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Abstract

We give a short analytic proof of local large deviations for i.i.d. random
variables in the domain of a multivariate a-stable law, o € (0,1) U (1,2]. Our
method simultaneously covers lattice and nonlattice distributions (and mixtures
thereof), bypassing aperiodicity considerations. The proof applies also to the
dynamical setting.

1 Introduction

Local large deviation results for i.i.d. random variables in the domain of a stable law
have been recently obtained by Caravenna and Doney [7, Theorem 1.1] and refined
by Berger [5, Theorem 2.3]. We refer to such results as stable local large deviations
(stable LLD).

The aim of this paper is three-fold. First, we provide a new proof of the stable
LLD in Theorem [1.1] (we exclude the case a = 1 but include the case v = 2 which was
previously omitted). Second, in Theorem , we generalise to the multivariate case
which for the main part had also been previously omitted. Our methods bypass ape-
riodicity considerations and cover lattice and nonlattice distributions simultaneously.
Instead of using Fuk-Nagaev inequalities as was done in [5] [7], we give a short ana-
lytic proof using Nagaev-type perturbative arguments together with decay of Fourier
coefficients. A major advantage of this approach is that it generalises naturally to the
dynamical setting. This is the third main aim of this paper where in Theorem we
establish the stable LLD for sequences of nonindependent random variables arising
from observables of deterministic dynamical systems.
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We begin by recalling the scalar i.i.d. set up in [3 [7]. Let X be a random variable
with EX? = oco. We suppose that

P(X > z) = (p+ o(1))l(z)a~®, P(X < —z) = (q+o(1))l(x)a"® (1.1)

as © — 00, where a € (0,2], £ : [0,00) — (0, 00) is slowly varying, and p,q > 0 with
p+q > 0. Equivalently, X is in the domain of an a-stable law Y, (determined by «,
p, q). Namely, there are sequences a,, > 0, b, € R, such that

i(Sn — bn) —d Ya.
where S, = X7 + --- 4+ X, and the X; are independent copies of X. )
Without loss of generality, we may suppose that ¢ is continuous. Set ¢ = ¢ for

a € (0,2) and f(z) =1+ flﬂ 24 du, for o = 2. Then a,, satisfies

1 u
nl(ay)

lim =1
n—00 a%
Also,
0 ae (0,1)
bn =  nE(X1{ix|<a,)) a =1
nEX ae€ (1,2]

Stable local large deviations (the main topic of this paper) concerns estimates for
P(S,, € J) for subsets J C R taking into account the location of J:

Theorem 1.1 Assume (1.1)) with o € (0,2]. Then for every h > 0 there is a constant
C > 0 such that
n U(z))

_ _ < (O0—
P(S, — b, € (z h’x+h])_0an1+|x|°‘

foralln>1, z € R. (1.2)

In particular, in the lattice case where X is supported on 7, there is a constant
C > 0 such that

n_L(N])
P(S, —[bn] = N) < Can T+ NP
Remark 1.2 Caravenna and Doney [7, Theorem 1.1] proved Theorem for a €
(0,1) U (1,2) and (amongst other things) this was extended by Berger [5, Theorem
2.3] to the range a € (0,2) (focusing on the lattice case). Our analytic proof covers
the range a € (0,1) U (1,2] so the combined results cover the range a € (0,2].
Our arguments cover the lattice and nonlattice cases simultaneously. As mentioned
before, our main contribution is to provide a new proof which generalises easily to
the dynamical setting.
In the range |z| < ay, the estimate follows from the local limit theorems of
Gnedenko [11, Chap. 9, Sec. 50] and Stone [17], and in particular the estimate is sharp
in the range |z| ~ a,. Hence the main content of Theorem [1.1]is when |z| > a,,.

foralln>1, N € Z.
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Remark 1.3 We have excluded the problematic case & = 1 which was completely
solved by Berger [5]. In fact, our methods apply without modification for a = 1
in the symmetric case b, = 0. However, in the nonsymmetric case the estimate in
Lemma [2.2{i) below fails (see [0, Lemma 5]). Consequently, without refining our
methods further we would obtain a suboptimal estimate in Theorem for a = 1,

b, # 0.

Remark 1.4 The estimates in Theorem are proved under assumption ({1.1)) which
is necessary and sufficient for convergence to the stable law Y,,. For stronger estimates
under more restrictive hypotheses, we refer to [5, 9] 12].

Next, we generalise to the multivariate situation. Let S™! = {z € R?: |z| = 1}
denote the unit sphere in R%. (Throughout, | | denotes the Euclidean norm.)

Definition 1.5 An R%valued random variable X is reqularly varying with index p
if there exists a Borel probability measure o on S, such that

CP(X|> M, X/|X|€A)
Jm P(X] > 1) = Xo(4)

for all A > 0 and all Borel sets A C S with ¢(9A4) = 0.
For p = —a < 0, we say that X is nondegenerate if [, , |u - 0% do () > 0 for all
u e S+t

Taking A = S?!, we have that | X| is a scalar regularly varying function. Hence
there exists a slowly varying function ¢ : [0,00) — (0,00) such that P(|X| > t) =
tPe(t).

Let X be an R%valued random variable with E|X|> = co. We suppose that X
is nondegenerate and regularly varying with index —a where o € (0,1) U (1,2]. We
define /, a,, and b,, as in the scalar case (again taking ¢ to be continuous).

