R where U is the Koopman operator Up = ¢ o fa.
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egs k—1 % J 1/2 2
Proposition 2.3. | max<, | Zj:()d) o fallp <Cn / vl
Proof. See [20, Corollary 3.2]. O

2.2. Moment estimates
Given v € C"(A,RY) with [, vdu =0, we define

2.4) Spv = Z voT/, Spv = Z (voTi)®(voTj).

0<j<n O<i<j<n
The main result in this section is the estimate for iterated moments | maxy<, [Sxv||,—1 in the next theorem.

Theorem 2.4 (Iterated moments). Foralln > 1,

1/2

max|siol| <cn'Pull,, |maxisel| < Callull,
k<n 2(p—1) k<n p—l

Proof. Since p > 2, the estimate for S,v is given in [20, Corollary 2.10]. It remains to prove the bound for S, v, equiva-
lently S,¢p = Zofqu(q) ofA)®(@o fi). Using (2.2),

Sup= > (xofl-x)®@ofl)+ > (mofl)®(@ofl)=1n+Jn.

0<j<n O<i<j<n
By Proposition 2.1,

J 2
maxizel] | <16le 3 |xo A= xl,o < 20bbelxlpt <l

0<j<n

Next, Jy =Y "= (mo fL) ® (X2 ¢ o f) o f1) = Y4y Xue. where

—1
X0 = <M®Z¢>ofi> o fa " =(m@ (S0 fal)o fAT"

j=1
Now, |8,®1p < [SndPl2(p—1) K n1/2||v||,, since p > 2. Hence by Proposition 2.2,
Xl = [ 7 |(Sici)o fal” dna = [ Liml?1511” dua
< LIm|P |oo| Se—191} < €72 |[v]|2P < nP2||v]| 2P,

SO |Xn,i|%g <<n|lv||2-
Let M denote the underlying o -algebra on (A, ua) and define G, ¢ = fA_("_E)M, 2<¥¢<n.Since Lm =0,

LM, g =L(m @ {(Se-14) 0 fa}) =Lm @ (Se-1¢) =0

for all £. It follows (cf. [20, Proposition 2.9]) that {X, ¢, G¢; 2 < £ < n} is a sequence of martingale differences. Working
coordinatewise, by Burkholder’s inequality [2],

" 12
2
(Z Xn,ﬁ)
=2

and so | maxg<, |Ji|lp K n||v||,27. This completes the proof. O

2

2
[max 7l <
k<n P

n
> X
(=2

n n
= Z|Xr21,€|p/2 = Z |Xn,l|%, < n2||U||4,
=2 =2

P p/2
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Moments on A. Tt is standard that the moment estimates for v : A — R? follow from corresponding estimates for lifted
observables p =vomp : A — RY. In Proposition 2.8, we need such an estimate for an observable on A that need not be

the lift of an observable on A. Hence, we recall now how to derive moment estimates on A.
We define a metric on A based on the metric dj on Y:

2.5) da((3. 0. (v 0)) = {dA(Fy, Fy') ¢=¢"andy,y" arein the same a € a,

diam A else.
Remark 2.5. In (2.5), if we use a symbolic metric on Y in place of d, then dx is the usual symbolic metric on A.

As usual, || ||, denotes the Holder norm on A. From the definition of nonuniformly expanding map, d ATy, T! y) <
C1da((y,0), (¥, £)); hence if v: A — R? is Holder then so is its lift ¢ = v o7 : A — R?. Moreover, fa is itself a
nonuniformly expanding map on (A, da) with the same constants as 7, so Theorem 2.4 yields:

Lemma 2.6. Let ¢ : A — RY with ||¢||, < oo, such that [, ¢dus = 0. Define Spp =3 o-;_, b0 £l and S,¢ =
2 0<i<j<n(@o O ®(po f1). Then

max | Sy ¢ ‘ <cn'’? 1) and ‘max Sk ‘ <Cn|¢ 2.
}k<n | | 2Ap—1) I ”n e [Ske| b Il ”71
2.3. Drift and diffusion coefficients

Let S,v, S,v be as in (2.4) and define T, E € R4%4,

1 1
(2.6) Y = lim —/ Spv® S,vdu, E = lim —f Spvdu.
A A

n—oon n—oon

Proposition 2.7. The limits in (2.6) exist and are given by

E:/m@md,uA, E:/ XQ¢dun.
A A
Moreover, for alln > 1,

<Cllzn'/P=12, <Clol;(n~"? +n=P72).

n

1
—/ Spv® S,vdu — X
A

1
—/Snvdu—E
nJa

Proof. The limit for ¥ is obtained in [20, Corollary 2.12]. The proof of [20, Corollary 2.12] contains the estimate

3

n p

1 _
_/Slzv®Snvd/¢L_E’<<n 1/2||U||r;|XOfX_X
A

so the convergence rate for ¥ follows from Proposition 2.1.
Next, we note that |x @ (n~'S,$)|1 < |x|1|v|ee < 00 since x € LP~1 c L. Also n=1S,¢ — 0 almost surely by the
pointwise ergodic theorem. Hence it follows from the dominated convergence theorem that

1
lim —/ X®Sdpdua =0.
A

n—oon

Since Lm = 0, we have fA(mof£)®(¢ofi)duA =0 forall i < j. Hence by (2.2),

n—1
/ASnfﬁduA=/AZ(XOfi—x)®(¢0fi)dlm=n/Ax®¢duA—/Ax®Sn¢dm.
=1

It follows that E =limn%oo%fA Snpdun = [y x @pduna.
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To obtain the convergence rate for E, we may suppose without loss that p € (2, %]. Write (p — 1)~! + ¢! =1 where

q € [3, 00). It follows from Hdolder’s inequality and Proposition 2.1 that [x ® S,@|1 < |x1p=11Su®lg K V;]1Snelg- By
Theorem 2.4,

—2(p—1 — — — — —(p—
/|Sn¢|qdms|sn¢|%o v )f 1500 PPV dpua < olld n2P 0Pt = g na= 07D,
A A
Hence |x ® Syol1 < ||v||,27n1—(1’—1)/q = ||v||%n3_” and the result follows. ]

For later use, we record the following result:

Proposition 2.8. Forn > 1,

max 5C||v||3(n3/4+n/ 121{T>n1/4}duy>.
k<n Y -

k—1
Y ((x®p)o f{ —E)
j=0

1

Proof. Fix ¢ > 0, and define

Y A — R V3, O=x®D), Olz(y)=q)-

By (2.3), [Xx ® ¢1(y. ©) < (1x/loo + £1v]o0) V|00 < [[0]27(y). Hence
2.7) Wl < ||v||§fAr(y)lmy)zq}dM(y,e) < ||v||?,/yr21{rzq}duy.
Write x @ ¢ — E =U + V where

U:w—/Ade, V=x®¢—w—/A<x®¢—w>duA.

