Deterministic homogenization under optimal moment
assumptions for fast-slow systems. Part 1.

A. Korepanov* Z. Koslofft I. Melbourne!

14 June 2020. Revised 3 June 2021

Abstract

We consider deterministic homogenization (convergence to a stochastic differential equa-
tion) for multiscale systems of the form

Tpi1 = T + 1 Lan(Th, yr) + n_l/an(ﬂ?k,yk% Y1 = Tnyk,

where the fast dynamics is given by a family 7,, of nonuniformly expanding maps. Part 1
builds on our recent work on martingale approximations for families of nonuniformly expand-
ing maps. We prove an iterated weak invariance principle and establish optimal iterated
moment bounds for such maps. (The iterated moment bounds are new even for a fixed
nonuniformly expanding map 7.) The homogenization results are a consequence of this
together with parallel developments on rough path theory in Part 2 by Chevyrev, Friz,
Korepanov, Melbourne and Zhang.

1 Introduction

Recently, there has been a great deal of interest in deterministic homogenization [4} 6l [7, 8]
9, 12, [16], 17, 20, 24] whereby deterministic multiscale systems converge to a stochastic differ-
ential equation as the time-scale separation goes to infinity. A byproduct of this is a deeper
understanding [16] of the correct interpretation of limiting stochastic integrals [28].

Using rough path theory [11l 23], it was shown in [16, [I7] that homogenization reduces
to proving certain statistical properties for the fast dynamics. These statistical properties
take the form of an “iterated invariance principle” (iterated WIP) which gives the correct
interpretation of the limiting stochastic integrals, and control of “iterated moments” which
provides tightness in the rough path topology used for proving convergence. In particular,
the homogenization question was settled in [16, [I7] for uniformly expanding/hyperbolic fast
(Axiom A) dynamics and for nonuniformly expanding/hyperbolic fast dynamics modelled by
Young towers with exponential tails [29]. The results in [16] I7] also covered fast dynamics
modelled by Young towers with polynomial tails [30] but the results were far from optimal. It
turns out that advances on two separate fronts are required to obtain optimal results:

(i) Martingale methods for nonuniformly expanding maps modelled by Young towers, yielding
optimal control of iterated moments;

(ii) Discrete-time rough path theory in p-variation topologies, relaxing the required control
for ordinary and iterated moments.
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These two directions rely on techniques in smooth ergodic theory and in stochastic analysis
respectively, so the homogenization question divides naturally into two parts. This paper Part
1 covers the ergodic-theoretical aspects required for (i), while the rough path aspects required
for (ii) are dealt with in Part 2 by Chevyrev et al. [5]. As we explain below, together these
provide an optimal solution to the homogenization question when the fast dynamics is given
by a nonuniformly expanding map or a family of such maps.

The homogenization question that we are interested in takes the following form. Let T, :
A — A, n > 1, be a family of dynamical systems with ergodic invariant probability measures
tn. Consider the fast-slow system

Thy1 = Tk + 0 ag (e, k) + 07200 (k vk), Yk = Tuks (1.1)

where x; = x,in) takes values in R? with zy = £ e R?, and Yy takes values in A. Our main
assumption is that 7T, is a uniform family of nonuniformly expanding maps of order p > 2 as
in [20] (see Section [3| below for precise definitions). We impose mild regularity conditions on
an, by : RY x A — R? and require that S bn(2,y) dpn(y) = 0 for all z € R n > 1.

Define &, (t) = 1:[(7?2] and let A, be a family of probability measures on A. We regard z,, as
a sequence of random variables on the probability spaces (A, A,) with values in the Skorohod
space D([0,1],R%). The aim is to prove weak convergence, &, —», X as n — 0o, where X is

the solution to a stochastic differential equation.

Example 1.1 To fix ideas, we focus first on the case where T,, = T is a single nonuniformly
expanding map. Pomeau-Manneville intermittent maps [27] provide the prototypical examples
of such maps. We consider in particular the class of intermittent maps studied in [22], namely

x(14+2727) x <

1.2
2z —1 xr > (12)

T:[0,1] — [0,1], T:z:{

D= DO

Here v > 0 is a parameter and there is a unique absolutely continuous invariant probability
measure g provided v < 1. Moreover, the central limit theorem (CLT) holds for all Holder
observables v : [0, 1] — R, provided v < % By [14], the CLT fails for typical Holder observables
once vy > % Even for v = %, the CLT requires a nonstandard normalization. Hence it is
natural to restrict here to the range v € (0,1). (The range v € (3,1) leads to superdiffusive
phenomena [14] 26] and we refer to [3|, [12] for the homogenization theory for the corresponding
fast-slow systems.)

The homogenization problem for fast-slow systems driven by such intermittent maps T
(with A, = p) was previously considered in [16] and then [4]. The techniques therein sufficed
in the restricted range v € (0, %) and even then only in the special case b(z,y) = h(z)v(y)
where h : R4 — R>™ ¢ : A — R% There are two additional steps, covered in Parts 1 and 2
respectively, that lead to homogenization in the full range v € (0, %) and for general b:

(i) As mentioned above, to obtain homogenization results it suffices to prove the iterated

WIP and control of iterated moments. These statistical properties are formulated at the

level of the map T for Hélder observables v : [0,1] — R? with [vdu = 0. The iterated

WIP was already proved in [16] in the full range v € (0, %) Define

Spv = Z voTV, Spv = Z (voT" ® (voTY).

0<j<n 0<i<j<n



There are numerous methods for estimating ordinary moments |S,v|;2-1) for p < 1/7.
Estimates for iterated moments [S,v|;2,-1)/s were given in [16]. In Theorem of the
current paper, we estimate |S,v|;,-1; this is the first result giving optimal estimates for
iterated moments. Using [4], we can then cover the full range v € (0, %) in the product
case b(z,y) = h(z)v(y).

(ii) The papers [16] [I7] use rough path theory in Holder spaces. However, Holder rough
path theory requires control of the ordinary moments |S,v|;2, and the iterated moments
|Spv|q for some ¢ > 3. As shown in [25, Section 3], such control even for the ordinary
moments requires y < %. The papers by Chevyrev et al. [4, 5] employ rough path theory
in p-variation spaces and require iterated moment estimates only for ¢ > 1. Whereas [4] is
restricted to the product case b(x,y) = h(z)v(y), Part 2 [5] covers general b following [17].
This method combined with the previous iterated WIP and iterated moment estimates
in [I6] covers the range v € (0, 2) for general b.

Combining (i) and (ii), we cover the optimal range v € (0, 3) for general b.

In addition, we obtain the homogenization result z,, —), X for a larger class of measures
including the natural choice A,, = Leb.

Returning to families of nonuniformly expanding maps, in [20] we considered intermittent
maps 1), : [0,1] — [0,1], n € NU{oo}, as in with parameters 7, such that lim,, oo ¥n = Yoo-
Homogenization results with A, = p, and A\, = po were obtained in [20] for a restricted class
of fast-slow systems with b, (z,y) = hn(2)vn(y), hn exact, for 7o € (0,1). (For such systems,
rough path theory was not needed.) By the results in this paper, combined with those in Part 2,
we treat general b,, again in the full range vo, € (0, %) Moreover, we cover a larger class of
measures including A, = Leb.

The remainder of Part 1 is organized as follows. In Sections [2| and |3 we consider nonuni-
formly expanding maps (fixed, and in uniform families [20], respectively). In particular, we
obtain optimal estimates for iterated moments in Theorem and the iterated WIP for fam-
ilies in Theorem In Section [ we consider examples including the intermittent maps in
Example The theory is extended to families of nonuniformly expanding semiflows in Sec-
tion Bl

We refer to Part 2 for the parallel developments in rough path theory and a precise statement
and proof of homogenization for the fast-slow systems .

Notation For a,b € RY, we define the outer product a ® b = ab’ € R4, For J € R™*" we
use the norm |J] = (37, Y70, J%)I/Q. Then |a ® b| < |a||b| for a,b € RZ.

For real-valued functions f, g, the integral | fdg denotes the Ito integral (where defined).
Similarly, for vector-valued functions, [ f ® dg denotes matrices of It6 integrals.

We use “big O” and < notation interchangeably, writing a,, = O(b,) or a, < b, if there
are constants C' > 0, ng > 1 such that a,, < Cb,, for all n > ng. As usual, a,, = o(b,,) means
that limy, o an /b, = 0.