Let Y, denote the d-dimensional stable law with spectral measure A = cos Z*I'(1—
a)o and characteristic function

E(e*Ye) — eXp{ _ /Sd_1 |s-0](1 — isgn(s - §) tan 52) dA(@)}, seR%.  (1.3)

By [16], X is in the domain of attraction of Y. Indeed, a,, (S, —b,) —+q Ya as n — 00
where S,, = X; + --- 4+ X,, and the X; are independent copies of X.

Let I (x) = H?Zl(xj — h,xj+ h] for z € RY, h > 0.
Theorem 1.6 Let o € (0,1) U (1,2]. For every h > 0, there is a constant C > 0
such that

RA(ED) a
_ < > . .
P(S, — b, € Ii(z)) < Oag T oo foralln>1,zeR (1.4)
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Theorem [I.1] for o # 1 is immediate from Theorem [I.6]

Remark 1.7 We emphasize that our method works simultaneously for lattice and
nonlattice distributions, bypassing any aperiodicity assumptions. In particular, our
result covers distributions that are jointly lattice and nonlattice avoiding the consider-
ation of numerous different cases that arise in the corresponding local limit theorems
(see the discussion in [§]).

Moreover, in the dynamical setting of Section|3| local limit theorems would require
additional hypotheses beyond the probabilistic ones, and our method avoids such
hypotheses.

Remark 1.8 Berger [6] obtains LLD for multivariate stable laws in the case when
they are lattice distributed. Furthermore, [0] allows the scalings a, to vary from
component to component.

Our analytic proof of Theorem is given in Section [2] In Section [3| we show
that our proof applies to a class of deterministic dynamical systems. In fact, we prove
a stronger operator stable LLD in Theorem which yields the desired stable LLD

in Corollary [3.3

Notation We write a,, < b, if there are constants C' > 0, ng > 1 such that
a, < Cb, for all n > ng. As usual, a, = o(b,) means that lim,, . a,/b, = 0 and
a, ~ b, means that lim, , a,/b, = 1.

2 Stable local large deviations in the i.i.d. set up

In this section, we provide an analytic proof of Theorem establishing local large
deviations for i.i.d. random variables in the domain of a multivariate stable law. We
abbreviate I1,(0) to IIj.

Fix a € (0,1) U (1,2], and let X be Ri-valued with E|X|*> = oo, nondegenerate
and regularly varying with index —a. Define a,, and { as in Section . Since we
exclude the case o = 1, we can suppose without loss of generality that b, = 0. This
is automatic for o € (0, 1) while for a € (1, 2] we can replace X by X —EX. In other
words, we suppose that EX = 0 for a € (1, 2].

2.1 Technical lemmas

The proof of the results obtained here exploits classical approaches [111, [13] for char-
acteristic functions collected in Lemmas 2.1] and 2.2 below.
For s € R?, define ¥(s) = E(e*™).

Lemma 2.1 There exist constants €, ¢ > 0, such that

|W(s)| < exp{—c|s|*0(1/|s])} for all s € Ila..
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Proof Since S, = X;+---+ X, is a sum of i.i.d. random vectors and a,, 'S, —4 Ya,
it follows from the Lévy continuity theorem that lim,, ., ¥(s/a,)" = E(e®*Y~) for all
s € R The convergence is uniform on compact sets so lim,, o ¥(u/a,)" = E(e?Y)
uniformly in v € S%~!. Hence

lim |¥(u/a,)|” = e™™ uniformly in v € S,
n—oo

where ky, = o, |u- 0] dA(). By compactness, k, is bounded and hence

lim nlog |¥(u/a,)| = —k, uniformly in u € S*'.
n—oo

Setting a;' =t and inverting to obtain n ~ (t*¢(1/t))~" as n — oo, we obtain

lim (t%0(1/t)) " log |¥(tu)| = —k, uniformly in u € S¢1.

t—0t

(The details of this last step are identical to the last five lines of the proof of [T
Lemma 6.4].) By nondegeneracy and compactness, min,cga—1 k,, > 0. Writing s = tu,

log [¥(s)| ~ —ky|s|®0(1/]s]) ass— 0.

Hence there exists € > 0 such that log |¥(s)| < —%ku|5|a5(1/|3|) for all s € II3. and

the result follows with ¢ = %minuegdﬂ k. |

Throughout this section we fix € so that Lemma [2.1] holds. Let 9; = 9/3s;.

Lemma 2.2 Let M > 0. There exists C' > 0 such that for all s, h € 1,
(i) |Y(s+h)—V(s)| < Clh|*(1/|h|) for a € (0,1).
(i) 0;U(s + h) — 8;U(s)| < C|h|*"*(1/|h]) fora € (1,2], j=1,...,d.
(iii) |0;¥(s)] < Cls|* M (1/|s|) fora € (1,2], j=1,...,d.
Proof (i) For K > 0, write ¥(s + h) — ¥(s) = A+ B where
A=E(lyxpry(e™* = 1)), B =E(1xj<xy(e™X = 1) ).

Note that

|A| < 2E1{|X\>K} = 2P(|X| > K) = QK_O%(K).
Next, let G(x) = P(|X| < z) denote the distribution function of | X|, so 1 — G(z) =
x~*¢(x). Then

K
Bl < [RE(IX[1yx<xy) = \h\/o zdG(z).