By (2.7),

Y U f]

j<n

‘maxISkUl‘ < <n|U|; <20y, <<n||v||%/ T ljrzgy dpty.
k<n 1 1 Y

Next, V(y,0) = (X ® $)(y, Ol{r<g) — [, (X ® P) l{r<qydia. By (2.3),

-1

XG0 = x (O] < X0 = X' O]+ D |k —d(y. k)|

k=0
-1

L vllyda (v, ¥)" + 1lly Y _da((. k). (v, k)"
k=0

L llyr(da((r. 0. (¥, £))".

Here we used that [|§]|,; < [[v]l, and dA(y, ") <da((y,€), (', £)).
A simpler calculation shows that |x (y, £)| < T(y)[|v|l;. It follows that ||V, <« q||v||%. By Lemma 2.6,

max |SVI| < IVIyn'2 < qlol}n'”.
<n

The result follows by taking ¢ = n'/4. ([

Remark 2.9. Nonuniformly expanding maps are mixing up to a finite cycle. When they are mixing (in particular, if
gcd{t(a) : a € o} = 1), then we have formulas of Green-Kubo type for £ and E in (2.6), namely

o0 o
2:/v®vdu+2/(v®(voT”)+(voT")®v)du, E:Z/v@(voT")d,u.
A n=1 A n=1 A
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3. Families of nonuniformly expanding maps

In this section, we prove the iterated WIP and iterated moment estimates for uniform families of nonuniformly expanding
maps.

3.1. Iterated WIP and iterated moments

Throughout, 7, : A,, — A,, n > 1,1is a family of nonuniformly expanding maps as in Section 2 with absolutely continuous
ergodic T),-invariant probability measures u,. To each T, there is associated an induced uniformly expanding map F; :
Y, — Y, with ergodic invariant probability measure jy, and a return time t, € L?(Y,) where p > 2.

We assume that 7}, is a uniform family of order p > 2 in the sense of [20]. This means that the expansion and distortion
constants C; > 1, 8 > 1, n € (0, 1] for the induced maps F,, can be chosen independent of »n and that the family {tnp }is
uniformly integrable on (Y, uy,), i.e. sup, fYn t,fl{fnzq} dpy, > 0asg — oo. Letv, : A, — R n>1,bea family of
observables with sup, | [|lv, I, < 0o and fAn vy d, =0.

Let fa, : Ay = A, be the corresponding family of Young tower maps, with invariant probability measures pa , and
semiconjugacies wa, : A, = A,. In particular, u, = A, «in, -

Define the lifted observables ¢, = v, oa, : Ay — R?. By Section 2, we have the martingale-coboundary decompo-
sitions

¢n=mn+XnofAn — Xn-
Proposition 3.1. The family {|m,|*; n > 1} is uniformly integrable on (A, in).

Proof. See [20, Proposition 4.3]. O

Abusing notation from Section 2 slightly, we define

Skvp = Z vy o TS, Skvn = Z (vnoT,i)@(vnoTnj).
0<j<k O<i<j<k

By uniformity, the constants C in Section 2 can be chosen independently of n. Hence the next result is an immediate
consequence of Theorem 2.4:

Corollary 3.2 (Iterated moments). Foralln > 1,

1/2 2
max|Sival| o <Cn Pl max(Sevl| < Calugl,
Write
.1 .1
(3.1) Y, = lim - Skvn @ Skvndpa,, E,= lim — Skvpdun,,-
k—oo k Ap k— 00 Ay
Corollary 3.3. The limits in (3.1) exist for each n and are given by
I Z/ my, @ my dﬂAn, E, :f Xn @ ¢y dMA,,-
For p > 2, the convergence is uniform in n.
Proof. This follows from Proposition 2.7. ]

Define W, € D([0, 1], R%), W,, € D([0, 1], R¢*?) by

1 < 1 ; :
Wn(t)zﬁ > o, W, () =~ Y (moT))®(voTy).

0<j<nt O<i<j<nt

We can now state the main result of this section.
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Theorem 3.4 (Iterated WIP). Suppose that lim,_, oo X, = X and lim,,_, 5, E, = E. Then
. d dxd
Wn, Wp) =, (W, W) asn— ocoin D([O, 1, R¢ xR ),

where W is d-dimensional Brownian motion with covariance matrix % and W(t) = fot W ®dW + Et. (As always in this
paper, fot W ® dW denotes the It6 integral.)

To prove Theorem 3.4, it is equivalent to show that (@, Qn) —p,, (W, W) where

1 ; 1 ) .
0n() = —= Y. ofa, Q== 3 (nofi)® (o f],)

0<j<nt O<i<j<nt

Define also M, (t) = 1 2 0<i<j<nt(Mn o fiu) ® (¢ © fin).

Lemma 3.5. Suppose that lim,_o0 =, = . Then (Qy, My) =4, (W, M) in D([0,1],R? x RI*?), where M(t) =
foWedw.

Proof. We verify the hypotheses of Theorem A.1. Hypothesis (a) holds by Proposition 3.1. Next, by Proposition 2.1,
writing | |2 as shorthand for | |L2(Mn) and | |L2(uy,,)’

3 @ —ma)o £},

0<j<k

max
k<n

— )max}Xn o & — xal|. < Cllwnlly (0" 40211, 2m Tal2).
2 k<n 2

Since the family {r,%} is uniformly integrable, n~!/?| max;<, | 20§j<k (P —mp) o fi,, [|]2 = 0, verifying hypothesis (b).
Finally, by Proposition 2.3, for ¢ € [0, 1],

> UnLn(ny@my)o fi — [n1]%, 12

0<j<nt

<Cn
2

2
lonll2.

Hypothesis (c) follows. (]

Proof of Theorem 3.4. Write Q, (1) — M, (¥) = A,,(t) — B, (t), where
1 i 1 i
An() =~ Z @m0 fl,  Ba)=~1n® Z buo f3 -
0<j<nt 0<j<nt

By Lemma 3.5, it suffices to show that sup;ero.171An (@) — By (t) — tEn| =y, 0.
Write | |; = | [La(u,,)- Since the family {rnz} is uniformly integrable, it follows from Proposition 2.8 that

sup |A,,(t) — tE,,|
1€(0,1]

. < ||Un||727<n_1/4 +/ Tnzl{r,,Zn'/“}dﬂYn) — 0.
Y)l

Next, sup;co 171Bn ()| < |xa| B, where B, =n~" maxi<u | 54 ¢n o fin |. By Theorem 2.4,

|1B) |, <n ™2 |vally <n” 2,
so B), =y, 0. Also, by Proposition 2.1, | xx|; < [lvnll; = O(1). It follows that sup, (g 17 |Bn(£)| =>4, O- ([l

Corollary 3.6. Suppose that lim,_, o0 X, = X and lim,—~ E,, = E. Let A,, be a family of probability measures on A,
absolutely continuous with respect to w,. Suppose that the densities p, = dh,/di, satisfy sup,, [ p,i““s du, < oo for
some § > 0 and that infy>1 limsup,,_, o f |% Z?’;Ol Pn © Tnj — 1ldu, =0.

