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Abstract

We prove optimal local large deviations for the periodic infinite horizon
Lorentz gas viewed as a Z%-cover (d = 1,2) of a dispersing billiard. In addition
to this specific example, we prove a general result for a class of nonuniformly
hyperbolic dynamical systems and observables associated with central limit
theorems with nonstandard normalisation.

1 Introduction

Local large deviations (LLD) for one dimensional i.i.d. random variables that do
not satisfy the classical central limit theorem (with the standard normalisation) but
are in the domain of a stable law were recently obtained by Caravenna & Doney [0,
Theorem 1.1] and refined by Berger [0, Theorem 2.3]. Such results have been extended
to multivariate i.i.d. random variables in the domain of the stable laws by Berger
in [7]. Roughly speaking, an LLD measures the probability that the sum of the
random variables assumes precise, but asymptotically large values. In the absence of
second and even first moments, the proofs are considerably harder.

For dynamical systems, the first LLD results in the absence of the classical central
limit theorem were obtained in [I8]; they are as optimal as [6, Theorem 2.3]. The
main shift in that paper is an analytic proof which overcomes the restriction of having
independence. Although promising, the results in [18] are limited to the Gibbs Markov
maps. The aim of this paper is to prove an optimal LLD estimate for infinite horizon
periodic Lorentz maps, which were shown to satisfy a central limit theorem with
nonstandard normalisation by Szdsz & Varju [22]. A crucial new ingredient of the
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proofs of the present LLD results consists of a new operator renewal technique on the
Young tower for the billiard map.

Periodic dispersing billiards and Lorentz gases were introduced into ergodic theory
and studied by [2I]. For a general reference, see [I1]. We recall that the classical
central limit theorem was proved in the finite horizon case by [§] and local, moderate
and large deviations were recently obtained in Dolgopyat & Nandori [13]. In the
same work [13] the authors designed a strategy to prove the local limit theorem and
mixing properties for group extensions (such as Z?) of probability preserving flows by
free flight functions with finite second moments. For a similar strategy but weaker
results we refer to [3]. The strategy in [13] consists of the systematic use of local large
and moderate deviations for the underlying probability preserving Poincaré map.
Their result applies to the finite horizon Lorentz flow. In that case, both the free
flight and the roof function are bounded. We believe that the LLD obtained in this
paper (Theorem below) can be used to prove the local limit theorem and mixing
properties for the infinite horizon Lorentz flow.

A periodic Lorentz map (T, M, ji) is a Z%-cover of a periodic dispersing billiard
(T, M, ). The notation for the dispersing billiard is recalled in Section[2 We consider
the cases d = 1 (tubular billiard) and d = 2 (planar billiard). We are interested in
the case of infinite horizon where the time between collisions for the billiard map is
unbounded, subject to certain nondegeneracy conditions described in Section [2|

Let K : M — Z% denote the cell-change function (discrete free flight function)
between collisions, and define x,, = Z;:g ko T7. For the Lorentz gas, geometrically

Kk € 7% denotes the cell in the infinite measure phase space M where the n'th collision
takes place for initial conditions starting in the 0’th cell.

Set
a, = \/nlogn.

The central limit theorem with nonstandard normalisation proved in [22] says that
a., 'k, converges in distribution to a nondegenerate d-dimensional normal distribution.
In fact, [22] proves a stronger result, namely the corresponding local limit theorem.
Our main result is{]

Theorem 1.1 (LLD for the dispersing billiard) There exists C' > 0 such that

w(ky, = N) SC%;OE—“]]\\;“Q foralln>1, N € Z°.
Remark 1.2 Again, there is the geometric interpretation that u(k, = N) represents
the probability that an initial condition in the 0’th cell of M lies in the N'th cell after
n collisions.
Although we focus on the discrete free flight function x : M — Z¢, our results
apply immediately to the flight function V : M — R? given by the difference in R?

'We set logz = 1 for z € [0,2).



between consecutive collision points. Indeed, defining V,, = Z;:g VoT7, it is evident

that |, — V,| is bounded by the diameter v/d of the cells (since Vj, is the distance
between successive collisions whereas «,, is the distance between the centres of the
corresponding cells). Hence for any r > 0 there exists C' > 0 such that

u(V, € B,(z)) < % log ]

ad 1+ |x|?

foralln > 1, z € RY

Remark 1.3 The LLD bound for the dispersing billiard follows from a uniform ver-
sion [19] of the local limit theorem [22] in the range N < \/nlogn. Hence, the
principal novelty of Theorem lies in the range N > y/nlogn. We note that,

as in [18], the approach in this paper does not rely on the local limit theorem and
extends to situations where the local limit theorem fails, see Theorem [7.1]

The approach in this paper, following [1§], is Fourier analytic and relies on smooth-
ness properties of the leading eigenvalues and their spectral projections for the ap-
propriate transfer operator. We show how to obtain C” control for all » < 2, going
considerably beyond previous estimates of [4, [19]. The methods developed in Sec-
tion [9| to obtain this control in the context of exponential Young towers are the main
technical advance of this paper and should have other applications, not only to LLD.

In Section [2 we recall the setting for dispersing billiards. In Section [3 we prove
Theorem in the range n < log|N|. Sections {4| to |§| treat the complementary
range log |[N| < e;n where € is chosen sufficiently small. Key technical estimates are
stated in Section [] and proved in Section [5} In Section [6] we complete the proof of
Theorem [I.1} In Section [7] we state and prove an abstract version, Theorem [7.1], of
our main result, giving an LLD for a general class of nonuniformly hyperbolic systems
modelled by Young towers with exponential tails.

Notation We use “big O” and < notation interchangeably, writing b, = O(c,)
or b, < ¢, if there are constants C' > 0, ng > 1 such that b, < C¢, for all n >
no. As usual, b, = o(c,) means that lim, ,. b,/c, = 0 and b, ~ ¢, means that
lim,, o0 by /cp, = 1.

We write B,(z) to denote the open ball in R? and C of radius r centred at z.

2 Setup

Define the d-torus T¢ = R¢/Z<. The Z?-periodic Lorentz gas describes the evolution
of a point particle moving in the Z?periodic domain é contained either in the plane
R? (if d = 2) or in the tube R x T (if d = 1). The collisions are assumed to be
elastic (equahty of pre-collision and post-collision angles). The Lorentz gas map
T : M — M is the collision map on the two-dimensional phase space (position in 8@
and unit velocity) given by M = 8Q x (—m/2,7/2).