Using integration by parts and Karamata’s Theorem,
K K K
/ v dG(z) = —/ rd(1 — G(2)) = ~(x(1 ~ C(a) +/ (1— G(x)) dz
0 Ko . 0
< / (1-G(z))dx = / v (z)dr = (1 — ) "K' (K).
0 0

Hence |B| < |h|K'™¢(K). Taking K ~ 1/|h| yields the desired estimate.
(ii) For K > 0, write 0;U(s + h) — 0;¥(s) = i(A + B) where

K

0

A= E(1{|X|>K}Xj(eih'x — 1)eiS'X), B = E(l{‘XEK}Xj(@ih'X _ 1)eis'X)‘

Using integration by parts and Karamata’s Theorem,

|A| § 2E(‘X‘1{|X‘>K}) = 2/ {L’dG(iL')
K

o o

(1 - G(x))de =2K" " V(K) +2 / ~(z) dx

— 9K (1 — G(K)) + 2/

=21+ (a — 1)K VUK) <« K~@VIK),

and
K K
BI < IHE(X P 1xicr) = 0] [ o dGiw) < 20 / o1 - G(a) da
- 2\h|/ @D (g) da = 2(2 — o)~ || K2U(K).
Again we take K ~ 1/|h|.

(iii) Since EX = 0, it follows from part (ii) that 9;,¥(s) = 9;¥(s) — 0;¥(0) satisfies
the desired estimate. |

Lemma 2.3 Let L : (0,00) — (0,00) be a continuous slowly varying function. For
all ¢ >0, >0, there exists C' > 0 such that for alln > 1,

/Rd |57 L(1/s]) exp{—nc|s|*0(1/|s])

L(an)
ag—l—ﬁ ’

In particular,

/H SPL(|s)) [ U(s) " ds < © EHJ

Proof Let [, = [5, |s|°L(1/|s]) exp{—nc|s|*¢(1/|s])} ds. Using the change of vari-
ables s = o/a,, we obtain

L(ay) L(a,/|o]) o
I = h = 7 et PA PR I — g _
n = i J, where J, /Rd L(a,) lo|” exp{—cnl|o|®a, “l(a,/|o|)} do
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By Potter’s bounds, for any ¢ € (0, «), there exists ¢ > 0 such that
I K / |o|#+0 exp{—c'n|o|*Ca; U (a,)} do.
lo|>1
Recalling that na, “f(a,) ~ 1, there exists ¢’ > 0 such that
Jp <K / o|P el do < 0.
lo|>1

A similar argument deals with the integral on {|o| < 1}.
The final statement follows from Lemma 2.7] |

2.2 Proof of the stable LLD

In this subsection, we prove Theorem [I.6], We suppose without loss of generality that
h = 1; the result for smaller cubes is immediate and the result for larger cubes can
be obtained by taking unions of smaller cubes.

As in [I7], we convolve with a suitable function v with compactly supported
Fourier transform 4. Specifically, fix a continuous integrable function vy : R — [0, 00)
with 79 > 1 on [—2,2] such that its Fourier transform 7 is real-valued, even and C?
with support in [—e, E]H For s € R, define

1 sins

ro(s) = i Yo($).

We note that rg is C? and supported in [—¢, €]. Define vy : R? — [0,00) and r : R? — R,

() = (Y1) -+ Y0(Ya), r(s) = ro(s1) - To(Sa)-

Lemma 2.4 Forn > 1, z € R,

P(S, € Ii(z)) < / e 5 r(s)W(s)" ds.

R4

Proof By the Fourier inversion formula,

2y) = ﬁ / () ds = ﬁ / ) ds. (2.1)

Tt is easily verified that such a ~g exists. Start with an even C°° function 45 : R — [0, 00)

supported in [, §] with inverse Fourier transform ~. Then 7 is real-valued and C*°. Taking
o0 ~

0 # 0 ensures that 7(0) = % _ o Y0(§) d€ > 0. Replacing vo(w) by vo(ax) with a sufficiently small
ensures that 79 > 0 on [—2,2]. (Such a scaling shrinks the support of 4y, so the new 4y remains

supported in —§, §].) Next, replace v by ¢y for c sufficiently large, ensuring that 7o > 1 on [-2, 2].
Finally, replace vo by 73 and 4y by 4o * 7o to ensure that vy > 0.
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Let F,(z) =P(S, € H;lzl(—oo,xj]). By Fubini,

/H " /R Ay = y)dF() dy
B (271r)d /H ( /m(x) e dy)'?(S)( /R Kand an(y’)> ds  (2.2)

= 24 / e (5) W (s)™ ds.

€

Next, since o > 0 and 7o|(—2,2) > 1,

/R , Yy —y)dFu.(y') > / dF,(y) = P(S, € Ty(y)).

2 (y)

Hence

/H ( )/Rﬂ(y —y)dF.(y) dy > / P(S, € a(y)) dy > 2" P(S, € I (z)).