Then (W, W,) =, (W, W) as n — oo in D([0, 1], R? x R4*dy ywhere W is d-dimensional Brownian motion with

covariance matrix X and W(t) = fot W®dW + Et.
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Proof. We verify the conditions of Remark B.2 with 8= D([0, 1], R? x R?*¢) and dg(u, v) = sup, (9. 1; lu(t) — v(®)|.
The result then follows from Theorem 3.4.

Conditions (S1) and (S5) of Remark B.2 hold by assumption so it remains to verify (S4). Define the sequence of
random variables

Ry : A — D([0, 11,R? x RT*), R, = (W,, W,).
We have sup, o, 1 | (W 0 T,) (1) — Wy (1)] < 20712 |v, | . Also,

Wy o L)) =Wy (@) =n"" > (woT}) @ (wnoTy)—n"" Y v, @ (vaoT).

1<i<nt 1<j<nt
Write | [1 =11y, By Corollary 3.2,
-1 —-1/2 2

‘sup Wy o T = Wal| < 4n |vn|oo‘max|Skv,,| <n” v, 2.

[0,1] k<n 1
Hence

|dB(Ry 0 T, R)|, <172 (Jonloo + Ilvall}).

verifying condition (S4). (]

Remark 3.7. By Corollary 3.2, [N ! Z e 0 Pn© T,,j — 1< N2 p, II;;- Hence a sufficient condition for the assumptions
on p, in Corollary 3.6 is that sup,, || 0, ||, < 00.

3.2. Existence of limits for ¥,, and E,

Theorem 3.4 and Corollary 3.6 establish the iterated WIP subject to the existence of lim,—, o X, and lim,_, »; E;,. In this
subsection, we describe mild conditions under which these limits exist.

Let (A, da) be a bounded metric space with finite Borel measure p. We assume that 7,,, n € N U {oo}, is a uniform
family as in Section 3.1 but now of order p > 2 and defined on the common space A. In particular, each 7}, is a nonuni-
formly expanding map as in Section 2, with absolutely continuous ergodic 7},-invariant Borel probability measures ;.
We suppose that w, is statistically stable: p, —, [Loo as n — 00. Moreover, we require that

(3.2) /(vng;,)(onfo)(dun—duoo)—)O and T,,j—mn TL asn— 0o
A

forall j,k > 0and all v, w € C"(A). (The second part of condition (3.2) means that u,{y € A : dA(T,,jy, Tgoy) >a}—0
for all a > 0.)
Let v, € C"(A,R%), n € NU {00}, with fA v, dpy, = 0. We assume that lim,— o [|v, — veoll; = 0.

Lemma 3.8. Define S,v, = ZO§j<n Up O Tnj and S, v, = ZO§i<j<n (W oT!)® (vy 0 Tnj). Then the limits

1
X,y = lim _/ Suvn ® Spvpditn, E, = lim _/ Snvn ditn,
A

n—oon n—oon

exist for all n € NU {00}, and limy,,—, oo £, = Lo, liMy— 00 E;y = Eco.

Proof. The limits ¥, and E, exist for n fixed by Corollary 3.3. We refer to [20, Proposition 7.6] for the proof that
limy, s 50 X5y = Loo. Here we show that lim,, . o E,, = E.

Write J,, , = fA Spvnduy. Let § > 0. By Corollary 3.3, there exists N > 1 such that |N’1 Jo.n —Ey| <éforalln > 1.
Hence,

(3.3) |Ep — Eool <28+ N~ v — Jon|.
Next

Ju,n — Jo.n =/ (Snvn — Snveo) d ity +/ Sn Voo (dptn — diteo).
A A
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By condition (3.2), lim,,_, fA SN Voo (dty, — dinso) = 0. Also,

ISNvn — SNVl < Z |(vnoT,f)®(vnoTnj) — (voooTO"o)®(voong;)| <A1+ Az,

0<i<j<N
where
A= Z |(vnoT,f)®(vnoTnj)—(voooTrf)®(voooTnj)i,
0<i<j<N
Ay = Z |(voooT,f)®(voooTnj)_(voooT;O)@)(voongg)‘,
0<i<j<N
Now,
Ars > (lwlo T fvn = vool 0 Tl + [vw — vool 0 T ool 0 T/ ) < N (1mlos + [Vasloo) [0 — Vooloo-
0<i<j<N
Also,

A2 < Nvaloo Y |voo 0 Til = oo 0 Tso| < NlvooloolVooln@n.
0<j<N

where g, n(y) = Z?/:_Ol dp (Tnjy, Toéy)”. By the assumption on v,, and condition (3.2), we obtain that lim,,_, o [Sy v, —

SNvOO'Ll(/Ln) = 0. Hence lim,—, o0 Ju,v = Jo,n and so limsup,_, ., |En — Esc| < 26 by (3.3). Since § is arbitrary, the
result follows. U

3.3. Auxiliary properties

Our results so far in this section on the iterated WIP and control of iterated moments verify the main hypotheses required
to apply rough path theory in Part 2. However, there remain two relatively minor hypotheses, Assumption 2.11 and
Assumption 2.12(ii)(a) in [4] which we address now. We continue to assume the set up of Section 3.2 though we require
weaker regularity assumptions on v,,: it suffices that v, € L>(A, R9), n > 1, and ve € C"(A, RY) with lim,_s oo |v, —
Vooloo = 0. Fix 1 € [0, 1], and define V, =n~! Y11 v, o 7,/

Proposition 3.9.

(@) limy—o00 | Vi — th Voo dMoo|LP(p,,,) =0.
(b) 1im, o0 [ Vn @ Vpd ity = [ Voo ® Voo dfhoo-

Proof. (a) Define U, =n~! 25(2]0—1 Voo O Tnj. Then |V, — Uy oo < t|Un — Voo|oo — 0. Since vy is Holder, it follows from
Corollary 3.2 that [Uy —t [ Voo dftn|Lr () <K llVscllyn ™2 By (3.2), [ veo dtn — [ Voo dteo and the result follows.

(b) We have [, [v, ® Uy — Voo ® Vool ditn < (Unloo + [Vooloo) [Un — Vooloo = 0. Als0, [, Voo ® Voo(dptn — dites) = 0
by (3.2). 0

4. Examples

In this section, we consider examples of nonuniformly expanding dynamics, including families of intermittent maps (1.2)
discussed in the introduction, covered by the results in this paper.