Let v : A — R be an observable on a metric space (A, dp) and let n € (0,1]. Recall that
v: A — R is n-Holder observable, v € C"(A), if [[v]l; = [v|eo + SUDP,2, [v(z) — v(y)|/dA(z,y)" <
00. where |v|o = supy [v]. For v = (vq,...,v4) : A = R% d > 1, we write v € C"(A,R?) if
vj € C"(A) for j =1,...,d, and set [jv]|, = Z;-l:l llvjlln-

2 Nonuniformly expanding maps

In this section, we recall and extend the results in [20] for nonuniformly expanding maps.



Let (A,dp) be a bounded metric space with finite Borel measure p and let 7" : A — A be
a nonsingular transformation. Let Y C A be a subset of positive measure, and let a be an at
most countable measurable partition of Y. We suppose that there is an integrable return time
function 7 : Y — Z™, constant on each a with value 7(a) > 1, and constants 3 > 1, n € (0, 1],
C4 > 1 such that for each a € «,

(1) F =T restricts to a (measure-theoretic) bijection from a onto Y.

2) dp(Fz,Fy) > Bdp(x,y) for all z,y € a.

(
(3) da(Ttz, T'y) < Cidp(Fz, Fy) for all z,y € a, 0 < £ < 7(a).
(

4) (o= d;lﬁ/hch satisfies | log (o(z) —log (o(y)| < Crdp(Fx, Fy)" for all z,y € a.

Such a dynamical system T : A — A is called nonuniformly expanding. (It is not required
that 7 is the first return time to Y.) We refer to the induced map F' = 77 : Y — Y as
a uniformly expanding map. There is a unique absolutely continuous F-invariant probability
measure gy on Y and duy /dp € L.

Define the (one-sided) Young tower map [30], fa : A — A,

(y,€+1), 14 < T(y) -2
A= A)EeY XZ:0< < T1(y)— 1}, ) = .
{(y,0) W) =1} faly,0) {(F%O)’ (= r(y) -1

The projection ma : A — A, wa(y,¢) = Ty, defines a semiconjugacy from fa to T. Define
the ergodic fa-invariant probability measure pa = py x {counting}/ [, 7duy on A. Then
1= (mA)«pa is an absolutely continuous ergodic T-invariant probability measure on A.

In this section, we work with a fixed nonuniformly expanding map 7' : A — A with induced
map FF = T7 : Y — Y where 7 € LP(Y) for some p > 2[| and Young tower map fa :
A — A. The corresponding ergodic invariant probability measures are denoted pu, gy and pa.
Throughout, | |, denotes the LP-norm on (A, p), (Y, uy) and (A, ua) as appropriate. Also, || ||,
denotes the Holder norm on A and Y.

Although the map T is fixed, the dependence of various constants on 7" is important in later
sections. To simplify the statement of results in this section, we denote by C various constants
depending continuously on diam A, Cy, 3, n, p and |7|.

Let L : L'(A) — L'(A) and P : LY(Y) — LY(Y) denote the transfer operators corresponding
tofa:A—=Aand F:Y =Y. (So [, Lvwdua = [y vwo fadua for ve LY (A), w € L®(A),
and [, Pvwdpy = [y, vw o Fduy for ve L'(Y), w e L®(Y).)

Let ¢ = duy/duy o F. Given y € Y and a € a, let y, denote the unique y, € a with
Fy, = y. Then we have the pointwise expression for L,

Y wea CWa)v(Wa, T(ya) — 1), £=0
(Lv)(y,f)—{v(w_l)? L <t<rlg) -1

2.1 Martingale-coboundary decomposition

Let T : A — A be a nonuniformly expanding map as above with return time 7 € LP(Y),
p > 2 Fixd > 1and let v € C"(A,R?) with fyvdp = 0. Define the lifted observable
p=voma: A — R%

! In [20], we considered this set up with p > 1. Since we have no new results for p < 2 beyond those already
in [20], we restrict in this paper to the case p > 2.



We recall the martingale-coboundary decomposition
d=m+xofa—X, m € ker L (2.2)

from 20, Section 2.2], which is obtained as follows. First, define the induced observable ¢’ :
Y = R by ¢/(y) = S5y, £). Next, define x/,m’ : Y — R% by ' = 3 PF¢/ and
¢ =m'+x oF — . Let

.0 = X6) + 3 600 mdm@wz{f” STUTE Ly
paard m'(y), =7(y)—1
By [20, Section 2.2], ||x'[l; < C||v|,. Furthermore,
Proposition 2.1 |m|, < C|v||,, |xlp—1 < C|v|l; and for alln >1, ¢ > p,
| max [ o FR =X, < Cllolly (R + 0 P10y 7l)-
(In particular, | maxj<, |x o fX — XHp < C'||o|,nt/P.)
Proof See |20, Propositions 2.4 and 2.7]. |

Proposition 2.2 |L"|m[?| < C||v|[} for all n > 1.
Proof Using (2.1) and the definition of m, we have

Eaea C(ya>‘m/(ya)’p7 e =0

<mwmma={ : e

Note that [m/| < 2|x/|c + 19| < 2|X |00 + T|V|ec < TVl Also [14(]ec < py(a) (see for
example [20, Proposition 2.2]). Hence

Lim[? < Yoeq iy (@)@ [0l = [7[pllvl; < [lvll5-
Hence, |L"|m[?| < |Lim|?|_ < ||v|l§ for all n > 1. n

Let ¢ = UL(m ® m) — Jam @ mdua : A — R4 where U is the Koopman operator
Up=¢go fa.

Proposition 2.3 | maxj<,, | Z?;& do fin < Cnl/QHUH%.

Proof See [20, Corollary 3.2]. |

2.2 Moment estimates

Given v € C"(A,R?) with [, vdy = 0, we define

Spv=Y_ woT?,  Spw= Y (@oT)®woT’). (2.4)

0<j<n 0<i<j<n

The main result in this section is the estimate for iterated moments !maxkgn ISk ‘pil in the
next theorem.



Theorem 2.4 (Iterated moments) For alln > 1,

1/2 2
| max|Spolly,_yy < Cn'Plolly,  [max(Spol],_, < Onllo]f;.

Proof Since p > 2, the estimate for S,v is given in [20, Corollary 2.10]. It remains to prove
the bound for S,v, equivalently Sp¢ = ;o (@0 L) ® (¢o fA). Using (2.2),

Sn¢ = Z(Xofi_) ® (¢po fA) + Z (mo fa)® (¢po fA) = In+ Jn.

0<j<n 0<i<j<n

By Proposition [2.1]

}maxllkll o1 S1oloe D Ixo fA = xlp—1 < 20olos|Xlp-1 < nlfolf3.
0<j<n

Next, J,, = Z?;OQ(m o fi)® ((Zn lgo fA) fi) = Y)_5 Xn, where

{—1

Koo = (me Y 00 ) 0 & = (m® {(Si-16) o fa}) 0 £37
j=1
Now, [Spdlp < [Sndlap—1) < n!/2||v||,, since p > 2. Hence by Proposition

[ Xon,elp < /A (mIP|(Se-19) © fal” dua = /A Lim[P|S—19l" dpa
< [Lim[P| |Se—19lp < P |ol2 < 0P/ ||o]|7P,

SO ‘Xn,g‘g < nHva7
Let M denote the underlying o-algebra on (A, ua) and define G,, , = fg(n_e)/\/l, 2<t<n.
Since Lm = 0,

L"X, o= L(m @ {(Si-19) 0 fa}) = Lm @ (Sp—1¢) = 0

for all ¢. It follows (cf. [20, Proposition 2.9]) that {X,,,G;; 2 < ¢ < n} is a sequence of
martingale differences. Working coordinatewise, by Burkholder’s inequality [2],

n n n
2 2 \ /212 2 _ 2 210114
st < (X80 =[x, < 2 e = 3 el < el

and so ’maxkgn ]Jka < n||v\|3,

This completes the proof. |

Moments on A It is standard that the moment estimates for v : A — R? follow from
corresponding estimates for lifted observables ¢ = voma : A — R%. In Proposition we need
such an estimate for an observable on A that need not be the lift of an observable on A. Hence,
we recall now how to derive moment estimates on A.

We define a metric on A based on the metric dy on Y:

da((y,0), (5, 1)) = {dA(Fy, Fy') €=/ and y,y are in the same a € « ' (2.5)

diam A else



Remark 2.5 In (2.5)), if we use a symbolic metric on Y in place of dp, then da is the usual
symbolic metric on A.