We assume that Q is the lifted domai of Q = T?\ Q, where Q C T? is a finite
union of convex obstacles (scatterers) with C® boundaries and nonvanishing curvature,
and pairwise disjoint boundaries. The dispersing billiard 7" : M — M corresponding
to the associated collision map is obtained from T:M— M by quotienting. We
denote by p the unique ergodic T-invariant smooth probability measure on M.

The Lorentz gas map T : M — M can be viewed as a Z%-cover of the dispersing
billiard (7, M, 1) by the cell-change function x : M — Z? We assume that & is
unbounded, so that we are in the case of infinite horizon. To avoid nondegeneracies
in the case d = 2, we require that there exist at least two nonparallel collisionless
trajectories in the interior of Q). (For d = 1, we require that there exists a collisionless
trajectory not orthogonal to the direction of the Z-cover, which is equivalent to our
assumption that x : M — Z is unbounded.) Under these conditions, [22] proved
that k satisfies a central limit theorem and local limit theorem with positive-definite
covariance matrix ¥ € R¥? and nonstandard normalisation a,, = /nlogn.

An important part of the proof of the results in [22] and of Theorem is that
(T, M, 11) is modelled by a two-sided Young tower (f, A, ua) with exponential tails [10,
23]. We briefly recall the notion of Young tower [

Let (Y, uy) be a probability space with an at most countable measurable parti-
tion o, and let F': Y — Y be an ergodic measure-preserving transformation. Define
the separation time s(y,1y’) to be the least integer n > 0 such that F"y and F™y/
lie in distinct partition elements in «. It is assumed that the partition « separates
trajectories, so s(y,y') = oo if and only if y = 9/; then dy(y, ') = 8*¥¥) is a metric
for 0 € (0,1). We say that F'is a (full-branch) Gibbs-Markov map if

e F|,:a—Y is a measurable bijection for each a € «, and

e There are constants C' > 0, 6 € (0, 1) such that |log &(y) —log &(y')| < Cdy(y, v/)
for all y,9' € a, a € «, where £ = —L Y — R.

Let ' : Y — Y be a Gibbs-Markov map and let ¢ : Y — Z* be constant on
partition elements such that py (o > n) = O(e™*") for some a > 0, We define the
one-sided Young tower with exponential tails A =Y and tower map f : A — A as
follows:

(y,t+1) (<o(y) —2
(Fy,0) L=oa(y)-1

A={0eYxZ:0<l<aly) -1}, f<y,e>—{

Let & = [, o dpy. Then fia = (uy X counting) /4 is an ergodic f-invariant probability
measure on A.

Zby the canonical projection from R? (if d = 2) or from R x T (if d = 1) onto T?

3We suppress many standard details about Young towers, mentioning only those aspects required
for this paper. For instance, we suppress the fact that the projection @ : A — A corresponds in
practice to collapsing stable leaves.



We say that (T, M, u) is modelled by a Young tower (f, A, ua) with exponen-
tial tails if there exist a one-sided Young tower (f,A,fin) and measure-preserving
semiconjugacies

™A — M, 7 A= A

Next, we recall some properties proved in [22] of the cell-change function k : M —
Z%. First, there is a constant C' > 0 such that u(|x| = n) ~ Cn™3. Second, & lifts
to a function & = ko7 : A — Z% that is constant on 7 1(a x {£}) for each a € «a,
¢ €{0,...,0(a) — 1}. Hence & projects to an observable & : A — Z¢ constant on the
partition elements a x {¢} of A. In particular, ia(|5| = n) = p(|x| =n) ~ Cn~2.

Define

Y SR Y(y) =0 &y, 0.

Proposition 2.1 There exists C' > 0 such that
py (Y >n) < Cn™? foralln > 1.

In particular, ¢ € L"(Y) for all r < 2.

Proof This is proved in [22]. The main step [22, Lemma 16] uses the bound u(|x| >
n) = O(n™?%) together with the structure of infinite horizon dispersing billiards (see
also [12, Lemma 5.1]). The bound for py (¢ > n) then follows (see for instance [12]
Section 2])). |

We end this subsection by recalling some results about transfer operators and
perturbed transfer operators on the one-sided tower. Let P : L'(A) — L'(A) be
the transfer operator for (f, A, fia), so [y Pvwdpia = [yvwo fdfa for all v € L,
w € L. By [4, Section 3.3], there is a Banach space B’ containing 1 and dense in L'
(called H in [4]) such that P : B" — B’ is quasicompact. (The definition of B’ is not
used in this paper.) In particular, the intersection of the spectrum of P : B — B’ with
the unit circle consists of finitely many eigenvalues A, ..., A\;_1 of finite multiplicity
and these are the ¢’th roots of unity A\, = e*™*/9. By ergodicity, these eigenvalues are
simple.

We consider the perturbed family of transfer operators

P : L*(A) = L' (A), Pw = P(c""v), t € RY,

where - denotes the standard scalar product on R? Applying results of [17], it is
shown in [4, Section 3.3.2] that there exists 6 > 0 so that t — B, : B/ — L is
continuous for ¢t € Bs(0). Moreover, there are continuous families of simple isolated
eigenvalues t — A, for P, : B — B’ with Ao = Ay and |[Ag:| < 1. Let ¢t — g,
denote the corresponding spectral projections on B’. Then

q—1

Pl =" ¢ e + Q7 (2.1)

k=0



where Q; = Pt([ -y — - — Hq—l,t)- By [17, Corollary 2], there exist C' > 0 and
v € (0,1) such that

sup ||QF ||z < CH". (2.2)
teBs(0)
Finally, by [22],
1—Xot ~ Xt-tlog(l/|t]) ast—0. (2.3)

3 The range n < log|N

In this section, we prove Theorem in the range n < log |N|. This estimate holds
at the level of T : M — M and s : M — Z% (without requiring consideration of
Young towers). Recall that d € {1,2}.

Lemma 3.1 Letw >0, ¢ > 1. There exists C' > 0 such that

p(k, = N) < for alln>1, N € Z* with n < wlog|N].

1
c——
[N[?nd

Proof We use |z| = max;_;,_q|z;| so that |«| is integer-valued. Let

.....