4.1. Application to intermittent maps

Fix a family of intermittent maps 7, : [0, 1] — [0, 1], n € N U {00}, as in (1.2) with parameters y, € (0, %) such that
lim,— 00 ¥n = Yoo- By [19, Example 5.1], 7, is a uniform family of nonuniformly expanding maps of order p for all
peQ®, yogl). By [1,18], u, is strongly statistically stable. That is, the densities h, = d u, /dLeb satisfy lim,_, fA |h, —
hso|dLeb = 0. Using this property, conditions (3.2) are easily verified.

Hence our main results on control of iterated moments (Corollary 3.2) and the iterated WIP (Theorem 3.4 and
Lemma 3.8) hold for families of intermittent maps 7,, and Holder observables v, : [0, 1] — R4 with f v, du, =0 and
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lim;,_, o0 |Un — Voolly = 0. Also the auxiliary properties in Proposition 3.9 are satisfied. This leads via Part 2 to homog-
enization results x, —,, X for fast-slow systems (1.1). Since p, (X4 € B) — fhoo(Xy € B) = fA L4z, eBy(hn — hoo) dLeb
for suitable subsets B C D([0, 1], Rd), it follows from strong statistical stability that X, — oo X

In the remainder of this subsection, we show that all our results remain valid when p,, is replaced by Lebesgue measure.
(We continue to assume that the observables v,, are centered with respect to i, so f vpdu, =0.)

The densities h, = du, /dLeb are uniformly bounded below (see [22, Lemma 2.4] for explicit lower bounds). Hence
it is immediate that the moment estimates in Corollary 3.2 hold with u, changed to Leb. Since Leb is not invariant, the
following nonstationary version of the moment estimates is required in Part 2:

Proposition 4.1. |Y,_;_,v. 0 T 201 ewy < Clk— 02 vyl and 1Y p<icjek @ 0 T}) ® (vy o T o1 ety <
Clk—Ollvg|3 forall 0 < € <k <n.

Proof. Since u, is T,-invariant, it follows from Corollary 3.2 that

> vwoT = v o T < (k=0 [vally,
t<j<k L2r=D () 0<j<k—¢ L2P=D ()
> (woT))® (moT) = (vaoT}) ® (va o T) < (k= O)llval?.
t<i<j<k Lr=Vun)  lo<icj<k—e LP=Y(pp)
Now use that the densities 4, are uniformly bounded below. U

Next we turn to the iterated WIP. Defining ¥,, and E,, as in (3.1) for n € NU {oo}, we already have that lim,,_, o X, =
Yoo and lim,,_, o E;, = Es by Lemma 3.8.

Proposition 4.2. (W,,W,)) —>1e, (W, W) as n — oo in D([0, 1], RY x R4*4) where W is d-dimensional Brownian
motion with covariance matrix Yoo and W(t) = fé WRdAdW + Exot.

Proof. By Theorem 3.4, (W,,, W,,) =, (W, W) as n — oo in D([0, 1], RY x ]RdXd). To pass from p, to Leb, we apply
Corollary 3.6. Let p, = h;' = dLeb/du,. Then sup, |pn|eo < 00. To deal with the remaining assumption in Corol-

lary 3.6, write
J,

dpn < It (N,n) + (N, n) + I3(N,n) + 14(N)

lN—l .
NZPnOTﬁ]—l
=0

where
1 -1 . . 1 N-1 .
W= [ § et = pao T 1= [ 53 oo Tl
AN N AN .
Jj=0 j=0
1 N-—1 ) ) 1 N-—1 )
_ - J _ J _ 0 J _
13—/AN ]Z_%(POOOTn IOOOOTOO) dioo, I4—A‘N;)Pw0Tm ldpoo.

Fix N > 1. By T),-invariance of p,,

Il(N,n)S/ |pn—poo|dun=/ |hn—hoo|poodLebs|poo|oo/ iy — ool dLeb,
A A A
and also
BN, 1) = [pooles / \hy — hoo| dLeb.
A

By boundedness of p, and strong statistical stability, lim,—, o I1(N, n) = lim,_,» Io(N, n) = 0. By continuity of ps
and the dominated convergence theorem, lim,,_, o, I3(N, n) = 0. Hence for each fixed N > 1,

N-1
lim sup[
n—o0 A

1 .
= 2 Pno Tl =1 dun < La(N).
j=0
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By the mean ergodic theorem, limy_, o, 14(N) = 0. Hence limsup,,_, o, fA |% Z;V;Ol On © T,,j —1ldu, = 0as N — oo.
This verifies the final assumption in Corollary 3.6 completing the proof. (]

Finally, we consider the analogue of Proposition 3.9 with u, replaced by Leb where appropriate. Again we can relax

the assumptions on v,; it suffices that v, € L®(A,R?), n > 1, and veo € C"(A, R?) with lim,_, o0 [Vn — Voo loo = 0.

Recall that V,, =n~! Zj<[m] v, 0 T,,j where ¢ € [0, 1] is fixed.

Proposition 4.3.

(a) hmn_mo |Vn — th Voo dﬂoo|Ll’(Leb) : 0.
() lim,oon™ Y5, [5 (0 @ vp) o T,/ dLeb = [ voo ® Voo d oo

Proof. (a) Using again that the densities &, = du,, /dLeb are uniformly bounded below,

/ Va —tf vood,uoo‘dLeb<</
A A A
by Proposition 3.9(a).

(b) Set wy, = v, @ vy — [ vy @ vy dity. Then w, € C(A, R?*d) with S wndp, =0and

Snil/ anoTnj
A

j<n
<<n_1/
A

Z Wy © Tnj
by Corollary 3.2. (]

Vi —t/ vooduoo’d,u,n -0
A

dLeb

n~! Z/ (v, ®uy) o T,',j dLeb—/ Uy @y dily
A A

j<n

ditn <n 2 Jwylly; — 0

j<n

4.2. Further examples

In [20], the WIP and estimates of ordinary moments were obtained for many examples of nonuniformly expanding
dynamics. We now obtain the corresponding iterated results.

Revisiting [19, Example 5.2] and [20, Example 4.10, Example 7.3], we consider families of quadratic maps 7T}, :
[-1,1] = [—1,1], n e NU {00}, given by T,,(x) =1 — apx?, a, € [0, 2] with lim,_ o dy = deo. Fixing b,c > 0 we
assume that the Collet-Eckmann condition |(T,{‘ YD) > ceP* holds for all k > 0, n > 1.2 The set of parameters such that
this Collet-Eckmann condition holds has positive Lebesgue measure for b, ¢ sufficiently small. Moreover T, is a uniform
family of nonuniformly expanding maps of order p (for any p) and satisfies strong statistical stability. Hence we obtain
control of iterated moments (Corollary 3.2) and the iterated WIP (Theorem 3.4 and Lemma 3.8) for Holder observables
vy [—1,11 = R? with [, v, dp, =0 and limy— o0 [V — Vooloo = 0.