As usual, || ||, denotes the Holder norm on A. From the definition of nonuniformly expanding
map, da (T, T¢y) < Crda((y,?), (y/,¢)); hence if v : A — R? is Holder then so is its lift
¢ =vom: A — R: Moreover, fa is itself a nonuniformly expanding map on (A, da) with the
same constants as T, so Theorem yields:

Lemma 2.6 Let ¢ : A — RY with |oll, < oo, such that [ ¢pdua = 0. Define Sp¢ =
Y o<jen @0 fA and Sp¢ = Zogi<j<n(¢ofi) ® (o fA). Then

[ max Skl ) < Cn'2lolly  and  [maxSigl],_, < Cnllgl. "

2.3 Drift and diffusion coefficients
Let S,v, Spv be as in (2.4) and define ¥, E € R4,

n—oo n n—oo n

1 1
¥ = lim / Spv @ Spvdp, E = lim /Snvd,u. (2.6)
A A

Proposition 2.7 The limits in (2.6 exist and are given by
E:fAm(X)md,uA, E:fo®¢d,uA.

Moreover, for alln > 1,

1 1
‘H / St ® Sy dp — z‘ < Clfo|2n/P 112, )n/ Snv dpi — E‘ < C[|2(n 2 4 n~2),
A A

Proof The limit for ¥ is obtained in [20, Corollary 2.12]. The proof of [20, Corollary 2.12]
contains the estimate

1 _
2 [ Swe Swdu— | <n P lullxo 12 - X
A

so the convergence rate for ¥ follows from Proposition 2.1}

Next, we note that |x ® (n71S,0)[1 < |x|1]v|ec < 00 since x € LP~1 C LY. Also n=1S,¢ — 0
almost surely by the pointwise ergodic theorem. Hence it follows from the dominated conver-
gence theorem that

1
lim / X ® Spoddua = 0.
A

n—oo M

Since Lm = 0, we have [, (mo fa) ® (¢ o fi)dpA =0 for all i < j. Hence by (2.2),
n—1
[ Suvdua = [ Ytxo k=@ @0 dus=n [ x©odus~ [ x®Subdua.
A A A A

It follows that E = limy, e £ [\ Sn¢dpa = [4 X ® ¢dua.
To obtain the convergence rate for E, we may suppose without loss that p € (2, %] Write
(p—1)"t+ ¢!t =1 where q € [3,00). It follows from Holder’s inequality and Proposition

that |x ® Snél1 < [X|p-1|Sndlq < [[v]y]Sndlq- By Theorem
/A 1Su|7 duia < |S|1s 2P /A 1Su6 2D dpus < [o]] g nt=2E=Dpr=t = [y|2 pa=(e=D),

Hence |x ® Spo|1 < H’UH%nl*(p*U/q = ||lv/[z n*7P and the result follows. n

For later use, we record the following result:



Proposition 2.8 Forn > 1,

ol
=

max ‘
k<n

((X®¢) fi — E) < CH’U”% e [ 21 r>nl/4 duy ).
Y { }
1

<.
Il
o

Proof Fix ¢ > 0, and define

i A= RPN Py, ) = (X @ 6) (Y, D) lr(y)q)-
By (2:3), [x ® 61y, £) < (IXlso + £lvloo)lv]oe < [[0]37(y). Hence

[ < ‘|U’%A7(y)1{7(y)>q} dun(y,£) < ]v|]%/y¢21{T>q} dpy . (2.7)

Write x ® ¢ — F = U + V where
U= [ wdua V=xoo-v- [ (x@o-v)dua.
By (2.7),

J 2 2
\rggg\SkUlll < };WOJN‘I <n|Uly < 2n[ph <<n||v\77/YT Lir>qy dpy-
j<n

Next, V(yag) = (X ® ¢)(y7 6)1{T<q} - fA(X ® ¢)1{T<q} dun. By 7

/-1
X(,6) = x(W O < X (0) = X' W)+ D |8y, k) — oy, k)]
k=0
/-1
< HandA(y, y/)n + H¢H77 Z da((y, k), (3/7 k)"
k=0

< ol ()dal(y, ), (', )"

Here we used that ||¢||, < ||v||, and da(y,y") < da((y, L), (¥, ¥)).
A simpler calculation shows that [x(y,£)| < 7(y)|[v[l,. Tt follows that ||V, < gl[v[. By
Lemma
| max Sy V||, < [V, n'/? < ql|v]|2n’
k<n

The result follows by taking ¢ = n'/4. |

Remark 2.9 Nonuniformly expanding maps are mixing up to a finite cycle. When they are
mixing (in particular, if gcd{7(a) : a € a} = 1), then we have formulas of Green-Kubo type for

Y and E in (2.6, namely

EZ/D@Ud,u—i-Z:/(v®(voT")—l—(voT")Q{)fu)d,u7 EzZ/U@(UOT")d,u.
A n=174 n=174

3 Families of nonuniformly expanding maps

In this section, we prove the iterated WIP and iterated moment estimates for uniform families
of nonuniformly expanding maps.



3.1 Iterated WIP and iterated moments

Throughout, 15, : A, — Ay, n > 1, is a family of nonuniformly expanding maps as in Section
with absolutely continuous ergodic T,-invariant probability measures p,. To each T, there is
associated an induced uniformly expanding map F, : Y, — Y, with ergodic invariant probability
measure py, and a return time 7, € LP(Y},) where p > 2.

We assume that T;, is a uniform family of order p > 2 in the sense of [20]. This means that
the expansion and distortion constants C; > 1, § > 1, n € (0,1] for the induced maps F,, can
be chosen independent of n and that the family {74} is uniformly integrable on (Y, 1y, ), i.e.
supy, [y Thlir,>q dpty, — 0 as ¢ — co. Let vy : Ay — R? n > 1, be a family of observables
with sup,,>q [|vnly < 0o and [, v, dp, = 0.

Let fa, : A, — A, be the corresponding family of Young tower maps, with invariant
probability measures ua , and semiconjugacies ma, : A, — A,. In particular, p, = A, «pA,,-

Define the lifted observables ¢,, = v,oma,, : A, — R4, By Section we have the martingale-
coboundary decompositions

On :mn+XnofAn — Xn-

Proposition 3.1 The family {|m,|*; n > 1} is uniformly integrable on (Ap, jin).

Proof See [20, Proposition 4.3]. n
Abusing notation from Section [2] slightly, we define

Skvn = Z Up © TTJL, Spvn = Z (Un o TTZL) b2 (Un © Tg)

0<j<k 0<i<j<k

By uniformity, the constants C in Section [2] can be chosen independently of n. Hence the next
result is an immediate consequence of Theorem

Corollary 3.2 (Iterated moments) For alln > 1,

1/2 2
| e [Skvnl| a1,y S CP 2 0nlln, [max[Savall sy, < Crllvally.
Write
.1 o1
¥, = lim — SkUn ® Skvn dun,,, E, = lim — Skvn dpa,, - (3.1)
k—oo k An k—oo k An

Corollary 3.3 The limits in (3.1) exist for each n and are given by

Yip = / My Q@ My, dHAna B, = / Xn & ¢n d,U/An'
Ay Ap
For p > 2, the convergence is uniform in n.

Proof This follows from Proposition [2.7] n
Define W,, € D([0,1],R%), W,, € D([0, 1], R¥*?) by

S|

1 ) . .
Wh(t) = 7 Z vn 0 T3, Wa(t) = Z (vn 0 Ty,) @ (vn 0 T7).
™ o<jent 0<i<j<nt

We can now state the main result of this section.



Theorem 3.4 (Iterated WIP) Suppose that lim,_,o0 Xy = ¥ and lim, oo E,, = E. Then
(W, W,) =, (W, W) asn— oo in D([0,1],R? x R™*4),

where W is d-dimensional Brownian motion with covariance matriz ¥ and W(t) = fOtW ®
dW + Et. (As always in this paper, fg W & dW denotes the Ité integral.)
To prove Theorem it is equivalent to show that (Qn, Qn) —us, (W, W) where
1 . 1 , .
Qn(t) = = Y dnofh, Qu)== > (bnofi,)®(nofA,)-

0<j<nt n 0<i<y<nt
Define also M, (t) = %Zogi<j<m(mn o f’An) ® (¢pp 0 f]An) .