I (z)
Combining this with (2.2)) yields the desired result. |

Proof of Theorem Recall that we have reduced to the case h = 1. By
Lemma , it suffices to estimate I,,, = [p, e %7 (s)¥(s)"ds. Since r is bounded
and supported in II, it follows from Lemma [2.3] that

|12 <</ |W(s)|"ds < a;d.
IIe

If n>> (1+ |z|)/0(|z]), then |I,.| < a;¢ < n by required. Hence to

af T+al® r
complete the proof it suffices to consider the case n < ¢(1 + |z|%)/¢(|z|) for some
¢ > 0 fixed. In particular, we can suppose that |x| > 7/e, and it suffices to prove

that |1, .| < Z& W=D for n < ¢|z|*/(|z|). Since a®/l(a,) ~ n and y — y*/0(y) is

||

asymptotically increasing, this last restriction can be written as a,, < |z|.
The case a € (0,1). We exploit the modulus of continuity of ¥ (see, for instance, [14]

Chapter 1]). Note that I, , = — [pae ®%r(s — h)¥(s — h)"ds, where h = ma/|z|?.
Hence

1 .
sl = 5] / e ()W) (s — B)U(s — ) ds| S L+ By (23)
R4
where

h= [ s = rls =W ds, T [ Irls = R = ¥(s =) ds.
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Since 7 is supported in II, and |x| > 7 /e, the integrands in I; and I5 are supported
in Ily.. Using also that r is bounded and Lipschitz,

L < |3:|_1/ |W(s)|"ds, I <</ |W(s)" —W(s—h)"|ds.
HQE HQE

By Lemma < d |$|
Next reca the mequahty

u" = 0" < nfu—of(ju]" + o), (2.4)
which holds for all u,v € C, n > 1. Using this and Lemma [2.2[i),
[W(s)" = W(s — h)"| < nlz[" (| ([T ()" + [¥(s = )["T).

Hence by Lemma I, < nlzx|~*(|z]) fn U(s)|"ds < 2 zl)

(ld |(E‘D‘
The case a € (1,2]. Choose j so that |z;| = max{|z1|,...,|z4|}. Let D, = ¥""19,V.
Integrating by parts, I, , = E) + Ey where
Ey=— [ e 0r(s)¥(s)"ds, Ey=— [ e r(s)Dy(s)ds.

15 JRd Wy Jrd
Integrating by parts once more, and using that r is C? and supported in II,,

'El'ﬁé/n ([ (5)" ds + /|ar< )|[Dals) ds

J

1

Here, we used also that 0;¥ is bounded on II, by Lemma [2.2(iii).) By Lemma [2.3]
J

()
<< - << —
Bl < G5 < o e

Next, we exploit the modulus of continuity of rD,,, writing h = ﬂm]-_lej (where
e; € R? is the j'th unit vector) and

B < / Ir(s) = (s — )| 1Das) ds + m / (75 — 1)||Da(s) — Du(s — h)| ds

<<W/H | ( |n 1d8—|— /H (S—h)|d8.

Again, =2 oF fn s)|"tds < ad \wIQ < ad & 2D 50 it remains to estimate
n
J = ) | D, (s) — Dy(s — h)| ds.
2e



Relabel {s,s — h} = {s1,s2} where |¥(s;)| < |¥(sg)|. Then J = J; + Jo where
J; = \%IIK’ fort=1,2, and

Ky = |U(s0)["710;(s1) = 0;U(sa)], Kz =[T(s1)" ™" = U(s2)" [0,V (s2)].
By Lemma [2.2[(ii),
Ky < a0 DI (s) " < [ ] ) [ ()"
Hence by Lemma

Next, by (2.4)),
Ky < n|0;¥(s)[|W(s1) — U(s2)|[W(s2)[" >

By the mean value theorem for vector-valued functions, there exists s* between s;
and sy such that

Ky < nfa;| 70,0 () [|0;W(s%)|[W(s2) "2 < nlz| (K5 + Ky)
where
K3 =10, (s2)]|0;¥(s2) — 0;0 ()| W (s2)[" %, Ky = [0;W(s2)[*|W(s2)[" 2.

Correspondingly, we have Jo < J3 + Jy = n?|z| ([ K5+ [ Ky).
By Lemma [2.2{ii),(iii), K3 < [&["=*0(|z])|s2|*" 0(1/|s2])|¥(s)|"~%. Hence, by
Lemma [2.3]

J3<<n2|$\_(“+”5(\:vl)/ |11/ 1D ()" 2 ds < nP[ae| V(|2 ])ay, OV an)

I3

n e o, _ n iflal)
ad o Jo] S ad Jape

~ nfa] "V |2)a, Y =

where we have used that a,, < |z|.
Finally, by Lemma (iii) Ky < |32 D0(1/|s5])2W(s2)|[* 2. Hence, by

Lemma [2.3]

J4<<n2lfﬂ|‘2/ [s[2CTDUL) )W (s)|" 2 ds < n®la|2a, a, P ay)
HSe
- J 2—ay, >
~ nfa|ay a2 () = 2 D ) HlD
ad |zl |z2-af(|z]) T ad |z]*

Combining the estimates for Jy, J3, J; we obtain that J < a%% completing the
proof. |
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3 Stable LLD for dynamical systems

In this section we show that the previous results can be generalized to a class of
deterministic dynamical systems.

The dynamical systems considered here are obtained by iterating a measure-
preserving map f : A — A on a probability space (A, u). Starting with an initial
condition z distributed according to u, the process z, fz, f2z = f(fz), ... on AN is
stationary, with distribution p® dp, ® dp2, ® ---. Also, if v : A — R? is a measurable
observable, then the R%valued process v, vo f, vo f2, ... is stationary. The stationary
distribution ©®d¢,®ds2,®- - - should be compared with the distribution p®ueu®- - -
in the i.i.d. case and explains the word “deterministic”: once the initial condition is
specified the future dynamics is uniquely specified with no further randomness. This
contrasts with standard probabilistic settings, where fresh randomness is typically
injected at each time step. This means that techniques from probability theory have
to be reinforced with methods from “smooth ergodic theory” with suitable regularity
conditions imposed on the map f, the measure p and the observable v.