Revisiting [19, Example 5.4] and [20, Example 4.11, Example 7.3], we consider families of Viana maps T}, : SIxR—
S x R, n € NU {0o}. Again, we obtain control of iterated moments and the iterated WIP.

In both sets of examples, we obtain homogenization results £, —,, X by Part 2 and X, — ., X by strong statistical
stability as explained at the beginning of Section 4.1.

5. Families of nonuniformly expanding semiflows

In this section, we consider uniform families of nonuniformly expanding semiflows. These are modelled as suspensions
over uniform families of nonuniformly expanding maps. In keeping with the program of [24], no mixing assumptions are
imposed on the semiflows.

Specifically, let 7, : A, = Ay, n > 1, be a uniform family of nonuniformly expanding maps of order p > 2 as in
Section 3 with ergodic invariant probability measures wa, . Let i, : Ay, — RT be a family of roof functions satisfying
sup,, |lA,lly < oo and inf,, infh,, > 0. For each n > 1, define the suspension

Q=AM =l u)e Ay x R:0<u <hy(x)}/~, (x,hy(x)) ~ (Tyx,0).

2There is a typo in [20, Example 4.10] where ceb™ should be ceP .
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The suspension flow g, ; : 2, — 2, is given by g, /(x,u) = (x,u 4+ t) computed modulo identifications. Let hy =
f Ay hpdpy,. Then w, = ,ui’\’; = (a, x Lebesgue) /ﬁn is an ergodic g, ;-invariant probability measure on €2,. We call
8n.t : Qn — Qp a uniform family of nonuniformly expanding semiflows of order p.

To simplify the statement of results in this section, we denote by C various constants depending continuously on the
data associated with 7,, : A, — A, as well as sup,, |4, ;-

Forv:Q, — RY, define

lv(x, u) — v’ u)]

lvlly = vl + sup
(x,u)#(x ,u)eQy, dAn (x, x")1

5.1. Moment estimates

As in Sections 2 and 3, for uniform moment estimates it suffices to consider a fixed uniformly expanding semiflow
g: : © — 2. The main result in this section, Theorem 5.3, establishes the desired moment estimates. We also collect
together some other results that fit best into the fixed semiflow setting.

Given v: Q — RY, define the induced observable

h(x)
v:A— R, ﬁ(x):/ v(x,u)du.
0

Proposition 5.1. [V]oo < [h|oo|v]oo and 0]y < [[Allyllv]ly-

Proof. The estimate for |0]s is immediate. Also, for x, x" € A with h(x) < h(x’),

h(x)
[5(x) = 9(x")| < |h(x) — h(x")|[v]oo —l—/o loCx,u) —v(x', u)| du

h(x)
snhnnwhwdA(x,xv-+j£ lollyda (x. x') du < Al [ollyda (x. ).
completing the proof. (|
Define
' t ops
S,:/ vogsds, S,:/ /(vog,)@(vogs)drds
0 0 JO
on . Also, for the induced observable 7 : A — R?, define

S, (x,u) = Z f)(zj), §n(x,u)= Z ﬁ(Tix)®17(zj), (x,u) € Q.

0<j<n O<i<j<n
We introduce the lap number N(t): Q2 — N, t >0,
n—1
N(@)(x,u) =max<n >0: Zh(T’x) <u —{-t}.
j=0
Also, define

u
H:Q—R?, H(x,u) =/ v(x, s)ds.
0
Proposition 5.2. Forallt > 0,
1St — Sn (oo < 21hloc V)0,

< 2/hloolvlool Sn ()| + 211 v I% .

t
Sz—SN(z)—/ (H®v)ogeds
0
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Proof. We use formal calculations from the proof of [16, Proposition 7.5], focusing on the precise estimates.

First, S; = S'N(t) + H o g, — H. Hence |S; — S’N(,)|oo <2|H|so <2|h|so0|V]oo-
Second, writing T, = inf{t’ > 0 : N(¢t') = n}, we observe that

~ TNy r -
Sni = /0 Sn(s) ® (Vo gs)ds =/0 SN @ (o gs)ds — Sy @ (H o gy).

Hence
r t t - t
S,:/ SN(5)®(vogs)ds+/ (H®v)ogsds—H®/ vogsds=SN(t)+f(H®v)ogsds+K(t),
0 0 0 0

where K (1) = SN(,) ® (Hog)— H®S;. We have
|K(I)| < |§N(t)||H|oo + |H ool St < |§N(t)||h|oo|v|oo + |h|oo|v|oo(|§1v(z)| + 2|h|oo|v|oo)-
The result follows. O

Theorem 5.3 (Iterated moments). For all t; > 0,

1/2
<c”ll,,

2
< Ct||v|};-.
. <Cnllv)?

sup ||

t€[0,t1]

sup [Sy|

t€[0,11]

Lr=1(Q)

Proof. The estimates are trivial for 7 € [0, 1] (since 7 < 1/2) so we restrict to #; > 1,7 € [1, 11].
Since inf /4 > 0, it is immediate ([16, Proposition 7.4]) that

(5.1) IN(®)|,, <Cot forallz>1,
where Co = (infh) ™! + 1.
By (5.1),
/ sup Sy *PVdp < | max 577V dp <h k| / max | Y 50T/ ﬂpil)duA.
Q 1<t<ty Q k=Coty A k=Cony e

Hence by Theorem 2.4,
. - o 172, ~ 1/2
sup |Svo] <« | max DoT/ L0l <57 ]
lié’tl O 2=y ™ Je=Con ogik Lovay ! U 1

Similarly, | sup; -, ;. ISv o1 @ < tlvl2. Also, [ [(H ®v)ogs|ds < t1|h]o|v|3, so the result follows from Propo-
sition 5.2. O

Corollary 54. Forallt; >0,

12, w2
<cr 2.

t
/ (H®v)ogxds—t/ H®uvdu
0 Q L2(=D(Q)

sup
1€[0,11]

Proof. Using the S, estimate in Theorem 5.3 with v replaced by H ® v — [ H ® vd i, we obtain | SUP;e(0,1] |fé (H®
1/2 .
v)ogsds —1 fo H®vdplla-1y < 1y/* | H @ vlly. In addition, || H @ vll, < |H Iy [vlly < hlacllv]|2. 0

Lemma 5.5. Forall s € [0,infh],n>1,

1/2 2
<Cn'|ull;.

sup |§[nt] 085 — S[nt]| =< 2/h|oo|V]co, sup [Sgur) © &s — Star]| L2-10(Q) ~

tel0,1] o tel0,1]
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Proof. The random variable N (s)(x, u) lies in {0, 1} due to the restriction on s. If N(s)(x,u) =0, then gs(x,u) =
(x,u +s5). Now, S, and S,, are independent of u, and so S‘[m] 0gs= S[m] and Sy 0 gs =Sy forall n, t and all s, x, u
with N(s)(x,u) =0.