Sy = K| o TY, M, = max |k|oT’.
0,....,n—1

For ¢ > 1, define J, = #{0 < j <n—1: |kl oT? > |N|/n?}. Since ¢ > 1, the
constraint x, = N implies that J, > 1. Let ¢ > 0. We show that

1+e _n _ _ 1
I[,L(Mn> |N| ) < |N|2+267 /’L(fin—N7 Jn—l) < |N|2nq—27
3q+1
S, > |N|, M, < |N|'"*¢, J, > 2) < — :

Then p(k, = N) < W since n < log |N|. The result follows since ¢ > 1 is

arbitrary.
First,
n—1
p(My > [N[') <37 plls] o T7 > [NJ') = np(|s] > |N|'T) < n/|N[PF>.
=0

Second, if J,, = 1, then there exists j € {0,...,n — 1} such that |x|oT7 > |N|/n?
and Yo iy iz 8]0 TP < (n = 1)[N|/n? < |N|/n?"!. Since s, = N, this means



that |k| o TV € (|[N| — |N|/n? Y |N| + |N|/n?!). Hence

n—1
plkin =N, Jo =1) <Y p(||sl o T7 = |N|| < [N|/n")
j=0

= npu ([J5] = |N|| < |N|/ntY)

LD DR E R DR

[p—|N||<|N|/na=1 lp—|N||<|N|/na—1
< <2|N|+3> <2>3<< 1
- na—1 |N| |N|? na—2

Finally, we estimate K = ,u(Sn > |N|, M, < |N|**e J, > 2). Since J, > 2, there
exist 0 <7 < j <n —1such that |k] o T" > |N|/n? and |k| o T? > |N|/n4. Tt follows
that

K< > u(NMe>|slor > B |x[o17 > )

nd ’

0<i<j<n—1

= > n(NT = (el = B e o v 2 )
0<i<j<n—1

<n Y (NP > B (el o T > )
1<r<n—1

=n Y > u(sl =p, [sloT > ).

N[> p2 N nt 1<r<n—1
Note that the constraints p < |[N|'™¢, n < wlog |N| imply that

|N| N pt/(+o
n? ~ (log|N[)7 = (logp!/(+e))a’

so there is a constant ¢ > 0 such that Blv—q‘ > ¢pt/(1+29  Also, the constraints p >
|IN|/ni, n <wlog|N| imply that

n < wlog|N| < wlog(nfp) = qwlogn + wlogp,

so there is a constant w’ > 0 such that n < w'logp. Hence, we can choose € > 0 so

that
K <n Z Z 1(|&] = p, |I€|OTTZCp4/5).

p>|N|/n? 1<r<w’logp

By [22, Lemma 16] (see also [12, Lemma 5.1}), there is a constant C' > 0 such that

(k] = p, |k| o T" > ep™®) < Cp~*p(|k| = p) < p~ BT/



for 1 <r < w'logp. Hence taking n = 1/45,

(3+2/45) (34n) nlta+n) n3atl

a —(3+n

K<n >, (logp)p <n >, p < Np S Np
p>|N|/n? p>| NI/

completing the proof. .

4 Key estimates on the one-sided tower

To prove Theorem it remains by Lemma to consider the range log |[N| < e1n
where € is chosen sufficiently small. Since u(k, = N) = jia(k, = N), it suffices to
work on the one-sided tower A. To simplify the notation, we write (f, A, a) for the
one-sided tower map, and x : A — Z? for the free flight function on the one-sided
tower. Since the free flight function on M has mean zero (by time-reversibility of the
billiard map), it follows that [, xdua = 0.

To apply the method from [18], we require the following lemmas concerning
the leading eigenvalues A, for P, and their corresponding spectral projections Il ;
in (2.1). As clarified in [19, Lemma 5.1}, the derivative of P; at t = 0 is not a bounded
operator from B’ — L'. In Section 5] we work with the Banach space B C B’ N L*®
consisting of dynamically Holder observables and show that we have sufficient control
onIl, : B— L'. Let 0; =0, for j=1,....d. For t,h € R? b > 0, set

My(t, h) = [BIL(R){1 + L(h) [{PL(t) + [B|HOL(R)* 1] L(1)* }
where L(t) = log(1/|t]).

Lemma 4.1 Let j € {1,...,d}, k € {0,...,q — 1}. There exists § > 0 such that
t My and t — Iy, : B — LY are C* on B;(0). Moreover, djAo = 0.
Furthermore, there exist C >0, § > 0, b > 0 such that for all t,h € Bs(0),

10 Akpen — 05 Aee| < CMy(L, h), 10Tk e — Oillk ¢l st < CMy(t, h).
Lemma 4.2 A\, — A\, ~ =N\ Xt -t L(t) ast — 0 for each k=0,...,q— 1.
Corollary 4.3 Let 6 >0, r € R, k=0,...,q— 1. There exist C > 0, 6 > 0 such

that . )
ogn)"
/B o [P L(E)" Ak dt < C adg+ﬂ for alln > 1.
35 n

Proof By Lemmal[d.2] [\y,|—1 ~ —%¢-t L(t) and hence log [A;| = =S¢t -t L(t)(1+
o(1)). Since X is positive-definite, there exists ¢ > 0 such that log | \¢| < —c|t|?L(t).
The result now follows from [I8, Lemma 2.3]. (The argument in [I8] uses that a,
satisfies nloga, ~ a2, so a, ~ (inlogn)'/?, which agrees with the definition of a,
used here up to an inconsequential constant factor.) |



5 Proof of Lemmas 4.1 and 4.2

This section contains the proof of the key estimates Lemma [4.1] and concerning
the leading eigenvalues A, and spectral projections Il for the perturbed transfer
operator P,. This represents the main technical advance of this paper. The methods
of [17] give log-Lipschitz control which is insufficient for our purposes. In [19], it was
shown how to get almost C? control at ¢ = 0; here we show how to get almost C?
control in a full neighbourhood of 0. Our method is to consider leading eigenvalues 7y,
and spectral projections 7y ; at the level of the base Y of the tower A. The uniformity
of the dynamics on Y enables strong control on 74, and 7, and this control lifts via
the operator renewal theory of [14], 15, 20] to the Young tower A. Using [17], we
are able to identify the lifted quantities with A, and Il;; thereby transferring the
required regularity properties.

In Subsection [5.1], we consider estimates for renewal operators on the base Y of
the tower. Significantly more refined estimates are obtained in Subsection[5.2] These
estimates enable us in to obtain the required strong control on 7; and 7. In
Subsection [5.4], we show how to transfer this control to \; and II,.