The abstract setting in this section includes two classes of deterministic dynamical
systems: Gibbs-Markov maps with v piecewise Holder, and more generally AFU maps
with v piecewise bounded variation. (The Gauss map f(z) = 27! — [271], 2z € (0,1]
is a classical example of a Gibbs-Markov map.) Define v, = ZZ;S vo f*. For v in
the domain of an a-stable law Y,, a € (0,2], it is shown in [, 2] that v,, suitably
normalised converges in distribution to Y,. Here, we prove the corresponding local
large deviation estimates.

In Subsection [3.1 we state our main results for deterministic dynamical systems
in an abstract functional-analytic framework. Subsections and contain the
proof of these results. In Subsections and [3.5] we verify that Gibbs-Markov maps
and AFU maps are covered by these results.

3.1 Dynamical systems set up

Let f : A — A be a measure-preserving map on a probability space (A, p). Let
v : A = R% be a measurable observation with [, [v]* du = co. We fix @ € (0,1)U(1, 2]
throughout and assume

(H1) v is nondegenerate and regularly varying with index —a as in Definition .

Define 7, { and a, as in Section . As in the i.i.d. case, we set b, = 0 for < 1 and
by =n [, vdp for a > 1.

Let R : L' — L' be the transfer operator for f defined via the formula
[y Rodp = [, oo fdu. Given s € RY define the perturbed operator R(s) :
L' — L' by R(s)p = R(e"?¢).

We assume that there is a Banach space B C L* containing constant functions,
with norm || || satisfying |¢|. < ||¢|| for ¢ € B, such that
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(H2) There exist € > 0, C' > 0 such that for all s,h €1l,, 5 =1,....d,

(i) [|R(s)|l < C for a € (0,2] and [|0;R(s)| < C for a € (1,2].
(i) [|[R(s+h) = R(s)|| < Clh|*E(1/]h]) for o € (0,1) and |[R(s +h) — R(s)|| <
Clh| for a € (1,2].
(i) ||0;R(s + h) — 0;R(s)|| < C|h|*~Y(1/|h]) for a € (1,2].

Since R(0) = R and B contains constant functions, 1 is an eigenvalue of R(0). We
assume:

(H3) The eigenvalue 1 is simple, and the remainder of the spectrum of R(0) : B — B
is contained in a disk of radius less than 1.

Let v, = Z;é vo f¥. Under these hypotheses, we have distributional convergence

(Un, — by)/an —q Yo to the d-dimensional a-stable law Y, in (1.3)) by [1].

Remark 3.1 Under additional aperiodicity assumptions, local limit theorems are
proved in various situations in [I, 2 [15]. Our results do not require aperiodicity
assumptions, so we do not discuss these issues further.

We can now state the main result in the dynamical setting: namely an operator
stable LLD.

Theorem 3.2 Let o € (0,1) U (1,2] and assume (H1)-(H3). Then there exists a
constant C' > 0 such that

n ()

d
a—gm fOT’allTLZ].,|CC|€R

|R" Ly, —bpemy(@)}|oe < C

A consequence of Theorem is the usual stable LLD.

Corollary 3.3 Let o € (0,1) U (1,2] and assume (H1)-(H3). Then for every h > 0,
there exists C > 0 such that

n ()
nl Uy — xT d ‘ S C o0 7
‘/Aqbz/wf {vn—bn €l (2)} A [ W|1ag 1+ |zfe

forallmn>1,z€RY ¢ L™, ¢ € L .
In particular, taking ¢ =1 =1, we obtain that

won — by € M)y < ¢ LD

d
A 1+ o] foralln > 1, x € R*.
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Proof Asin Section [2.2] we can suppose without loss of generality that A = 1. Now,

/ oo [ Ly, —beem ()} At = / VR (14y, bt (2} @) At
A A

so by positivity of the operator R,

‘ /<Z5’¢ o f™ Ly, —bnetl (2)} d,u‘ < R (1w, —bperty (2)3?) o[04
A
< |R"(1gup—bpet @)} @]oo) oo [t = [R" 1, —b,emm, (2)} |00 | @] | Y1

The result follows by Theorem |

The proof of Theorem takes up the remainder of this section. We suppose
from now on that (H1)—-(H3) hold. As in Section [2| we can suppose without loss of
generality that b, = 0. Equivalently, for a € (1,2] we can suppose that [ Avdp =0

3.2 Technical lemmas

By (H2) and (H3), there exists ¢ > 0 and a continuous family A(s) of simple eigen-
values of R(s) for s € I3, with A(0) = 1. The associated spectral projections P(s),
s € 1l3, form a continuous family of bounded linear operators on B. Moreover, there
is a continuous family of linear operators Q(s) on B and constants C' > 0, §y € (0,1)
such that

R(s) = A(s)P(s) + Q(s) for s € Il;.. (3.1)
1Q(s)"]| < Coy  for s € Tz, n > 1.

Hence we can shrink e so that
|IR(s)"]] < C|A(s)|" for s € I3, n > 1. (3.3)
Let {(s) = % be the normalized eigenvector corresponding to A(s).