Hence we may suppose for the remainder of the proof that N(s) = 1 in which case gs(x,u) = (fx,u +s — h(x)).
Then,

= 2[Vloo = 2|hloolv]oo-

> (B(17x) = 5(17x))

| Sine) © g5 (x, ) — Span (x, w)| =

0<j<[nt]
Next,
|Stner 0 &5 (x, 1) = Spany (v, w)| = Z (BT @ (T x) — 5(T'x) ® f)(TJ'x))‘

0<i<j<[nt]

= > (%) ei(r"x)— Y T85(Tx)
1<i<[nt] 1<j<l[nt]

<2[¥lo ( > ﬁoTj)(fx) :

0<j<[nt]—1
Hence |sup, ¢, 1 |§[m] ogs — g[m]||2(p—1) P n1/2||f;||%’ < n1/2||v||$] by Theorem 2.4. J

Proposition 5.6. |sup,_,, IN(t) —1/hl 201y < Ct,"* fort; > 1.

Proof. Let Sh = Z’]‘;(l) h o T/. By definition of N (z),
SN xauyh(X) Su+1 < SN@@u+1h(x).
Hence —Sn()(x,uph(x) — |hloo < =t < =SN@)(x.uyh(x) + |h]oc, SO
IN@ G w) —1/h] < {|Snieranh () = N@ G, wh| + 2o} /h.

By (5.1), for all (x, u) € €,

sup| N (1) (x,u) — t/h| < max |Sgh(x) —kh|+ 1.

1<t k=<Coty
Hence by Theorem 2.4,

sup|N (1) — /| <12,

1<t

< ‘ max |Seh — kil
k<Coti

L2r=D(Q) L2(r=D(A)

as required. ([
5.2. Iterated weak invariance principle

Let gnr : 2, — 25, be a uniform family of nonuniformly expanding semiflows of order p > 2. Let v, : 2, — R n>1,
be a family of observables with sup, - [lvx ||, < 0o and /; Q, Un du, = 0. The corresponding family of induced observables

B, 1 A, — RY satisfies sup,>1 lonlly < 0o and fAn vy dua, =0. Define X, and E, in terms of v, as in (3.1). Also define
Hy(x,u) = [y va(x,s)ds.

In this section, we prove an iterated WIP for the processes W,, € C ([0, 1], Rd) and W, € C([0, 1], Rd"d) on 2, given
by

nt t
Wn(t):%‘/o Unogn,sdsv Wn([):/o W (s) ® dW,(s).

First, we consider the processes Wn € D([0, 1], RY), Wn € D([0, 1], R9xd)

[nt]—1
1 o ~ 1 RN
T U (T x),  Wu)(x,u)= - > 6(Tix) @ u (T x).

j= O<i<j<[nt]

W (1) (x, u) =

o
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defined on €2,,. Let N, (¢) denote the lap numbers corresponding to the semiflows g, ; on €2,. Also define
vn € D([0, 11, R), Ya @) =n" Ny (nt).
Proposition 5.7. Suppose that E, — E, ¥, — %, h, — h. Then
(W, W) 0y = 0y (72W,R7'W) in D([0, 1], RY x R),
where W is a d-dimensional Brownian motion with covariance matrix ¥ and W(t) = fot W ®dW + Et.

Proof. Choose ¢y > 0 such that i, > cg for all n. Let A, be the sequence of probability measures on €2, supported on
A, x [0, ¢g] with den51ty on =dAp/diy, =1, %[0,¢01/C0-

The process ( (W,,, W ) on (2, 1) has the same distribution as the process (Wn, n)|An on (Ay, 1A, ), so by Theo-
rem 3.4, (W,,,W ) =2, (W W)

By Lemma 5.5, for each s € [0, co],

sup |W[nt] °8n,s — W[nt]| _1/2-

t€(0,1]

< n—1/27 sup |W[nt] ©8n,s — W[m]| <Ln
o0 L'(u

t€[0,1] n)

Also, [|pully = lpnloc < 1/co so by Theorem 5.3 with v = p,, — 1,

n
/ pnogn,tdt_tl
0

We have verified the assumptions of Lemma B.1, and it follows that (\/T/n, W,,) - 1 (W, W).
Let y (1) = th~'. By Proposition 5.6,

<.

L2 ()

= O(n_1/2).

suplya ) =y | | =0~ sup| Ny (1) — i~ |
t<1 L' (in) <1

L (1n)

Since y is not random it follows that (VT’n, Wn, Vi) = tn (W, W, y). By the continuous mapping theorem,

(W, W) 0 v =, (W, W) 0y = (h7"2W, h~'W),
as required. O

Theorem 5.8 (Iterated WIP). Suppose that lim,, oo £y = £, limy 00 Ey = E, limy 00 hy = h and limy, .0 [ Hy ®
vpdp, =E'. Then

(W, Wy) =i, (W, W) in D([0, 1], RY x R*?),
where W is a d-dimensional Brownian motion with covariance matrix h~'% and W(t) = fot WQRdW + (h~'E + E')t.
Proof. By Proposition 5.7, it suffices to show that sup, oy |W, (¢) — W,,(yn )| =y, 0 and sup, oy [W;, (1) — W,, {t)oyn—

tE'| —,, 0.
First, note by Proposition 5.2 that

| W (1) = W (v (D) | (6, u) =1/ <217 2|y | ool Vnloos

nt .
/ vn(gn,s(x» u)) ds — Z f)n(T,,/x)
0

0<j<Nn(nt)
80 | SUp, (o, 17 1 Wi (8) = Wiy (4 (1)) 1o — 0.
Similarly, by Proposition 5.2,
I’l{ (Vn(t) / (H, ®vn)ognsds }(x u)

+ 3|7y |2 lon) 2 < 1.

2 (i)

0<j<N,(t)

< 2{hnloo|vnloo Y a(Tx)

0<j<N,(t)
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By (5.1) and Theorem 2.4,

< n' [, ll, < n'/?,
L2(Ap)

b,0T
0<j<Nu(1)

sup
t€l0,1]

<
L2(2)

max
k<Con

Y o fi,

0<j<k

and so

sup
1€[0,1]

nt
W, (1) — T (3 (0)) — ™! / (Hy ® vn) 0 gu.s ds
0

Also, by Corollary 5.4,

n—l

sup

nt
/ (H, @vp)ognsds _nt/ Hy, @ vpduy
tel0,111J0 Q2

L2(Q,)
Hence | sup, (o, 17 IWa (?) — Wn(yn (1)) —tE'| |£2(q,) — 0 and the proof is complete. O
5.3. Application to intermittent semiflows

Let A =[O0, 1]. Fix a family of intermittent maps 7,, : A — A, n € NU {oo}, as in (1.2) with parameters y,, € (0, %) and
absolutely continuous invariant probability measures denoted i,,. Suppose that lim,,_, o ¥, = Yoo- Again, T}, is a uniform
family of order p for all p € (2, yogl) and the absolutely continuous invariant probability measures, denoted here by i,
are strongly statistically stable.