We continue to work on the one-sided tower A. Fix # € (0,1) and recall the
definition of the metric dy on Y from Section[2] We define the Banach space B = B(A)
of dynamically Holder observables v : A — R with ||v||z < oo, where

|U(y7 f) - U(yla €>|
|vl|s = sup [v(y,£)|+ sup :
(w,0)€A .0y 0) do(y, ')

In this section, we often write B(A) and L'(A) for the function spaces on the
Young tower A, to distinguish them from related function spaces defined on the
base Y.

5.1 Renewal operators

Let R : L'(Y) — L'(Y) denote the transfer operator corresponding to the Gibbs-
Markov map F' : Y =Y, so [, Rowduy = [, vwo Fduy for all v e L', w € L™.
For y € Y and a € «a, let y, denote the unique preimage vy, € a such that Fy, = y.
Recall that (Rv)(y) = >_,£(Ya)v(ye) and that there is a constant C' > 0 such that

0 <&(ya) < Cuy(a),  [€(ya) — W) < Cuy(a)do(y,y'), (5.1)

for all y,4' € Y, a € a. (Standard references for properties of the transfer operator
R for a Gibbs-Markov map include [11 2].)
Define the Banach space Bi(Y') of observables v : ¥ — R with ||v||z,v) < o0

where [[v]ls,(v) = [[vlloo + supy, [0(y) = v(y)]/do(y, y').

Proposition 5.1 There exists C' > 0 such that ||[R(uv)||g, vy < Cllulli||v]s, ) for
all uw € LY(Y) constant on partition elements and all v € By (Y).

9



Proof Since u is constant on partition elements, we write u(a) = ul,. By (5.1),
[R(w)]|oo < 3 gy (@) ula)| dpy [|v]loo = llully]v]loo-
Next, let y,4/ € Y. Then (R(uv))(y) — (R(uv))(y') = I + I where
I =32,(8(Wa) = EWa))u(@)o(ya), L2 = 3,E(W0)ula)(v(ya) — v(ya))-
By (1),

L] < 2oy (a)da(y, v [u(a)|vllee = [[ull1l|v]loc do(y, y/),
[To] < 3oy (@) |ul(@)[[[vlls, vy do(Ya: va) < llullillvlls, ) do(y, y')-

Hence |(R(uv))(y) — (R(uwv))(y)] < ||ull1||v]|8,v) do(y,y'), and the result follows. ®
For z € C with |z| <1 and t € R?, define

R(z,t): LNY) = LY(Y),  R(z,t)v = R(e*" 270 Zz Rynv

where Ry, v = R(1{,=pye™ " v) and k. (y) = Ze f Yk(y, 0).
We now show that z — R(z,t) extends analytically to a neighbourhood of the
unit disk when restricted to By (Y'), and we obtain properties of this extension. Recall

that ¢(y) = 79" |k(y, £)]. By Proposition , Ko, ¥ € L™(Y) for all r < 2.
Proposition 5.2 There exists § > 0 such that, regarded as operators on Bi(Y),
(a) z — }A%(z, t) is analytic on Bi,5(0) for all t € R%;
(b) (z,t) — (0™R)(z,t) is C* on By,s(0) x R% for all m > 0;
(c) z+— ((%E)(z,t) is CY on By15(0) uniformly int € R? for j=1,...,d.
Proof It suffices to show that there exist a > 0, C' > 0 such that
[Binllsio) < Ce™™, [0 Renlls, vy < Ce™™,

forallteRY j=1,....,d,n>1.

Since k, € L"(Y) for all r < 2 and ¢ has exponential tails, there exists a > 0 such
that ||1{U:n}lial|1 L e,

Note that ¢ and k, are constant on partition elements. By Proposition [5.1]
|RenllBr vy < || 1{o=n}ll1- Also, [|0;RinlB,(v) < ||1{s=n}ko||1 completing the proof. W

For z € C with |2| <1 and t € R¢, define
Az t) 1 LNY) = LNA), Az t)o =) 2"Av

where (A;,0)(y, ) = Lympy (P0)(y,£) = 1{g:n}e“'”"(y’o)v(y).

10



Proposition 5.3 There exists 6 > 0 such that regarded as operators from L>®(Y') to
LY(A),

(a) z /Al(z, t) is analytic on Bi,5(0) for all t € R%;
(b) (z,t) = (0,A)(z,t) is C' on Byys(0) x RY.

Proof Let || || denote || [|L=(y)-sLi(a). As in the proof of Proposition [5.2} it suffices
to obtain exponential estimates for || A, | and ||0;A:.].

There exists a > 0 such that ||1osny¥|loiy) = O(e™®"). Now (A¢,v)(y,0) =
Lp—pye™ = ®Wy(y) so

1Al < /A Ly diis < [Lgoom i,

Similarly, ||0;A¢,| < fA L= dpa < ||1{U>n}¢||L1(y) completing the proof. |
For z € C with |z| <1 and t € R?, define

B(z,t): L'(A) = L'(Y),  B(z,tlu=)» _ 2"Byw
n=1

where

Binv = 1y PI*'(1p,v), D, ={(y,o0(y) —n):y €Y, o(y) >n}.

Proposition 5.4 There ezists § > 0 such that regarded as operators from B(A) to
BI(Y)?

(a) z+— B(z,t) is analytic on By,s(0) for all t € R%;

(b) (2,t) — (0.B)(z,t) is C* on By s(0) x RY.

Proof Let || || denote || ||ga)-s,(v)- Again, it suffices to obtain exponential esti-
mates for || By, || and ||0;B; |-
We can write By ,v = R(ut,v,) where

Uin(Y) = Lioom € @O 4 () = 1ipsmy0(y, 0 (y) — n).

Note that u, is constant on partition elements and ||v,||5,v) < ||v|ls. Also, there
exists @ > 0 such that ||1{osny¥|lL1y) = O(e™").
By Proposition [5.1},

| Benll < Nuenllzryy = [ Liosnyllorvy-

Similarly, ||0; Byl < |[1{e>n}?|/11(v) completing the proof. |

11



For z € C with |z| < 1 and t € R?, define

E(z,1) : B(A) = L'Y(A), _Ewiﬁhziizwamv

n=1
where (E;,v)(y,0) = Lisny (P10)(y, £).