Lemma 3.5 Suppose that lim, o Xp = X. Then (Qn,My) —,,, (W, M) in D(]0, 1], R x
RD) where M(t) = fg W @dW.

Proof We verify the hypotheses of Theorem Hypothesis (a) holds by Proposition
Next, by Proposition writing | |2 as shorthand for | |2(,, ) and [ [L2(uy, ),

k
= | max O —
k<n 2 ik§n|X" /A, X”’2

‘maxi Z (ﬁbn*mn)ofini
0<j<k

< C||Uni|n(”1/4 + n1/2|1{7n2n1/4}7—ni2)'
Since the family {72} is uniformly integrable, n~'/2
verifying hypothesis (b).
Finally, by Proposition for t € [0, 1],

‘ manSn | ZOS]<I€(¢” - mn) © fJAnHQ - 07

> UnLn(mn @my)o fA, — [nt]S,
0<j<nt

1/2 2
) < cnl/ [[vnll;-

Hypothesis (c) follows. |
Proof of Theorem Write Q,(t) — M, (t) = Ap(t) — Bp(t), where

1 i 1 ;
An(t)zﬁ Z (Xn®¢n)ofinv Bn(t):EXn(g) Z ¢nof]An'
0<j<nt 0<j<nt
By Lemma it suffices to show that sup,cp 1] [An(t) — Bn(t) — tEn| —pu,, 0.
Write | [; = | |La(ua,)- Since the family {72} is uniformly integrable, it follows from
Proposition [2.8] that

i sup iAn(t) - tEniil < anii%(nil/Zl +/ TTQL]'{Tn>n1/4} dﬂ/Yn) — 0.
tel0,1] Yn -

Next, sup;c(o,1] [Bn(t)| < [Xn|B,, where B, = n~! maxj<, | Z;:o ¢n0fini- By Theorem
|B |y < n~Y2|lua |l < Y2, s0 B, —ua, 0. Also, by Proposition IXnl; < |Jvnlly = O(1).
It follows that sup,c( 1) [Bn(t)| —pa, 0- |

10



Corollary 3.6 Suppose that lim, oo 2 = X and lim, o E, = E. Let A\, be a family of
probability measures on A, absolutely continuous with respect to p,. Suppose that the densities

N-1
1
pn = d\n/dpy, satisfy sup,, [ pit° du, < co for some § > 0 and that inf lim sup/ ’— g Pn ©
N>1 noo N s

T — 1|dpy, = 0.

Then Wy, W,,) —x, (W,W) as n — oo in D([0,1], R? x R¥*?) where W is d-dimensional
Brownian motion with covariance matriz ¥ and W(t) = fg W ®dW + Et.

Proof We verify the conditions of Remark with B = D([0, 1], R? x R¥*%) and dg(u,v) =
supyeqo1) [u(t) — v(t)|. The result then follows from Theorem

Conditions (S1) and (S5) of Remark hold by assumption so it remains to verify (S4).
Define the sequence of random variables

R, : A — D([0,1],R? x R™d) R, = (W,,,W,).

We have supc(o 1) |(Wn o Tn)(t) — Wi (t)] < 20 12|, |00 Also,

(W oT)(t) = Wa(t) =n"" > (aoTp) @ (noTy)—n~" > v, ® (v oTh).
1<i<nt 1<j<nt

Write | |1 = | [11(u,)- By Corollary

| sup W, 0 T — Wi |, < 4n7 vy o] max [Skvn |, < n72]|v, |2
[0,1] k<n

Hence
|dB(Ry 0 T, Ry) |1 < 072 (|vn]oo + [lvnll2),

verifying condition (S4). |

Remark 3.7 By Corollary |IN—1 Z?;é pno Tl — 1| < N7V2||p,|l,. Hence a sufficient
condition for the assumptions on p,, in Corollary [3.6|is that sup,, ||pnll, < co.

3.2 Existence of limits for ¥, and E,

Theorem [3.4 and Corollary [3.6] establish the iterated WIP subject to the existence of lim,,_,00 Xy,
and lim,,_,o, ). In this subsection, we describe mild conditions under which these limits exist.

Let (A,dp) be a bounded metric space with finite Borel measure p. We assume that T,
n € NU {oo}, is a uniform family as in Section but now of order p > 2 and defined on the
common space A. In particular, each T}, is a nonuniformly expanding map as in Section [2] with
absolutely continuous ergodic T,,-invariant Borel probability measures p,. We suppose that p,
is statistically stable: p, —>w Hoo as N — 00. Moreover, we require that

[\(woTL)(woTE) (duy — dpog) — 0 and  T) —,, T asn — oo (3.2)

for all j,k > 0 and all v,w € C"(A). (The second part of condition (3.2)) means that yu,{y €
A da(Thy, Ty) > a} — 0 for all a > 0.)

Let v, € CT(A,R?), n € NU{oco}, with [, v, dp, = 0. We assume that lim, 0 [[vn —veo ||y =
0.

11



Lemma 3.8 Define Spvn = 3 o<y, Un © T3 and Spv, = > o<i<j<n(Un© Ti) ® (vp 0 T3). Then
the limits - -

Y, = lim / SnUn ® Spvp din, E,, = lim / Spup dpin,
n—oo N, n—oo n
exist for alln € NU {00}, and lim, o0 Xy = Yoo, limy, 500 B, = Exo

Proof The limits ¥, and E, exist for n fixed by Corollary[3.3] We refer to [20}, Proposition 7.6]
for the proof that lim,,_,o X, = Xo,. Here we show that lim,, oo £, = Foo

Write J,,, = fAS Up dpn. Let 6 > 0. By Corollary E there eX1sts N > 1 such that
IN“LJ, N — Ep| < 6 for all n > 1. Hence,

1By — Exo| <26+ N7 HJun — Jon|. (3.3)

Next
Jn,N - JO,N = /A(SNUn - SNUOO) d,UJn + /ASNUoo (d,UJn - d,uoo)

By condition (3.2), limy 0 [ SNVoo (dpin — dpios) = 0. Also,

[SNvn — SNUso| < Z |(Un OTqi) ® (UnoTer.) — (Voo OTéo) ® (Voo ngo)| < A+ Ay,

0<i<j<N
where
Ay = Z |(vp © T;L) ® (vp 0 Trjz) — (Voo © Té) ® (Voo © T,{)],
0<i<j<N
Ay = Z |(veo © Trlz) ® (voo © Tg) — (v OTéo) ® (vos © Tgo)|
0<i<j<N
Now,
A < Z (‘Un‘OT7?L|Un_UOO‘OT£+‘Un_UOO‘OT7?L|UOO|OT£)
0<i<j<N
S N2(’”n|oo + ‘Uoo‘oo”vn - 'Uoo‘oo-
Also,

Ay < N|Uoo|oo Z ‘Uoo © Tijl — Voo © Tgo‘ < N|Uoo|oo|voo|ngn,Nv
0<j<N
where g, N (y) = Zévz_ol da(T%y, TLy)". By the assumption on v, and condition (3.2)), we obtain

that lim,, oo [Syvy, — SNUOO|L1(M) = 0. Hence lim,, ;o Jy v = Jon and so limsup,,_,, |En —
E~| <24 by (3.3). Since § is arbitrary, the result follows. |

3.3 Auxiliary properties

Our results so far in this section on the iterated WIP and control of iterated moments verify
the main hypotheses required to apply rough path theory in Part 2. However, there remain
two relatively minor hypotheses, Assumption 2.11 and Assumption 2.12(ii)(a) in [5] which we
address now. We continue to assume the set up of Subsection though we require weaker
regularity assumptions on wv,: it suffices that v, € L®(A,R?), n > 1, and vy € C7(A, R?) with
limy, 500 [V — Voo|oo = 0. Fix t € [0, 1], and define V,, = n~1 ZEZ]O_l vp 0 T2,

12



Proposition 3.9  (a) limp o0 |V — ¢ [} Voo d,uoo‘Lp(M ,=0.
(b) lim,, fAvn ® VU Aoy, = fAvoo ® Voo Ao -

Proof (a) Define U,, = n~! ZEZ](;l Voo 0 TJ. Then [Vie — Unloo < t|vn, — Vso|oo — 0. Since v
is Holder, it follows from Corollarythat |Un =t [} Voo dpin| o () < |voolly n~ /2. By (B-2),
S Voo ditn = [ Voo dpise and the result follows.