Fix n > 0 and let h,, : A — R be a family of roof functions satisfying sup,, ||, l; < oo and inf, inf &, > 0. Define the
corresponding uniform family of nonuniformly expanding semiflows g, ; : 2, — 2, with ergodic invariant probability
measures /i, = (i, X Lebesgue)/h, where h, = fA hydpiy,.

Theorem 5.9. Let vy, : 2, — R%, n > 1, with sup,, llvall; < 0o and an v, dy, = 0. Then there is a constant C > 0 such

that
! 1/2
sup / Up 0 gnsds SCtl/ ,
te[0,1;]11J0 L2r=D(Q,)
t Ky
sup / / (vp o gn,r) ® (v, 0 gn,x)dr ds <Cn,
tel0,4]1140 JO LP=1(Q,)
forallt; >0,n > 1.
Proof. This is immediate from Theorem 5.3. O

Theorem 5.10. Let v, : 2, — RY, n € N U {oo}, with sup, llvall; < oo and an vadi, = 0. Suppose that
limn_N)Q SupxeA,ue[O,hoo(x)]ﬂ[O,h,, )] |Un (x, I/l) — Uoo(.x, u)' = 0 and llmn_)oo |hn — hOOlOO = 0
(a) Define
Sa= Y oTh,  Sp= Y. (1oTi)®([oTL).
0<j<n O<i<j<n
where v(x) = Oh"“(x) Voo (X, u) du. Then the limits

1 1
A A

n—oon n—oon

exist.
(b) Set E' = fQoo Hoo ® Voo d oo Where Hoo (X, u) = fou Voo (X, u) du. Define

_]l

n t
Wn<r>=n1/2/0 U © gn.s ds, W,,a):/o W, (s) @ dW, (s).
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Then
(Wi, W) =0, (W, W) in D([0, 1], RY x R?*9),

where W is a d-dimensional Brownian motion with covariance matrix i_z;ol Yoo and W(t) = fot WQdW + (i_zgol Es +
E't.

Proof. Part (a) follows from Lemma 3.8.

To prove part (b), we verify the hypotheses of Theorem 5.8. Since |h,;, — heoloo — 0 it follows from statistical stability
that 2, = heo

Let H, (x, u) Jo vn(x,5)ds. Itis easy to see that "0 @) e, u) du — I hoeC) (0 @ veo) (x, 1) dut uniformly
in x, so again by statistical stability an H,Qv,du, — E'.

Finally, defining ¥,, and E,, using 7}, v, and h,, in place of T, v and Ao, we have that ¥, — ¥ and E,, - Eo
by Lemma 3.8. (]

Appendix A: Iterated WIP for martingale difference arrays

In this appendix, we recast a classical iterated WIP of [15,21] into a form that is convenient for ergodic stationary
martingale difference arrays of the type commonly encountered in the deterministic setting.

Let {(A,, M, ,)} be a sequence of probability spaces. Suppose that T, : A, — A, is a sequence of measure-
preserving transformations with transfer operators L, and Koopman operators U,. Suppose that ¢, m, : A, — R? lie
in L2(A,,) and that fA” $ndpin = [y mpdp, =0andm, €kerL,.

Define the sequence of processes

@, A, — D([0,00),RY), M, : A, — D([0, 00), R¥*9),

by

1 . .
<1>n<z>—— D oSl Mu=— 3 (mofi)®(dnof]). 120.

O<] <nt 0<i<j<nt

Theorem A.1. Suppose that:

(a) thefamlly {|mn|2 n > 1} is uniformly integrable;
(b) [maxkqt, | Z _o(@n —my) o fA | =, 0asn— oo forall t; > 0;

(c) there exists a constant matrix ¥ € R4*4 such that for each t > 0,

{UnLn(mn ®mn)}0fin —>,Lnt2 as n— o0.

Then (®,, M,) —, (W, M) in D([0, 00), R x R*d) ywhere W is a d-dimensional Brownian motion with covariance
X and M(t) = [y W @ dW.

Proof. It suffices to prove that (®,, M) =, (W, M) in D([0, ], R? x R¢*9) for each fixed integer #; > 1.
Define X, j =n~'/2¢, o fzi'_j, Yo j=n""%m, o fol'_j, and

X,)= Y Xpj.  Ya®)= > Yaj.  Yu)= > Xpi®Y,,

1<j<nt 1<j<nt 1<i<j<nt

fort € [0, 11].

By the arguments in the proof of [20, Theorem A.1], {Y, ;; 1 < j <nt;} is a martingale difference array with respect
to the filtration G, ; = T, "D A, and Y, —u, W in D([0, 1], RY). Moreover, X,, is adapted (i.e. X, ; is Gy ;-
measurable for all j, n) and X,, =Y, + Z, where

[nt]
|Zn(t)}— Z(¢n my) o fztl /

2
< — max
n k<nt

Z(asn ma) o f4 |,
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80 Sup; <, | Zy(1)| =, 0 by assumption (b). It follows easily that (X,,, ¥;,) =, (W, W) in D([0, 7], RY x RY),

Also [, 1Y, O dp, =n~nt] Ja, Imn | dun < t1|lmy|35 which is bounded by assumption (a), so condition C2.2(i)
in [21, Theorem 2.2] is trivially satisfied. Applying [21, Theorem 2.2] (or alternatively [15]) we deduce that
(X, Yn, Yp) =0, (W, W, M) in D([0, 1], R? x RY x RI*4), N

deext let D denote caglad functions. Adapting [16], we define g : D([0, 1], R? x RY x R?*4) — D([0,1],R? x
R4,

gru,v)(0) = (r(t) —r — 1), {v(t) vt — ) —r(ty — ) @ (u(t) —u(ty —1)}).

where * denotes matrix transpose.
We claim that

(®n. M) = g(Xn, Y, Y,) + F,  where sup |F,(t)| =, 0
te[0,11]

Suppose that the claim is true. By the continuous mapping theorem, g(X,, Y;;, Y,) —,, g(W, W, M) in 5([0, 1], RY x
R4*4)_ Using the fact that the limiting process has continuous sample paths, it follows (see [16, Proposition 4.9]) that
(®y, M) =4, (W, W, M) in D([O, 111, RY x Rdx‘i). By [16, Lemma 4.11], the processes g(W, W, M) and (W, M) are
equal in distribution so (®,, M,,) =, (W, M) in D([0, #;], R x R¥*9).