Proposition 5.5 There ezists 6 > 0 such that regarded as operators from B(A) to
LY(A),

(a) z— E(z,t) is analytic on By,s(0) for all t € R%;

(b) (z,t) — E(z,t) is C° on By,5(0) x R%.

Proof Let || || denote || ||sayszi(v). It suffices to obtain an exponential estimate
for | Einll. But (Epnv)(y, £) = Lyspye @y (y, £ — n), so

Bl < [ Lo dis < o Lo lirory <

as required. |

5.2 Further estimates

In this subsection, we obtain more refined estimates on the renewal operators from
Subsection [5.1], exploiting the fact (Proposition that py (¢ > n) = O(n™2).

Proposition 5.6 There exist C >0, 0 > 0, b > 0 such that
10;0-R (2, t + ) = 0;0-R(=, ) 1g,v) < CIAIL(R)* {1 + [b] "I L(R) (2] = 1)},

for allt,h € Bs(0), all z € C with 1 < |z| <146, and all j=1,...,d.

.....

valued. Now, 9,0.R(z,t)v = iR((k,);€""*52°"'v). By Proposition
10,0. Rzt + h) = 9;0.R(=, )l|s,v) < / Kol [ = 1|2|" dpy
Y

< 2/ Ymin{|h|, 1}o|z|7 duy = 2 Z Tmn
Y

m,n=1

where
Tmn = [Ly(?/] =m,o = n)mnmin{|h|m, 1}Hz|™.

12



Recall that py (o =n) = O(e=") for some a > 0. Fix a; € (0,a) and § > 0 so that
e *(146) <e . Then

T < |R|m2ne™"|2|" < |hlm?e~ "™,
Fixing b > 0 sufficiently large,

Z T < |hm2e1P18m (1 — =) ™1 < |h|mP*m =" < |h|m ™2
n>blogm

Hence " *_, Zwblogmrmﬂ < |hl.
It remains to consider the terms with n < blogm. Now

27 = 14 (27 = 1) < 14l (12] - 1) << 1+ (logm)m?*%(|2] - 1),
Hence
P < pty (¥ = m, o = n)m(log m) min {|h|m, 1}{1 + (logm)mbr8l=l(|z| — 1)}.
and so

Z P < py ( = m)mmin {|h|m, 1}{logm + (log m)2mblos (| 2| — 1)}.

n<blogm

Let K =[1/|h|] > 1. Then for m < K,

> T < py (¥ = m)|hlm*{log K + (log K)? K51 (|2] — 1)},

n<blogm

and so by resummation,

K K
Do Tma < Ib ) py (¥ =m)m*{log K + (log K)* K" (|2 — 1)}
m=1

m=1n<blogm

< |h|(log K)? + |h|(log K ) K" FI(|2] — 1)

< WL {1+ [ L 2]~ 1)} 52
Next,
Z Z Tmn <K Z py (¥ = m)m(log m)
m>K n<blogm oK

(1= 1) 3 (@ = m)m 0 log )2,

m>K

13



Now,

S iy (6 = mymt o log m)?

m>K

_ Z /W(lﬂ > m)m1+blog\z|(logm>2 o Z NY(w > m)m1+blog|z|(logm)2

m>K m>K

<y (0 > KK log K)?
£ 3 (= m)(mHEE log m)? — (m — 1)1 (log(m — 1)?

m>K

< K"8F T log K)? + (1+ blog|2]) Y py (¥ = m)m"'*8 I (log m)?

m>K

< |h|1—b10g|z|L(h)2 + Z mblog|z\—2(10gm)2.

m>K

By Karamata,
Z mblog|z\—2(10gm)2 < (1—blog ‘Z|>—1Kb10g\z|*1<log K)2 < ’hllfbloglz\L(h)Q_

m>K

Hence

S ST v < IRILA){1 + (AT EL(R) (2] - 1)}

m>K n<blogm

This combined with (5.2)) gives the desired estimate for >, anblogmrmﬂ'“ com-
pleting the proof. |

Remark 5.7 Similarly,
[0, R (.t + h) = 0,R(z, )|y < CIMLA{1 + A2 HL(R) (2] — 1)),
Proposition 5.8 There exist C >0, § >0, b > 0 such that
10,4z, + ) = A )l v ) < CIRILIY{ L+ 1] 5 L(R)(J2] - 1)),
forallt,h € Bs(0), all z € C with 1 < |2| <146, and all j =1,...,d.

Proof We have

(A(z,t)00)(y,£) = Y 2" Lpopye ™ 00y(y) = 2@y (y),
n=1

Hence
10,A(,t + ) = 0,A(=. 1)y vyoo0 ) < || 1el7wming e, 11y,
= Z py (¥ = m, o = n)m|z[" min{|h|m, 1}.
m,n=1

14



We now proceed as in the proof of Proposition [5.6] except that there is one less factor
of n (hence one less factor of L(h)). |

Proposition 5.9 There exist C >0, 0 > 0, b > 0 such that
10:B(z,t + 1) = 0;B(=, ) |sa)5.v) < CIRIL(R){1+ B FIL(R) (2] - 1)},
for allt,h € Bs(0), all z € C with 1 < |z| <146, and all j=1,...,d,

Proof We have

18,2t + 1) = 0 B(z. 1) layosv) € D 2" [ Losny o min{ [, 1} z1cv.

n=1

- Z py (¥ = m,o > n)m|z|" min{|hlm, 1}.
m,n=1

This is the same as in Proposition except that o = n is replaced by o > n (which
makes no difference given the exponential tails). |

5.3 Spectral properties for E(z,t)

In this subsection, we analyse the leading eigenvalues and spectral projections for
R(z,t). Throughout we make use of the fact that A\ = 1 (since o is divisible by ¢ and
Ak is a ¢’th root of unity). In particular, R(A\,0) = R(1,0) = Rfor k=0,...,q— 1.

Proposition 5.10 Let z € C, |z| < 1. Then 1 € spec R(z,0) : By(Y) — By(Y) if
and only if 21 =1 in which case 1 1s a simple eigenvalue with eigenfunction 1.

Proof Similar arguments can be found for example in [I4, Lemma 6.7] and [20,
Section 5.2]. Hence we just sketch the proof.

It is casily seen that the spectral radius of R(z,0) is no larger than |z|, so we can
restrict to the case |z| = 1.