(b) We have [, [vn ® vp — Voo ® Vso| dpin < (|Unloo + [Voo|oo)[Un — Vosloe — 0. Also, [} Ve ®

Voo (dptn — dpioo) — 0 by (3.2). n

4 Examples

In this section, we consider examples of nonuniformly expanding dynamics, including families
of intermittent maps ([1.2)) discussed in the introduction, covered by the results in this paper.

4.1 Application to intermittent maps

Fix a family of intermittent maps T, : [0,1] — [0,1], n € NU {c0}, as in with parameters
Y € (0, %) such that lim, o0 ¥ = Yoo. By [19, Example 5.1], T, is a uniform family of nonuni-
formly expanding maps of order p for all p € (2,73!). By [I, 18], u, is strongly statistically
stable. That is, the densities hy,, = dju,/dLeb satisfy limy, o [, |hn — hoo| dLeb = 0. Using this
property, conditions are easily verified.

Hence our main results on control of iterated moments (Corollary and the iterated WIP
(Theorem [3.4/and Lemma hold for families of intermittent maps 7, and Holder observables
vp 1 [0,1] — RY with J v dpy, = 0 and limy, o0 ||vp, — Vool = 0. Also the auxiliary properties
in Proposition @ are satisfied. This leads via Part 2 to homogenization results &, —,, X
for fast-slow systems (L.1). Since pin(Zn € B) — fico(&n € B) = [} 1z, e} (hn — hoo) dLeb for
suitable subsets B C D([0, 1], R%), it follows from strong statistical stability that &, —,. X.

In the remainder of this subsection, we show that all our results remain valid when p, is
replaced by Lebesgue measure. (We continue to assume that the observables v,, are centered
with respect to pn, so [ vy, dpy, = 0.)

The densities hy,, = du,/dLeb are uniformly bounded below (see [22, Lemma 2.4] for explicit
lower bounds). Hence it is immediate that the moment estimates in Corollary hold with pu,
changed to Leb. Since Leb is not invariant, the following nonstationary version of the moment
estimates is required in Part 2:

Proposition 4.1 ’ Z€§j<k Un © T?"YL'}LZ(p—l)(Leb) < C(k; - 6)1/2HU71”77 and
| Y icicjen0n 0 T ® (vn 0 T)| s gy < Clk = Olfvall? for all 0 < £ <k <n.

Proof Since p, is Ty-invariant, it follows from Corollary that

S o] L =D e L < =0 ol
<<k LD ) 1o S L2070 ()
Z (Un ° qum) @ (Un ° TT’ZL) LP*l(.U‘n) - ‘ Z (vn ° Té) ® (vn ° TTJL) Lpfl(/in)
1<i<j<k 0<i<yj<k—¢
< (k= O)fvall3-
Now use that the densities h,, are uniformly bounded below. |
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Next we turn to the iterated WIP. Defining ¥, and E, as in (3.1) for n € NU {oo}, we
already have that lim,,_,. 2, = Yo and lim,,_, F, = F+ by Lemma

Proposition 4.2 (W,,, W,,) —pep (W, W) as n — oo in D([0,1], Rd RdXd), where W is d-
dimensional Brownian motion with covariance matrix Yoo and W(t fO W @ dW + Esot.

Proof By Theorem (W, W,) =, (W, W) as n — oo in D([0,1],R? x R¥*9). To pass
from p, to Leb, we apply Corollary Let p, = h,;' = dLeb/d,. Then sup,, |pn|c < 00. To
deal with the remaining assumption in Corollary write

N-1
1 .
[ X no Tl = 1| dpa < Bm) o+ Ba(V.m) 4 BN, + T(V)
A -
Jj=0

where
1=l ' 4 | Nl '
—/N‘ (pnoT?) — poo o T7) | dpin, [2—/NZpOOoTTJL]hn—hOO|dLeb,
A _ A -
7=0 7=0
1=l ' ‘ | Nl ‘
b= [ | oot peo T s 1= [ | 3 0T - 1] e,
AN AN

Fix N > 1. By T,-invariance of pi,,

Il(Nan)S/‘Pn_Poodﬂn:/ [P — hool poo dLeb < |p00|00/ |hy — hoo| dLeb,
A A A

and also
Io(N,n) < \ﬂoo|oo/ |hy — hoo| dLeb.
A

By boundedness of po, and strong statistical stability, lim, oo I3 (N, n) = lim;, 0 I2(N,n) = 0.
By continuity of ps and the dominated convergence theorem, lim,_,~ I3(/N,n) = 0. Hence for
each fixed N > 1,

N-1
1 ,
limsup/)N E pnoTT{—l‘dunSQ(N)
A -
Jj=0

n—oo

By the mean ergodic theorem, limy_,o0 I4(N) = 0. Hence limsup,, ., [, % Z;V:_Ol pn o T) —
1|dpn — 0 as N — oo. This verifies the final assumption in Corollary completing the
proof.

Finally, we consider the analogue of Proposition with u, replaced by Leb where appro-
priate. Again we can relax the assumptions on wvy; it suffices that v, € L®(A,R%), n > 1, and
Voo € C(A,R?) with limy, 00 [Un, — Voo oo = 0.

Recall that V;, = n~! 2 j<int] Un © T3, where ¢ € [0,1] is fixed.

Proposition 4.3  (a) lim,, ‘V — th Voo d,uOO’LP Leb) =0.

(b) limp oo™ Y. [3 (Un @ vn) 0 TH dLeb = [} voo @ Voo dfico.
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Proof (a) Using again that the densities h,, = du,/dLeb are uniformly bounded below,

/ Vn—t/vood,uoo‘dLeb«/
A A A

by Proposition [3.9(a).
(b) Set wy, = vy ® vy — [} Uy ® vy dpty. Then wy, € CM(A,RY) with [, wy, dp, = 0 and

‘n_IZ/(vn(X)vn)ngdLeb—/vn®vnd,un gn_l/ ‘anng‘dLeb
A A A

i<n
< n_l/ ‘an oTJ
A

i<n

by Corollary [3.2] n

Vn—t/vooduoo’dunﬁo
A

dpin < n_1/2”wn‘|n =0

4.2 Further examples

In [20], the WIP and estimates of ordinary moments were obtained for many examples of
nonuniformly expanding dynamics. We now obtain the corresponding iterated results.

Revisiting [19, Example 5.2] and [20, Example 4.10, Example 7.3], we consider families
of quadratic maps T, : [-1,1] — [~1,1], n € NU {co}, given by T, () = 1 — a,2?, a, €
[0,2] with lim,, o0 ay, = aoo. Fixing b,c¢ > 0 we assume that the Collet-Eckmann condition
|(TFY(1)] > ce* holds for all k& > 0, n > 1E| The set of parameters such that this Collet-
FEckmann condition holds has positive Lebesgue measure for b, ¢ sufficiently small. Moreover
T, is a uniform family of nonuniformly expanding maps of order p (for any p) and satisfies
strong statistical stability. Hence we obtain control of iterated moments (Corollary and
the iterated WIP (Theorem and Lemma for Holder observables vy, : [—1,1] — R? with
fA Up dpty, = 0 and limy, o0 |V, — Voo|oo = 0.

Revisiting [19, Example 5.4] and [20, Example 4.11, Example 7.3], we consider families of
Viana maps T}, : S* x R — S xR, n € NU{oc}. Again, we obtain control of iterated moments
and the iterated WIP.

In both sets of examples, we obtain homogenization results &, —,, X by Part 2 and
Ty, —r s, X by strong statistical stability as explained at the beginning of Subsection

5 Families of nonuniformly expanding semiflows

In this section, we consider uniform families of nonuniformly expanding semiflows. These are
modelled as suspensions over uniform families of nonuniformly expanding maps. In keeping
with the program of [24], no mixing assumptions are imposed on the semiflows.

Specifically, let T,, : A, — A,, n > 1, be a uniform family of nonuniformly expanding
maps of order p > 2 as in Section [3| with ergodic invariant probability measures pp,. Let
hy : A, — RT be a family of roof functions satisfying sup,, ||hn |, < oo and inf,, inf h, > 0. For
each n > 1, define the suspension

Q= A" ={(z,u) €Ay xR0 < u < hy(x)}) ~, (2, hy(z)) ~ (Tnz,0).

The suspension flow g¢,; : Q, — Q, is given by gn¢(z,u) = (z,u + t) computed modulo
identifications. Let h,, = fAn hy dpp,, . Then p, = ,LL]X:L = (ua, x Lebesgue)/h,, is an ergodic Gn.t-
invariant probability measure on €2,,. We call g, ¢ : £, — Q,, a uniform family of nonuniformly
expanding semiflows of order p.