It remains to prove the claim. Write g = (gl, g2) where g1 : D([0, 1], R x R4 x Rdxdy 5 5([0, tl, Rd) and g2 :
D([0, 1], RY x R x R¥*d) — D([0, #;], R9*).

First,
1 [nt]—1 [nt]—1 nty nty
J 1
ch(t):ﬁ Z ¢nofAn= Z Xn,nn—j: . Z Xn,j= - Z Xn,j+Fn(t)
j=0 j=0 j=nt;—[nt]+1 j=[n—0)]+1

= X, (1) = X (11 — 1) + F, (1) = &' (X, Yo, V) (1) + F, (0),
where Fn1 (¢) is either O or — X, ,(¢y—1)1+1. In particular,

(A.1) |Fy ()] <n™'/> max|g, o 4 |.
1<nty
Second,

1 ,
Mn(t)=; Z (mnoflA) (¢n fAn Z Ynnt1 1®Xnntl j

O<i<j<nt 0<i<j<nt
3
= E Yni® Xy j= E (Xn.i ® Y j)
nty—[nt]<j<i<nt nty—[nt]<i<j<nt

= ) (Xi®YNL )" +E®F

[n(t1—1)]<i<j<nt
=Y, (t1) = Yoty — 1) — X (t1 — 1) ® (Yu(t1) — Yu(ty — )} + F2(0)*
=82 (X, Yu, V) (1) + F2 (),

where Fnz(t) is either 0 or — Z[n(tl—t)]+l<j§ml X [n(t;—n)1+1 ® Yy, j. In particular, by Burkholder’s inequality and as-
sumption (a),

max -1

g<nt

<Ln

|F@)| <n™ max|¢n o fa, tilmpl

Z mnofA

0<J<q

(A.2) <n”"'max|g, o f4 |.

1<nf|

max|¢n o fAn

By (A.1) and (A.2), it remains to show that n! max;<ps, |¢n © f£n| — 1, 0. Note that

i—1
(Y @n—ma)o fX |

J=0

Z(¢n —my) o fin

Jj=0

|6n o fa,| < |muo fa, |+
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SO

max o fi | < max|my, o fi |+ 2 max
i§nt1|¢n fA”|_i§nt1| " fA"i i<nt

Z(‘Pn —my) o fin
=0

Now for any s > 0,

nty

-1 j 2 -1 2 J -1 2 J
n” max|my o fx |" <5 +n” max (jma*l 1, o) © f3, S50 D (a1 gty ) © £
< j= =

n

Hence

-1 J _ -1 i 2 2
" Eﬁiﬁ"”wfm’\f” |jnsl%’m"°fAn\ = s+ tllmn"Lo1jm, posyh-

Since s > 0 is arbitrary, it follows from assumption (a) that lim,_, o, n~/?| max j<nty 1My 0 fin || = 0. Combining this

—1/2

with assumption (b), n max;<us, [¢n o f in | = u, 0 as required. O

Appendix B: Strong distributional convergence for families

In this appendix, we formulate a result on strong distributional convergence [10,31] in the context of families of dynamical
systems.

Let (2,4, in), n > 1, be a sequence of probability spaces with measure-preserving semiflows g, ; : 2, — €2,. Suppose
that A, is a sequence of probability measures on €2, such that A, < u,. Define p,, = dA, /du,.

Lemma B.1. Suppose that R, is a sequence of random elements on 2, taking values in the metric space (B, dg) and
that R is a random element of B. Suppose moreover that

(S1) sup, [ plt®du, < oo for some § > 0;
(S2) dp(Rn o gnt, Ry) =y, 0as n— oo for each t > 0 (equivalently, for all t € [0, ty] for some fixed ty > 0);

(S3) infy,~olimsup, o [ 17, Jo' pn 0 gnidt — 1]du, =0.

Then R, —, R if and only if R, —;, R.
Proof. The proof follows [14, Theorem 4,1]. Let Lipg denote the space of Lipschitz bounded functions ¢ : B — R.
Define A, (¥, w) = f ¥ o R, wdu, for ¢ € Lipg and w : B — R integrable. Note that |A, (¢, w)| < [/ |oc|w]|; for all n.

Now R, —,, R if and only if lim, , o A, (¥, 1) = E(¥(R)) for every ¥ € Lipg. Similarly R, —,, R if and only if
lim,, s 00 A (¥, pr) =E( (R)) for every ¥ € Lipg. Hence it is enough to show that for every v € Lipg

Tim (AW, pn) = An (¥, D) =0.

Fix t > 0. Since u, is gn (-invariant,
Ay(Y, pn o gn,t) — A, o) = /‘(I/f oR,—vYoR,o0 gn,t) Pn © &n,t diy.

By (S1) and gy ;-invariance, sup,, , [ o3 0 gn.r dit, < co. Hence by Holder’s inequality,

1
|An (¥, on © gni) — An(¥r, )| < (/ | o Ry — ¥ 0 Ry 0 gnl? dun) :
where ¢ is the conjugate exponent to 1 + 8. Now [y o R, — ¥ o Ry 0 gn.t| < 2| |oc and
| o Ry — ¥ o Ry o gns| <Lip ¥ dp(Ru, Ry 0 gn.t) =, 0,
by (S2). Hence lim,,— oo (A, (¥, o © 8n,t) — An (¥, pr)) = 0 for each r > 0. Denote U, ;, = tl_l foll Pn 0 gn.rdt. Then

(Bl) lim An(w, Un,t1 - /Ol’l) = Oa
n— oo
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for each fixed #; > 0. Now,
|An (W, on) — A (W, D] < |An (W, pn — Unt) |+ |An (W, Unyy — 1|

< |Auv, pn—un,,])|+|w|oo/|un,n .

By (B.1),
limsup|An(1p, on) — An (Y, 1)‘ < IlﬂloolimSUP/ |Un,11 — 1]dn,
n—oo n—oo
and the result follows from (S3). (]

Remark B.2. The discrete-time version of Lemma B.1 takes the following form. Let (A,, u,), n > 1, be a sequence of
probability spaces with measure-preserving maps 7, : A, — A,. Suppose that A, is a sequence of probability measures
on A, such that A, <« w,. Define p, = dA, /du,. Suppose that R, is a sequence of random elements on A, taking values
in the metric space (B, d) and that R is a random element of 3. We continue to assume (S1). Suppose moreover that

(S4) dp(Ry o Ty, Ry) =4, 0 as n — 00;
(S5) infys1 limsup, o [ 1% X020 pu o T — 11 dpn =0.
Then R, —, R if and only if R, —;, R.
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