By [1, 2], the essential spectral radius of ﬁ(l,()) is strictly less than 1. This
property extends to general |z| = 1 as follows: In the notation of the proof of Propo-

sition [5.1],

|R(270)(y) — R(z70)(y)| < CY 2 py(a)de(y, y) 1v]loo + DuWallvll s, vy do(Yas v)
= Cdo(y,y")|[Vlloo + V]85, 0o(y, y)-

(C+D|lv|lss + 0|v||5, vy and it follows that the essential spectral radius of R(z,0) is
at most 0.

Hence, we obtain a Lasota-Yorke (or Doeblin-Fortet) inequality ||R(z,0)v|| Biy) <

15



In particular, 1 € spec ]A%(z, 0) if and only if 1 is an eigenvalue. By ergodicity, 1 is
a simple eigenvalue for R(1,0) with eigenfunction 1, hence this also holds for R(z,0)
when 29 = 1.

Finally, suppose that 1 is an eigenvalue for E(z, 0) for some |z| = 1, with eigen-
function v € B;(Y). Define v : A — C, 9(y,¢) = z'v(y) (note that © € B). Then,

~

3(-,0) = v = R(z,0)v = 2(P5)(-,0) and, for £ > 1, (P5)(y, £) = iy, (—1) = 5y, 0)/2.
This implies that 2! is an eigenvalue for the transfer operator P which, as noted in
Section [2] is the case only for 29 = 1. |

By Proposition (b), for k=0,...,q— 1, the eigenvalue 1 for ﬁ()\k, 0) extends
to a C! family of simple isolated eigenvalues (z,t) — 7x(z,t) on Bs(\y) x Bs(0), for
some § > 0, with 7;,(A, 0) = 1. Let & = [, o duy. Recall that L(t) = log(1/[t]).

Proposition 5.11 Let 0 < k, k' < q—1. There are constants C' > 0, § > 0 such that
(a) |7(2,0) =1 =X\ (2 — M\)| < Clz — M\|? for z € Bs(\i);
(b) |m(Ae, t) — 1| < C|t|2L(t) for t € Bs(0);
(¢) 11X, t) — T (A, )] < CJtf? for all t € Bs(0).

Proof Let v(z,t) denote the C' families of eigenfunctions corresponding to the
eigenvalues 7x(z,t), with vg(Ag,0) = 1. Normalise so that

/fi()‘kao)vk<zvt) dpy = / ok(z, ) dpy =1
Y Y
for (z,t) € Bs(Ax) x Bs(0). Then
(e t) = [ Bl ton(e, )i = Iie.0) + )
Y
where
]k(z’t) = / E(Z,t)].d,uy - / Zaeit'na d,uY)
Y Y
Jlz,t) = / (R(2,t) — R\, 0)) (vn(2, 1) — vk(Ae, 0)) dpay-
Y
Since R and vy are C!, it follows that Ji(z,0) = O(|z — Axl?) and Jp(Ap, t) =
O(|t[*). Hence it suffices to consider the first term Ij.

For t = 0, using that A\{ =1,

(e 0) = [ Ot (e =My = [ (1407 (2 = M) diy
=1+ X'5(2— M) +O(|z — M\])?
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yielding part (a).
Recall (see the beginning of Section {4)) that [, xdua = 0 and that [, oduy =
0 < 0o. Hence

/RadﬂY—/
Y

It follows that

0)duy (y) = //fd,uA:().
=0 A

]k:()\knt) =1+ / (Bit%a —1—1t- KU) d,uy,
Y

SO

I (Mg, t) — 1] < / e — 1 — it - Ky| dpy < 2/ min{ [t[*?, [¢|¢} dpy
Y Y
< 2[t]? Z m?uy (Y = m) + 2[t| Z muy (Y =m).

0<m<1/[t m>1/|t
Using the tail estimate puy (¢p > n) = O(n~?) and resummation we obtain |I; (g, t) —
1| < |t|?L(t) proving (b). Finally, Ix(\x,t) is independent of k yielding part (c). W

It follows from Proposition m(a) that (0,73,) (M, 0) = A\, 'a # 0. By the implicit
function theorem, we can solve uniquely the equation 74(z,t) = 1 near (A, 0) to
obtain a C! solution z = gx(t), gi, : Bs(0) — C, with gz(0) = .

Recall that My(t, h) = |h|L(R){1 + L(h) [t|2L(t) + |h|MIEO L(R)? |t|*L(t)?}.

Corollary 5.12 There exist C > 0, 6 > 0, b > 0 such that for all t, h € Bs(0),
g=1,...,d, k=0,...,q—1,

(a) lgi(t) = el < CIEPL(L);
(0) 1959k (t + h) = 9;gi(t)| < CMy(t, ).

Proof Write
Tk(Z,t> = Tk()\ka t) + (Z — )\k)Ck(Z,t). (53)

It follows from Proposition [5.2(b) that (z,t) — 0.74(2,t) is C'. Introducing momen-
tarily the function ((s) = (A + s(z2 — \g), ),

crn(z,t) = (2 — M)t i C'(s)ds = /0 (0.7%) (A + s(z — i), t) ds. (5.4)

We deduce that (z,t) — cx(z,t) is C'. By Proposition m(a), (A, 0) = A\ 'a # 0
and we can shrink § if necessary so that cx(Ax,t) is bounded away from zero for
te 35(0)
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Solving 7 (z,t) = 1,
gk(t) — >\k =z — )\k ~ Ck(/\k,t)_l(l — Tk(/\k,t)). (55)

The spectral radius of R(Ag,t) is at most 1 for all ¢, so 7,(A\s,¢) € By(0). Hence
lgi(t)] > 1 for all t. By Proposition [5.11{(b),

96 (t) — Xl ~ |ee(Ne, )] 711 — 7i(Ae, £)| < [EPLA(E),

proving part (a).
Implicit differentiation of 75 (gx(t),t) = 1 yields

Digr(t) = —05m(gx(t), 1) /07 (g (1), 1).