2There is a typo in [20, Example 4.10] where ce®™ should be ce*.
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To simplify the statement of results in this section, we denote by C' various constants de-
pending continuously on the data associated with T}, : A, — A, as well as sup,, |||,
For v : Q,, — R?, define

v(z,u) —v(@, u)|

vl = v]oo + sup
! T ewreae,  da, (@)

5.1 Moment estimates

As in Sections [2| and [3] for uniform moment estimates it suffices to consider a fixed uniformly
expanding semiflow g; : 2 — €. The main result in this section, Theorem establishes the
desired moment estimates. We also collect together some other results that fit best into the
fixed semiflow setting.

Given v :  — R?, define the induced observable

v:A =R, o(z) = foh(x) v(z,u) du.
Proposition 5.1 [0|e < |h|oo|v]oe and 0]y < |[B]nllv]ly-

Proof The estimate for |0|« is immediate. Also, for x, 2’ € A with h(z) < h(a’),
h(z)
[o(x) = 9(2')] < [h(x) — h(z)[v]o +/ o(z,u) = v(z, )| du
0

h(zx)
< Nllylvlooda(z, ') +/0 [vlly da (2, ") du < ||Ally||v]lgda(z, 2),

completing the proof. |
Define

t t s
St:/vogsds, St://(vogr)@)(vogs)drds
0 0 JO

on €. Also, for the induced observable ¥ : A — R?, define

Su(mou)= > #(T72),  Sp(zu)= Y #(T'2)@8(IVz), (z,u)€ Q.

0<j<n 0<i<j<n
We introduce the lap number N(t) : Q@ — N, ¢ > 0,
N(t)(z,u) =max{n >0: Z;L;Ol hTiz) <u+t}.

Also, define
H:Q — R H(z,u) = [ v(z,s)ds.

Proposition 5.2 For allt >0,
S — gN(t)|®O < 2|hfoo|v]oo,

St~ S — i (H @ v) 0 gy ds| < 2[Rl lvloolSn] + 2012 ]2

Proof We use formal calculations from the proof of [16, Proposition 7.5], focusing on the
precise estimates. 3
First, Sy = Sy + H o gt — H. Hence [S; — Snyloo < 2[H|oo < 2|h|oo|V]cc-
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Second, writing T;, = inf{t’ > 0: N(t') = n}, we observe that

Sn = /0 O G ® (00 g2) ds — /0 S @ (0o gs)ds — Sy © (H o g1).
Hence
St = [y Sns) ® (vogs)ds+ [((H®v)ogsds — H® [jvogsds
= gN(t) + fJ(H ®v)ogsds+ K(t),
where K (t) = S’N(t) ® (Hogy) — H® S;. We have
IK()] < 1SNl [Hloo + [HloolStl < 1980 |1hloolv]oe + [Bloo v]oo (19n(e) | + 2|Plso|v]o0)-

The result follows. [ |

Theorem 5.3 (Iterated moments) For all t; > 0,

< Ot 2oy, ) sup |st\’ < Cnfp 2

’ sup |S S 7.
€(0,01

te[0,t1] L2P=1)(Q)

Proof The estimates are trivial for ¢ € [0,1] (since t < t'/2) so we restrict to t; > 1, ¢ € [1,14].
Since inf h > 0, it is immediate ([16, Proposition 7.4]) that

IN(t)|oo < Cot forallt >1, (5.1)
where Cy = (inf h) =1 + 1
By (.1)),
sup |S 20-1) g,y < max |S,[2?~Y q
/mqftl' NPT d < [ o (5,707 dy

_ 12(p—1)
<h 5 TJ‘ din.
<h ""’/Ak%ﬁl > vo A
0<j<k

Hence by Theorem

s S ‘ a v Tj‘ 82| £, 1/ .
)1<ltl£t1| Nl L2 @) < Jnax OSKkv T | 2 Lt ol <t flolly
Similarly, | sup;<;<, |SN ”Lp Loy < tllv]l7. Also, (fl |(H ®v) o gs|ds < t1]h]eo|v|% so the
result follows from Proposition [

Corollary 5.4 For allt; > 0,

t
_ < 1/2 2
/()(H@v)ogsds t/QH®vdMHL2(p1>(Q) < onM|vl2.

‘ sup
te[0,t1]

Proof Using the S; estimate in Theorem with v replaced by H ® v — fQH ® vdp, we
obtain |SUPte[0,t1} \fg(H ®v)ogsds —t [ H® Ud'“HQ(pq) < t1Y2|H @ v||,. In addition,
H @ vlly < [H]yllvlly < [Rloolv]l3- n
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Lemma 5.5 For all s € [0,inf h], n > 1,

sup | Spg © s — Spug| _ = 2hlolv]oo, | sup IStut] © 95 — Spa)| Lo

< on' o2
te[0,1] te[0,1]

()

Proof The random variable N (s)(x,u) lies in {0, 1} due to the restriction on s. If N(s)(x,u) =
0, then g,(z,u) = (z,u+s). Now, S, and S, are independent of u, and so S[nt] 0gs = S[nt] and
g[nt] 0gs = g[nt] for all n,t and all s, x,u with N(s)(x,u) = 0.

Hence we may suppose for the remainder of the proof that N(s) = 1 in which case gs(z,u) =
(fx,u+s—h(z)). Then,

St © gs (1) = Spgy (2, u)| = ‘ > BT ) = 5(TVx))| < 200]00 < 2/hfso|v]o.
0<j<[nd]
Next,
Sty © 95 (0, 1) — Spugy (2, w)| = ‘ S (BT ) © H(T ) — §(Thr) @ B(TV)) ]
0<i<j<[nt]
- ‘ Y WT)esTn - Y e @(zj)‘
1<i<[nt] 1<5<[nt]
< 2|17\00‘< S oTj)(fx)‘.
0<j<[nt]—1
Hence ‘supte[m] |§[nﬂ 0gs — g[nt]’)Q(p—l) < 711/2||17||727 < n1/2||v\|727 by Theorem [2.4 |

Proposition 5.6 ’suptg1 IN(t) — t/ﬁHL?(P*l)(Q) < Ct'/? fort; > 1.

Proof Let Sph =Y '_) hoTJ. By definition of N(t),
SN @) P(T) < u+t < Sny@u+1h(T).
Hence —Sn)(z,u)h(z) = [hloo < =t < =Sy (@u)h(z) + |h|oo, SO
IN (@) (z,u) = t/h] < {ISNn@)@wh(x) = N (@) (@, u)h| +2|hlo}/h.
By , for all (z,u) € Q,

sup [N (t)(z,u) — t/h| < max |Sph(z) — kh|+ 1.
t<t1 k<Cot1

Hence by Theorem [2.4

—h & 1/2
!tsgglN(t) t/h] a1 o) < | max [Sih = KRl gy € 0177

as required. |

18



5.2 Iterated weak invariance principle

Let g ¢ : 2, — Q,, be a uniform family of nonuniformly expanding semiflows of order p > 2. Let
: O = R% n > 1, be a family of observables with sup,,>; [|[vn|l; < oo and Ja, vndpn = 0.

The corresponding family of induced observables ¥, : A, — R? satisfies sup,>; [|Tn]l; < oo
and fAn v dup, = 0. Define ¥, and E, in terms of v, as in (3.1). Also define H,(z,u) =

Iy vn(x,s) ds.
In this section, we prove an iterated WIP for the processes W, € C([0,1],R?) and W,, €
C(]0,1],R?*4) on Q,, given by

Wh(t) = \}ﬁ /Dn Up, © gn,s dS, W, (t) = /0 Wi(s) @ dWy(s).

First, we consider the processes W, € D([0,1],R9), Wn € D([0, 1], R%x9)

—~ [Tlt}*l . — . .
W (t)(z,u) = 7 S n(Tiz),  Wa(t)(z,u) = E > (L) @ on(Tha),

n
§=0 0<i<j<[nt]

defined on ,,. Let N, (t) denote the lap numbers corresponding to the semiflows g, ; on Q.
Also define
Y € D([0,1],R),  ~n(t) = n "N, (nt).

Proposition 5.7 Suppose that E,, = E, ¥,, = %, hy, — h. Then
(Wi, Wyo) 09 = (R7Y2W, R7YW)  in D([0,1], R x REXY),

where W 1s a d-dimensional Brownian motion with covariance matriz > and W fo W ®

AW + Et.