Lemma 3.4 There exists € > 0 such that the properties of R(s) listed in (H2) are
inherited by P(s), Q(s), A(s) and ((s) for all s, h € T3,.

Proof This is a standard consequence of perturbation theory for smooth families of
operators. |

The next result is the analogue of Lemmas and [2.2(iii) for A(s).

Lemma 3.5 There exist constants €, ¢, C' > 0 such that the following hold for all
ERS HSG;

(i) IA\(s)] < exp{—c|s|*0(1/|s])} for a € (0,1) U (1,2].
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(i) [0;X(s)| < Cls|*Y0(|1/]s]) for a € (1,2], j=1,...,d.

Proof (i) Write

As) = [ B = [ R+ [(Bls) = RO)C() = C0) d
= [ et [ (R = RODC() =~ CO) du = 95)+ V(o)

The estimate for ¥ in Lemma is unchanged (since the distribution of v is given
by (H1)) so it suffices to verify that the contributions from V' are negligible.

For a € (0, 1), we choose o’ € (3a,a). Then ||R(s) — R(0)|| < |s|* by (H2) and
1¢(5) — ¢(0)]] < |s]* by Lemma . Since B C L%,

V(s)| < [IR(s) = RO)[I¢(s) = C(0)]| < [s** = o(|s|*¢(1/]s])).

Similarly, |V (s)| < |s|> = o(|s|*¢(1/|s])) when o € (1,2]. This completes the proof
of part (i).

(ii) By the formula in part (i), 9;A(0) =i [, v; du = 0. Hence 0;A(s) = 9;A(s)—9;A(0)

so the estimate follows from Lemma 3.4l [

From now on, € > 0 is fixed in accordance with the above properties.

Corollary 3.6 Let L : (0,00) — (0,00) be a continuous slowly varying function. For
all ¢ > 0, >0, there exists C' > 0 such that for alln > 1,

/11 s|PL(1/|s])|A(s)|" ds < C%.

Proof This follows from Lemmas [2.3] and [3.5(1). |

We require the following estimates on the derivatives of R(s)™ and Q(s)".

Lemma 3.7 Let o € (1,2] and fix §; € (09, 1). Then there exists C > 0 such that for
all s,s+hells, j=1,...,d,

10;(R(s))Il < CrlAs)[*™" and  [[8;(Q(s +h)") = 9;(Q(s)")I| < C[R|*7H(1/|R]).

Proof We start from 9;(R(s)") = 3.0 R(s)*0;R(s)R(s)"*~'. By and (H2)(i)

n—1

19;(R(s)")Il < D IASFIAG)* 1 = n|A(s)" .

k=0

14



Next, fix d; € (0o, 61). By (3-2) and Lemma [3.4]

n—1
1Q(s + )™ = Q)" I < D Qs + ¥ Qs + 1) — Q)| Q)" |
k=0
n—1
< |h) oy < 65|l (3.4)
k=0
Let k,m > 0 with k. +m =n — 1. Then

(Q*0,QQ™)(s + h) — (Q"0,QQ™)(s) = (Qs + h)* — Q()")0;Q(s + R)Q(s + h)™
+ Q)" (0;Q(s + h) — 9;Q(5))Q(s + h)™
+Q(5)°9;Q(s) (Q(s + B)™ — Q(s)™)

so by , and Lemma
1(Q*0;QQ™)(s+h)—(Q"%,QQ™)(s)|| < &5~ |h[+65~"|h|*€(1/|h]) < 65 |h|* (1 /|]).

Substituting into 9;(Q(s)") = S 1—e(Q*9;QQ™*1)(s) we obtain [|0;(Q(s + h)") —
(0;Q(s)™)|| < ndp|h|*~1(1/|h]) < 67|h|*~1(1/|R|) as required. n

Corollary 3.8 (i) Let o € (0,1)U(1,2]. There exists C' > 0 such that for all |h| < ¢,

/ |R(s)"|[||R(s + h)™||ds < Ca,*  for all k,m >0, n > 1 with k +m = n.
H25

(i1) Let a € (1,2]. There exists C > 0 such that

/ 10;(R(s)")||ds < Cna,® foralln>1,j=1,...,d.
HQE

Proof (i) By (3.3),
IR() I IR(s + 2)™ [ < IAS)FIA(s + R)I™ < [AGS)]" + [A(s + h)["™

Also, by Lemma 3.7, [|9;(R(s)")|| < n|A(s)|"~". Hence both parts follow from Corol-
lary u

3.3 Proof of the operator stable LLD

In this subsection, we prove Theorem [3.2] Define r : R — R as in Section [2.2] Recall
that r is C?, even, and supported in IL,.

Lemma 3.9 1y, ci, ) < [ e r(s)e™*nds forn > 1, z € R%.
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Proof Define v : R? — [0, 00) as in Section Since v > 0 and 7|, > 1,

1
Lvem@)) = 53 Liv,etty ()} Y
2¢ Jim (@)
1 1
< oa Lnemay 4y < o5 Y(y — vn) dy.
I (z) I ()

Using the Fourier inversion formula (2.1),

Lvpem@y < / (/ e Y dy)&(s)e“'”” ds :/ e Pr(s)e"* " ds
{vn€lli(2)} (47)d 1 N 6

by Fubini. |

Proof of Theorem By Lemma [3.9] and positivity of R,

Rnl{vneﬂl(zr)} S / e—is-xT(S)Rneis-vn ds = An,ml

I

where

Ay, = / e 5 Tr(s)R(s)" ds.
Ie
Since 1 € B,
|Rn1{vn€H1(x)}|oo < |An,x1|oo < HAn,le < ”An:r:H ”1” < HAn,x“

Hence it suffices to estimate || A, .||
Since r is bounded and supported in II, it follows that || A, .|| < [;; [[R(s)[" ds.