By smoothness of 9,7, and g, the denominator ¢ — 9,74(gx(t),t) is C*. We claim
that
1057k (gk(t + h), T+ h) — O05mi(gi(t), )| < My(2, ) (5.6)

from which part (b) follows.
It follows from Proposition (c) that z — 9;7(2,¢) is C' uniformly in ¢. Also,

g1s C', 50 [0;7i(gr(t + h), t+ h) = 7i(ge(t),t + h)| < |h[. By (B.3),

|0;7(2,t + h)—0;7(2,1)]
< |0jm( Ak, t 4+ h) = Oim( A, O)] + |2 = Akl |95 (2, t 4 h) — Djen(z, 1))

By Remark 5.7, |9;7 (Ae, t4h) — 9;7u(Ax, )] < [h|L(R). By and Proposition 5.6
10jck(2,t + h) — Ojex(2,t)| < |R|L(R)?{1 + |h| P8 FIL(R)| 2 — M|}
Hence
10,7 (2,t + h) — 0jmi(z,t)| < ||L(R) 4 |R|L(h)*|z — M| + [R|* 18 FI L(R)3 |2 — A2,
for [z] > 1. But |gx(t)| > 1, so by part (a),
10;7(gr(t),t + h) — 0;7k(gr(t), t)| < My(t, h)

completing the proof of the claim. |

Let mp(z,t) : Bi(Y) — Bi(Y) denote the spectral projection corresponding to
Tk(z7t)'

Lemma 5.13 There exists 6 > 0 such that
(1 —7i(z, 1) 'mn(z,t) = (gr(t) — 2) "' 7k(t) + Hi(z,t) (5.7)

where T (t), Hp(z,t) : B1(Y) — Bi(Y) are families of bounded operators satisfying
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(a) T is C* on Bs(0);
(b) Hy, is C° on Bs(\x) x Bs(0);
(c) z v+ Hi(z,t) is analytic on Bs(\x) for t € Bs(0).

Moreover, there are constants C' > 0, b > 0 such that |0;7(t + h) — 0;7k(t)] <
CMb(t, h) fort, h e BJ(O); g=1...,d.

Proof Fix j and k. Throughout this proof, we use the following abbreviations (for
r > 0):

(a) “C" uniformly in 2” means C" on Bs(0) uniformly in z € Bs(\g);
(b) “jointly C™” means C" on Bs(\;) x Bs(0);
(c) “analytic” means analytic on Bs()) for all ¢ € Bs(0).

Step 1 Write B
Te(2, 1) = (g (t), 1) + (gr(t) — 2)H (2, 1).

It follows from Proposition [5.2(a) that m, is analytic and hence that H is analytic.
Next, 0;(m(gx(t), 1)) = Gl( ) + G(t) where

Gi(t) = (0:m)(ge(t), 1) - Oj9u(t),  Ga(t) = (9jmi)(gk(t), 1)

It follows from Proposition [5.2(b) that d,m is jointly Ct. Also, g is C*. Hence, by

Corollary [5.12{b)
|G1(t + h) — G1(t)| < |h| + 10596 (t + h) — 09k (t)] < My(t, h).

Next, we note that G5, with 7, changed to 73, was estimated in (5.6]), and the identical
argument shows that |Ga(t + h) — Ga(t)| < M,(t, h). Hence

|0(mk (g (t + h), £+ ) — 05(me(gr(t), 1)) < Mp(t, h).
Writing H (z,t) fo 0.m6) (1 — 5)z + sgi(t), ) ds, we obtain that H is jointly C°.
Step 2 Write
L= (e t) = 7ulgn(6), 1) — 7802, 0) = (u(1) — 2)5(2, 1)

Again, it follows from Proposition [5.2(a) that 7, is analytic and hence that f is
analytlc Also, it follows from Prop081t10n - that 927 is jointly C'. Writing
B(z fo 0.1 ((1 — )z + sgi(t), t) ds, we obtaln that 0.3 is jointly C*. By Propo-

smon@
10;8(gk(t + h), t+ h) = 0;8(gw(1), V)] < My(t, h).
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By Proposition [5.11f(a), [3(Ax,0)] = & > 0 and we can_shrink § if necessary so
that 3 is bounded away from zero on Bs(\;) x Bs(0). Let 3(z,t) = B(z,¢)"'. Then,
we can write

(1= 7(2,0)7" = (gn(t) = 2)7H{Bgu(0): £) + (r(t) = 2)a(z. 1)},

where ¢ is analytic and jointly C° and

10;B8(gr(t + h),t + h) — 0;8(gu(t), t)| < My(t, h).

Step 3 Combining Steps 1 and 2, we obtain (5.7) with

Tu(t) = Blgr(t), )mi(gn(t), 1), N
Hi(z,t) = q(z,)mi(ge(t),t) + Blgr(t), ) H (2, t) + (gu(t) — 2)q(z, 1) H (2, 1).

The desired regularity properties of 7, and Hj, follow immediately from the regularity
properties established in Steps 1 and 2. |

Corollary 5.14 There exists 6 > 0 such that

=]

-1

(I - R(z,t)™" (g(t) — 2) 7' 7u(t) + H(z, 1),  (2,t) € Bis(0) x Bs(0),

?

where Ty, is as in Lemma and H(z,t) : By(Y) — By(Y) is a family of bounded

operators satisfying
(a) H is C° on By,s(0) x Bs(0);

(b) =+ H(z,t) is analytic on By,5(0) for t € Bs(0).

Proof Let t € Bs(0). For z € Bs()\y), the spectrum of R(z,t) is bounded uniformly
away from 1 except for the simple eigenvalue 74 (z,t) near 1. Hence

([ — ﬁ)il = (1 — Tk>71ﬂ'k + f_\[k,O on B(;(/\k) X Bg(O),

where z — ]levo(z,t) is analytic on Bs(\g) for t € Bs(0) and ﬁk,o is C° on Bs(A\x) X
Bs(0). Applying Lemma and relabelling,

(I — R(z,t)™" = (gi(t) — 2) 7' 7(t) + Hy(2,1).

In addition, z — (I — ( t))~! is analytic on Bi14(0) \ U, Bs(A\x) and (z,t) —
(I = R(z,t))"tis C° on (B144(0) \ U, Bs(Ar)) x Bs(0). Hence, we obtain the desired
result on Bj45(0) x Bs(0). |
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5.4 Completion of the proof of Lemmas and

Define for t € R%, n > 1,
Tiy: LNY) — LY(Y), Tinv = 1y P (1yv).

For z € C, t € R, define P(z t) =3 0" P T(z,t) = > oo 2T By [20], w
have the renewal equation T = (I — R)~'. Also, by [I5], P = ATB + E.