Proof Choose ¢y > 0 such that h, > cg for all n. Let A, be the sequence of probability
measures on £, supported on A, x [0, co] with density pn, = dA\n/dun = 14, o, o)/ /co.

The process (Wn, W n) on (£2n, Ay) has the same distribution as the process (Wn, W, n)lA, on
(Ap, 1, ), so by Theorem Wn,W ) — (W,W)

By Lemma [5.5] for each s € [0, co,

! sup ]W[nt] O gns — W[nt]]}m <n V2 | Sup \W[nt] O gns — W[nt]HLl y<n

tel0,1] telo,1

Also, ||pnlln = |pnlee < 1/co so by Theorem [5.3) with v = p, — 1,

-1/2.

| fgl Pn © Gnt dt — t1|L2(,un) < t11/2.

We have verified the assumptions of Lemma and it follows that (Wn,wn) — i (W,W)
Let v(t) = th~!. By Proposition

_ o1 -1 _ ~1/2
\ilglrf\%(t) YOl 1,y =1 }jlglllen(nt) nth™[ 1, = 0m™'2).

Since 7y is not random it follows that (Wn, Wn, Tn) = (W, W, 7). By the continuous mapping
theorem,

(W, W) 0 9 =, (W, W) 0y = (A7V2W, 7'W),

as required. |
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Theorem 5.8 (Iterated WIP) Suppose that lim, oo = %, limpyeoFn = FE,
lim,, o0 A, = A and lim,,_s oo an H, ® v, dpu, = E'. Then

(W, Wy,) =, (W, W) in D([0, 1], R? x R*?),

where W is a d-dimensional Brownian motion with covariance matriz h=1Y and W(t fo W®

dW + ("B + E')t.
Proof By Proposition it suffices to show that sup,<; |[W,(t) — W ()] —p, 0 and

supy<y (Wi (t) — Wi (t) oy — tE'| =, 0.
First, note by Proposition [5.2] that

(Wi (t) — W (1 ()] (2, 0) = n 1/2)/ wgns(mw)ds— 30 w(Ti)

0<j<Nn(nt)
< 2n71/2|hn|oo|vn‘ooa
50 | supyepo 1] [Wan(t) = Wa(m (1), — 0
Similarly, by Proposition
n{|Wn<t)—W (Vn —n_lf H ®Un Ognsds|}( )
< 2]hn|oo|vn|oo‘ 5(Th)| + 3kl fonll < | D a(Tha)| +1.
0<j<Nn(t) 0<j<Nn(t)
By (5.1)) and Theorem
sup Tpo T <<’ max B o f < 02|, ||, < nt/?,
‘te[O,l] Ogjgn(t) M2 @a) T TR<Con OS]Z<k " A L2(A,) o
and so
’sup (W (t) = Wy (1n(t) —n LM (Hy ® vy) © gis ds] 5 — 0.
te[0,1] L2(Qn)

Also, by Corollary

n_l‘ SuP;e(o,1] | font(Hn ® Un) © gn,s ds — nt an Hy @ vp dpin] ‘Lz(ﬂn) =0

Hence | supyeqo] [ Wa(t) — W, (7 (t)) — tE| ‘LQ(Qn) — 0 and the proof is complete. n

5.3 Application to intermittent semiflows

Let A = [0,1]. Fix a family of intermittent maps 7,, : A — A, n € NU {00}, as in with
parameters 7y, € (0, %) and absolutely continuous invariant probability measures denoted fiy,.
Suppose that lim, oo n = Voo- Again, T}, is a uniform family of order p for all p € (2,7}!)
and the absolutely continuous invariant probability measures, denoted here by fi,, are strongly
statistically stable.

Fix n > 0 and let hy, : A — RT be a family of roof functions satisfying sup,, |||, < oo and
inf, inf h,, > 0. Define the corresponding uniform family of nonuniformly expanding semiflows
gnt : Qn — O, with ergodic invariant probability measures p, = (fi, x Lebesgue)/h, where

hn = [} hay djin.
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Theorem 5.9 Let v, : Q, — R%, n > 1, with sup,, ||v,|, < oo and fﬂn Up dpty, = 0. Then there
is a constant C' > 0 such that

t
sup / Un © gn,s ds’ <Ct 1/27
tel0,t1] ' JO L2(r=1)(Q,,)
t s
sup / / (Un o gn,r) 03¢ (Un o gn,s) dr ds‘ < Ctla
tejo,t]' Jo Jo Lr—1(Q)
forallty >0, n>1.
Proof This is immediate from Theorem [5.3] [ |

Theorem 5.10 Let v, : Q, — R, n € NU {oo}, with sup,, |[v,|, < co and Ja, vndpn =0.
Suppose that 1imy oo SUPLe A, ue[0,hoo (2)]N[0,hn (2)] [Un (T3 1) — Voo(@,u)| = 0 and limy oo |hn —
hooloo = 0.

(a) Define
Sp= Y 00T, Sp= Y (50TL)®(1oTL).

0<j<n 0<i<j<n

where v(x) = foh‘x’(x) Voo (2, u) du. Then the limits

1 1
Yoo = lim /Sn®Snd/loo, Es = lim /Snd/joo.
A A

n—oo n n—oo n
exist.

(b) Set E' = fQoo Heo ® Voo djtoo where Hoo(x,u) = f(;L Voo (T, u) du. Define

n— 1t t
Wi(t) = n}/2 / om0 gneds,  Wn(t) = / Wi(s) ® AW, (s).
0 0
Then
(Wi, W) =, (W, W) in D([0,1],R? x R¥*?),

where W is a d-dimensional Brownian motion with covariance matriz hilYe and W(t) =
JSW @dW + (h3)Ex + E)t.

Proof Part (a) follows from Lemma

To prove part (b), we verify the hypotheses of Theorem Since |y, — hoo|oo — 0 it follows
from statistical stability that h, — heo.

Let Hy,(z,u) = [; vn(z,s)ds. It is easy to see that foh"(x) (H, ®vp)(x,u) du — foh"o(x)(Hoo(@
Voo )(x, u) du uniformly in x, so again by statistical stability an H, ® v, du, — FE'.

Finally, defining 3,, and F,, using T}, v, and h, in place of T, Vs and h,, we have that
Yin = XYoo and E,, — Eo by Lemma 3.8 |

A TIterated WIP for martingale difference arrays

In this appendix, we recast a classical iterated WIP of [15, 21] into a form that is convenient
for ergodic stationary martingale difference arrays of the type commonly encountered in the
deterministic setting.
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Let {(Ap, My, pn)} be a sequence of probability spaces. Suppose that T), : A,, — A, is a
sequence of measure-preserving transformations with transfer operators L,, and Koopman oper-
ators U,,. Suppose that ¢,,, m, : A, — R%lie in L?(A,,) and that fAn O iy, = fAn My, dpty, = 0
and m,, € ker L,,.

Define the sequence of processes

®, : A, = D([0,00),RY), M, : A, = D(]0,00), R¥*%),

= Y ey M= Y mefi)0Wiefh). 120

0<j<7’lt 0<i<j<nt
Theorem A.1 Suppose that:

(a) the family {|mn|?, n > 1} is uniformly integrable;

(b) maxk<nt1 Z?:o(‘bn —my) o fin —u, 0 as n — oo for all t; > 0;

(c) there exists a constant matriz ¥ € R such that for each t > 0,

1 [nt]—1

- Z {UnLp(my, @ my)} o fin —u, t2 as n — oo.
j=0

Then (P, M,,) =4, (W, M) in D([O oo) RY x R¥*4) where W is a d-dimensional Brownian
motion with covariance ¥ and M(t fO W & dW.

Proof It suffices to prove that (®,,M,) —,, (W,M) in D([0,#],R? x R?*?) for each fixed
integer t; > 1.
Define X, ; = n~/2¢, ofm1 = , Yo =n"2m, ofm1 . and

Z Xn,ja Yn(t) = Z Yn,ja Yn(t) = Z Xn,i & Yn,j7

1<j<nt 1<j<nt 1<i<j<nt

for t € [O,tl].