By (B.3) and Corollary [3.6]

1Al < / )" ds < ag?.
IIe

Hence, for n > (14 |z|*)/{(|x|), we obtain the required estimate || A, .| < 2 (E)

af T+[z]e
As in the proof of Theorem , it remains to prove that ||A4, .| < a%% for

an < 2], |2] > 7/e

The case a € (0,1). Let h = mz/|z|?. The same modulus of continuity argument as
in the i.i.d. case (cf. (2.3)) yields ||A,.|| < I + I where

h= [ s = rts = WIIRG N ds <[l [ RG] ds

2e

b= [ s = IIRG = Rls =1l ds < | IRG)" = Als =0 ds

2e
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By Corollary. ), I < |z| e < aidf(\wl)‘
Next, "

[1R(s)" = )"l < Z IR(s)" [ IR (s) = R(s = )| [ R(s — h)" "1,

so by (H2)(ii) and Corollary [3.§(i),

0(|z]) =2 n {(|z
B B [ Rt -yt s < 24D
k=0 */ TT2c

The case o € (1,2]. Choose j so that |z;| = max{|zi|,...,|zq|}. Integrating by
parts, A, , = E1 + E> where
1 Zis. 1 is-
E,=— [ e "%0;r(s)R(s)"ds, Ey=— [ e "r(s)0;(R(s)")ds.
15 JRd Wi JRrd

Integrating by parts once more and using that r is C? and supported in I,

WMS%/K%@W%W%+%/WMﬂM@@W%

<<—/HR " ds + /Ha ") ds.

By Corollary [3.8]

1 n 1 n 0(|x])

1
Bl € —— + —— € ———>.
ad |22 " al[z2 T ad |zl

Next, we exploit the modulus of continuity of rd;(R"), writing h = ij_lej and
[ x| <<—/ |r(s) = r(s = h)|[|0;(R(s)") | ds
|/ r(s = W) 110;(R(s)") — 0;(R(s — h)")|| ds

<r%1;wx<>w$+l 10, (R(s)") — 0,(R(s — hy")| ds.

2] Ji,

Again # S, 105(R(s)™)| ds < aﬂd# < aﬂdﬂ(alcfo“) S0 it remains to estimate

J=éTH|@U%Wﬁ—@m@—hWM%.

0;(R(s)") = nA(s)"19;A(s) P(s) + A(s)"P'(s) + 0;(Q(s)")-

17



Relabel {s,s — h} = {s1, s2} where |A(s1)| < |A(s2)|. Then J < Fy + - - - + Fs where

Iy = % IA(s1)" 7" = A(s2)" 195 A(s2)| | P(s2)]| ds,
Iae
Bo= o [ M) M) — sl IPlsa)] ds.
Bo= o [ M) M )P (s2) — Psa) s
1
Fy= = [ [As1)" — A(s2)"[[[P'(s2) | ds,
|$| II2e
1
Fs=— | sl [P(s) = P'(s2)l] ds.
|x| II2e
1
Fe = o] Ju 19;(Q")(s1) — 9;(Q")(s2)]| ds.

The hardest term F} is estimated in the same way as J, in the proof of Theorem [I.0]
so we write the calculation without the justifications:

2

h< % [A(s1) = Als2)] [A(52)]"?|05\(52)| ds
HQE
n2 * n—2
<m0 Nl ds
n2 . o n2 ) o
< op [ 1A = OO NI ds o [ AP N2) " ds
n*{(|z)) 2

| s RN ds [ s s ds

3¢ |"E|2
0 Qs (0n | b llw) ) )

el Ja2-el(lzl)/ T ag Jzle

|x|a+1

This is the only term that requires Lemma (ii). The terms F3, ..., F5 require only
the rougher estimates in Lemma |3.4] combined with Corollary and we obtain

n ((|z n 1 1 {(|z
F2<<—M, F3, Fy < —+—, F5<<—M-
ag, |z|* ag, x| ag |zl
Finally, by Lemma , Fs < 07 ﬁgﬂ) which ends the proof. |

3.4 Gibbs-Markov maps

Let (A, ) be a probability space with an at most countable measurable partition
{Ax}, and let f : A — A be an ergodic measure-preserving transformation. Define
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s(z,2') to be the least integer n > 0 such that f"z and f"z’ lie in distinct partition
clements. It is assumed that s(z, 2') = oo if and only if z = 2’; then dy(z, ') = §5(%)
is a metric for 6 € (0, 1),
Let g = dZ—Zf : A — R. We say that f is a Gibbs-Markov map if
e fA, is a union of partition elements and f|z, : Ay — fAx is a measurable
bijection for each k > 1;
o infy p(fAx) > 0;
e There are constants C' > 0, 6 € (0, 1) such that |log g(z) —log g(2')| < Cdy(z, 2)
for all z,2" € Ay, k> 1.

Standard references for Gibbs-Markov maps include [1I, 4].
Given ¢ : A — R, let

Dpp = sup |¢(z) = ()|/do(2,2"),  [dlo = sup Di¢.