By the arguments in the proof of [20, Theorem A.1], {Y,, ;; 1 < j < nt;} is a martingale dif-
ference array with respect to the filtration G, ; = T, ™) M, and Y, — i Win D([0, 1], RY).
Moreover, X, is adapted (i.e. X, ; is G, j-measurable for all j,n) and X, =Y, + Z, where

k
> (b —ma) o £4 |,

S0 SUp;<y, |Zn(t)| —p, 0 by assumption @ It follows easily that (X,,Y,) —,, (W,W) in
D([0,t1], R x ]Rd)

Also fA Y, ()12 dpn, = n~Ynt] fAn imn|?diy, < t1|lmy|3 which is bounded by assump-
tion [(a)] so “condition C2.2(i) in [2I, Theorem 2.2] is trivially satisfied. Applying [21, Theo-
rem 2.2] (or alternatively [15]) we deduce that (X, Yy, Y,) =, (W, W,M) in D([0,#],R? x
RY « Rdxd)‘
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 Next, let D denote caglad functions. Adapting [16], we define g : D([0, 1], R x R x R4xd) —
D([0, 1], RY x R¥*4),

g(r,u,v)(t) = (r(t1) —r(ti — ), {v(t1) —v(t1 —t) —r(t1 — t) ® (u(t1) — u(ts — t))}*),

where * denotes matrix transpose.
We claim that

((I)naMn) = Q(Xna YnaYn) + F,, where SUP¢e[0,t1] |Fn(t)| 7 in 0.

Suppose that the claim is true. By the continuous mapping theorem, g(X,,Y,,Y,) —.,
g(W, W, M) in D([0,t,],R% x R%*d). Using the fact that the limiting process has continu-
ous sample paths, it follows (see [16, Proposition 4.9]) that (®,,M,) —., g(W,W,M) in
D([0,t1],R? x R¥*4). By [16, Lemma 4.11], the processes g(W, W, M) and (W, M) are equal
in distribution so (®,,,M,,) =, (W,M) in D([0,#;],R% x R4*4).

It remains to prove the claim. Write g = (g1, g ) where g' : D([0,#;], R? x R? x R¥*d) —
D([O t1],R?) and ¢2 : D([0,t1],R? x RY x RXd) — D([O,tl],RdXd).

First,
1 [nt]—1 ' [nt]—1 nt1 nty
Bult)= 7= D oSl = X Xuani= 3 Xaj= 3 Xag+F(0)
j=0 j=0 j=nt1—[nt]+1 j=[n(t1—t)]+1

= Xn(t1) — Xn(t1 — t) + F, (t) = 9" (X0, Y, Y0 ) (£) + Fy (1),

where F!(t) is either 0 or — X [n(t1—t)]+1- In particular,

|Fa ()] <n7'? max ¢, 0 f4 | (A1)
i<nty n
Second,
1 . A
Mu(t) == 3 (muofh)®@nofh)= > Yau-i® Xnnt—j
0<i<j<nt 0<i<j<nt
= > Vi @ Xn,j = > (Xn;i ® Yn,j)"
nt1 —[nt]<j<i<nt; nt1—[nt]<i<j<nti

= ) (X ®Yay) + P2

[n(t1—t)|<i<j<nti
= {Ya(t1) = Yn(ti — t) = Xn(t1 — 1) @ (Y (t1) — Yn(ts — )} + F3(t)*
= ¢* (X, Yo, Yo ) () + F2(8)",

where F2(t) is either 0 or — > Aty —t)]4+1<j<nty Xnn(ti—1)]+1@Yn ;- In particular, by Burkholder’s
inequality and assumption Eﬁ

|F2(t)] < n~ Zrilatan A, | max‘ Z mnofA ‘<<n 1mau(\¢nofA | t1]mn2
0<5<¢q

<n 1nga§<\¢nofA |. (A.2)

By (A.1)) and (A.2)), it remains to show that ™' maxi<ns, [¢n © fA | =y, 0. Note that
600 fA,1 <m0 fA, 1+ | D (@0 — ma) fAMZ o 14|
j=0
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SO

%

D> (dn—mn)ofh,

j=0

max o fi | < max |m,, o f& 2 max
igntl‘qsn fA"‘_ignt1| no fa,l+ i<nti

Now for any s > 0,

' max fmy 0 fA [F < s 407 max (jmal*Lin-tjm, 2>51) © A

n

nty

s+ (mal L tjma o) © fA,
=0

Hence

-1 Jo2 _ -1 Jj o2 2
n| i fmn o Al = n pmalma oS3, Pl < s+ taflmal Lt
Since s > 0 is arbitrary, it follows from assumption that lim,_oon =Y 2‘ MaX;j<nt, |Mp ©
fJAn | ‘2 = 0. Combining this with assumption n-1/2 Max;<nt, |q§nofiAn[ —pu,, 0 asrequired. W

B Strong distributional convergence for families

In this appendix, we formulate a result on strong distributional convergence [10, BI] in the
context of families of dynamical systems.

Let (Qn, itn), n > 1, be a sequence of probability spaces with measure-preserving semiflows
In,t + Qn — . Suppose that A, is a sequence of probability measures on €2, such that A\, < iy,.
Define p,, = d\,,/dpu,.

Lemma B.1 Suppose that R, is a sequence of random elements on §, taking values in the
metric space (B,dg) and that R is a random element of B. Suppose moreover that

(S1) sup/p}ﬁ"s djy, < oo for some § > 0;

(S2) d(Rn © gnt, Rn) —pu, 0 as n — oo for each t > 0 (equivalently, for allt € [0,to] for some
fized to > 0);

n—oo

IR
inf i = [ puognedt — 1| dun = 0.
(S3) Jnf 1msup/ 751/0 Pn © gnt tn =0
Then Ry, —,, R if and only if R, —,, R.

Proof The proof follows [13, Theorem 4,1]. Let Lipg denote the space of Lipschitz bounded
functions ¢ : B — R. Define A, (¢, w) = [t o R, wdpu, for ¢ € Lipg and w : B — R integrable.
Note that |A, (¥, w)| < |[¢]|eo|w]|y for all n.

Now R, —,, R if and only if lim, o An(¢),1) = E(¢(R)) for every ¢ € Lipg. Similarly
R, —», R if and only if lim,_,o Apn (¢, pn) = E(¢(R)) for every ¢ € Lipg. Hence it is enough
to show that for every ¢ € Lipg

lim (An(wapn) - An(¢7 1)) =0.

n—o0
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Fix t > 0. Since piy, is g -invariant,

An(l/}v Pn © gn,t) - An(% pn) = /(w oR, —vYoR,o0 gn,t) Pn © dnt dpiy,.

By (S1) and g, s-invariance, sup,, 4 f p,lj‘s O gn,t dpty, < 00. Hence by Holder’s inequality,

1/q
|An(¢a Pn © gn,t) - An(w7 pn)‘ < (/ W oR,—vYoR,o0 gn,t’q dUn>

where ¢ is the conjugate exponent to 1 +d. Now |[¢p o Ry, — 1 o Ry, 0 gnt| < 2[1)|ec and
W} o Rn - ”¢ © Rn o gn,t’ S Lipde(an Rn © gn,t) _>un 07

by (S2). Hence limp o0 (An (¥, pn © gnt) — An(1, pr)) = 0 for each t > 0. Denote Uy, =
t; 1 fgl Pn © Gnt dt. Then
lim A, (¢, Unt, — pn) =0, (B.1)

n—o0

for each fixed t; > 0. Now,
|An (2, pr) — An(¥,1)] < |An(¢apn - Un,h)‘ + ’An(”tb, Unt, — 1)‘
S {An(d)apn - Un,tl)‘ + ‘¢|oo / |Un,t1 - 1| dﬂn

By (B.1)),

hmsup |An(¢7pn) - An(wa 1)’ < W}’oohmsup/ |Un,t1 - 1‘ dﬂna

n—00 n—0o0

and the result follows from (S3). n

Remark B.2 The discrete-time version of Lemma takes the following form. Let (A, uy),
n > 1, be a sequence of probability spaces with measure-preserving maps 1, : A, — A,.
Suppose that A, is a sequence of probability measures on A, such that A\, < p,. Define
Pn = dAn/dpuy,. Suppose that R, is a sequence of random elements on A,, taking values in the
metric space (B, d) and that R is a random element of B. We continue to assume (S1). Suppose
moreover that

(84) dB(RTL © TTL) Rn) %,U«n 0Oasn— Q3

(S5) inf hmsup/‘anoTj — 1{du, = 0.

N>1 nooo

Then R, —,, R if and only if R, —,, R.
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