2,2/ €Ny, zF£2! k>1

We define the Banach space Fy C L to consist of functions ¢ : A — R such
that |pls < oo with norm [|¢]ls = |¢le + |l < 00. For ¢ : A — R define

|¢|9 = maX;—q ., |¢J|9

Proposition 3.10 Assume f is a mizing Gibbs-Markov map and let v : A — R with
Sy v dp = o0 and |v]y < 0o. Fiz a € (0,1)U(1,2] and assume that v satisfies (H1).
Then conditions (H1)-(H3) are satisfied with Banach space B = Fy.

Proof Condition (H1) is satisfied by assumption and condition (H3) is well-known
for mixing Gibbs-Markov maps [I}, 4]. It remains to verify that (H2) holds. In fact,
for any M > 0 the conditions in (H2) hold for all |s| < M, |h| < 1. We verify this for
(H2)(iii). All the other calculations are simpler and hence omitted.

Now (9;R(s + h) — 0;R(s))¢ = iR(¢1p) where ¢ = v;e’*V(e?"™ —1). A standard
calculation shows that

[R(¢¥)lo < 3pr(Ak) (sup|o| + Di(@n)) < [|@llod 2y pa(Ar) (25upy|¥] + Dyp).

where sup, = sup,, and inf; = inf,,. Hence
10;R(s + h) = 95 R(s)llg < 3p(Ar) {supg|vj(e™” = 1)] + Dy (ve™ (™" — 1)) }.
Also, Die™? < [s||v]g < |s], so ||0;R(s + h) — 9;R(s)|l¢ < S1 4+ Sa + Ss + Sy, where
= 2
= 2k
= > k(A
= 2

supgv; (" = 1),
supy|v;(e™? — 1)| Dre™” < |s|S; < M Sy,
supg|v|Dye™™ < A3, u(Ar)supy o],

Ag)supy|e™? — 1|Dyv < Ss.
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Next, sup,|v| — infg|v| < |v|g < 1. Hence

SunAusupylo] < DA (1 +infufol) < 1+ [ Joldy,
A

and we obtain S3, Sy < |hl.
Finally,

supy|v; (" —1)| < (1+infg|v]) (|h|+inf,|e™*—1]) < |h](1+infg|v])+infylv;(e™ ¥ 1)),
and so

S K Zk,u (Ag) (|R](1 + infg|v]) + infyv; (™Y — 1)])
<rl(1+ [ ) + [ o™ = nlde< b+ [ oy = 1l d

The conditions on v are the same as those on X in Theorem [I.6] so
/Ivg M=) dp = EIX; (™ = 1] < [A*7H(L/|A])

by the proof of Lemma (ii). Hence S, So < |h| + |R|*"1(1/|R]). )
Altogether, [|0;R(s + h) — 0;R(s)|le < |h| + |h|*7 (1/|h]) < |h|*~1(1/|h]) as
required. |

3.5 AFU maps

Let A = [0,1] with measurable partition {/} consisting of open intervals. A map
f:A— Ais called AFU if f|; is C? and strictly monotone for each I, and

(A) (Adler’s condition) f”/(f")? is bounded on (JI.

(F) (finite images) The set of images {fI} is finite.

(U) (uniform expansion) There exists p > 1 such that |f'| > p on |JI.

A standard reference for such maps is [I8] (see also [3]). Since AFU maps are not
necessarily Markov, the Holder spaces F are not preserved by the transfer operator of
f and it is standard to consider the space of bounded variation functions. Accordingly,
we define the Banach space B = BV C L* to consist of functions ¢ : A — R such
that Var ¢ < oo with norm ||¢|| = |¢|« + Var ¢. Here

Var ¢ = sup o(zi) — d(zi-
O0=20< - <zp= IZ| 1>’

denotes the variation of ¢ on A. Also, we let VarI ¢ denote the variation of ¢ on I.

77777

We Suppose that f : A — A is topologlcaﬂy mixing. Then there is a unique
absolutely continuous f-invariant probability measure u, and g is mixing.
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Proposition 3.11 Assume f is a topologically mizing AFU map and let v : A — R¢
with [, [v]* dp = oo and sup; Varyv < co. Fiz a € (0,1) U (1,2] and assume that the
tails of v satisfy (H1).

Then conditions (H1)-(H3) are satisfied with Banach space B = BV.

Proof The proof essentially goes word for word as the proof of Proposition [3.10]
with minor changes. Condition (H1) is satisfied by assumption and condition (H3) is
well-known for mixing AFU maps. It remains to verify that (H2) holds. Fix M > 0.
As before, we verify (H2)(iii) for all |s| < M, |h| < 1; the other calculations being
simpler.

Again, (0;R(s + h) — 0;R(s))¢ = iR(¢¢p) where ¢ = v;e'*V(e" — 1), and a
standard calculation shows that

[R(o¥)[| < lloll>2 1) (sup,[¢] 4 Var; ¥).
Also, Vary e < |s| Varjv < |s|, so ||R/(s + h) — R'(s)]| < Si + Sz + S35 + S; where
S1 = 2 pu(D)supyfvj(e”” — 1))
Sy = 32 u()supylvg (e = 1)| Vary e < |s|S) < M8,
Sy = gl T)sup, o] Vary € < B[S pa(T)supy ol
Sy =" u(Isup; e — 1| Vary v < Ss.

The calculation continues exactly as in Proposition [3.10] and we omit the remaining
details. n
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