Throughout, we work on the domain Bl+5(0) x Bs(0) C C x R% Applying the
renewal equation, Corollary becomes

—

T(zt) =Y (gt) — 2)7'7(t) + H(z, 1), (5.8)

Q

B
Il

Where Tk, H: Bl( ) — Bi(Y) are families of bounded operators satisfying: 7 is C';
HisC% z — H(z t) is analytic for all ¢. Moreover, |0;7(t+h) —0;7,(t)| < My(t, h).

The same argument as in Step 1 of Lemma m (using Propositions and
instead of Proposition shows that

Az, 1) = Ay(t) + (gn(t) — 2)Hra(2.t),  Ax(t) = Algi(t), 1), (5.9)
B(z,t) = Bi(t) + (gu(t) — 2)Hyo(2,t),  Bi(t) = B(ge(t), 1), (5.10)

where Ay, Hpy @ Bi(Y) — Ll(A) and By, sz : B(A) — By(Y) are families of
bounded operators satisfying: Ak, Bk are C: Hkr is C% 2z — H;”(z t) is analytic
for all ¢; for » = 1,2. Moreover, by Proposmons (.8 and 5.9 -

10; A (t + ) — 8, Ak(1) || Bviys 11 (a) < Ma(t, 1),
10; Br(t + h) — 0; Bi(t) | says8,v) < Ma(t, h).

Combining (5.8)), (5.9) and (5.10) together with Proposition [5.5]

[y

ﬂ@ﬂzﬁ@ﬂﬂaw&4w+ﬁ@ﬂ:-_«%ﬁ—@Aﬁﬂﬂ+ﬁm@@>

0

i

where 7, 1, ﬁk’g : B(A) — L'(A) are families of bounded operators satisfying: 7 ; is
(OFF f[kg, is C% 2 — ﬁhg(z,t) is analytic for all t; and [0;71(t + h) — 0;7 (1) <
Mb<t, h)

Let || || denote || ||pa)—ri(a)- An immediate consequence of the regularity prop-
erties of ﬁk,g is that there exists 7 € (0, 1) such that the Taylor coefficients of Hk73
satisty ||(Hgs)en| < 7™ Hence,

q—

Z —(n+1) o (t H < A"
k=0
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By 2.1) and 2.2), |P" — >21, Mo e|l << 4™ for some v € (0,1). Altogether, we
have shown that there exist v € (0 1), C' > 0 such that

qg—1
H Z <)\Z¢Hk7t - gk(t)_(”“)frm(t)) H < CH" forallt € Bs(0), n>1.
=0

Since |Ako| = |gx(0)] = 1, we can shrink § > 0 so that |\g,| > v and |gx(¢) 7> 7.
It follows that {M\e;}x = {gx(t) '} and {x e = {gx(t) ' 7r1(t) k. The desired
regularity properties of Az, and Iy, : B(A) — L'(A) now follow from those for gy
and 7y 1, completing the proof of Lemma |4.1]

Proof of Lemma After relabelling (by a permutation in k), we can suppose
that \g; = g(t)™' with gk(O) )\’ as before and \gg = )\,;1. (In particular, Mg, is
unchanged, but \; becomes A By -

go(t) — 1= )\&t( — Not) ~ Xt -t L(t).
By with £ =0,
1—710(1,¢t) ~ co(1,t)(go(t) — 1) ~ & Xt - t L(1).
Hence by Proposition [5.11](c),
1 —Tk()\k ) ~aXt-t L(t)
forall k=0,...,9 — 1. Applying (5.5)) once more,
ge(t) = At~ ck(A,gl,t)—l(l — (A1) ~ A St L(E).
Finally,
Ao = A = M= g ()71 = Mg () T (ge(8) — A1) ~ A St - £ L(2)
completing the proof. |

6 Proof of the main result

In this section, we complete the proof of Theorem [I.1I} We continue to work on the
one-sided tower A.
Fix ¢ as in Section il Let r : R? — C be C? with suppr C Bs(0) and define

Apn = Jpae”"Nr(t) P dt. By (2.1),

nN_Z / e N () Tk dt + / e " Nr(t)Qy dt.
Bs(0)

Following [18], the main step in the proof of Theorem is to estimate || A, n]|.
Throughout this section, || || denotes || ||g—z:-
The next result suffices in the range |N| < a,.
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Corollary 6.1 There exists C > 0 such that ||A, n|| < Ca,? for alln > 1, N € Z¢.

Proof By (2.2) and Corollary , A < 3020 B5(0) Nea|"dt +7" < a;?. W

Recall from the proof of Corollary that there is a constant ¢ > 0 such that
log | Are| < —c[t|?L(t). Let b > 0 be as in Lemma [4.1] and define e; = ¢/(2b). We now
focus on the range

an <|NJ < et

Choose j so that [Nj| = max{|N|,...,|Ng|} and set h = 7N 'e; (where e; € R

is the j’th canonical unit vector).

Proposition 6.2 There exist C' > 0, 6 > 0 such that

n log|N]|
O; (A" gt — Oj(N")gpen| dt < C—
/325(0)} ! t ’ t ‘ ag ||

n

for alln > 1, |N| > n/6 with a, <|N|<e'™, k=0...,q—1.

Proof In this proof we abbreviate B,(0) to B, and suppress dt. Set s =t — h
and relabel so that [, Myt h)[Aes|® < [ My(t, h)[Ae]™. Then [p [0;(\")re —
0j(A")k,s| < J + K where

J = n/ Y Vi 179 VI R (G n/ Mo 7HO Ak — D3 Ak 5.
Bos B

25

By Lemma [4.1]
nlog |N n(log | N|)?
K [ anemel < SOEEL [ e ROBIEDE p page
Bas NI g, [N Bas
3
PQOB I [ NP L. (6
|N| Bas

Since
|N|b|t|2L(t) _ 6b(log\N|)\t|2L(t) < ebeln\tFL(t) _ e%cn\tFL(t) < |)\k,t|_n/27

it follows from Corollary [.3] that

1 2
/ el "NV PEOAL (1) < / el 2L < 1B
Bas

d+4
B25 aTL

The other integrals in (6.1)) are also estimated using Corollary and we obtain

K<

n log|N|{ log |N|logn (log|N|)2(logn)2} n log |N|
- 1 -
a N U ! TIRY

2 4
n an an,

(Here, we used that log |[N| < n = a?/logn.)
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Next, |)\Z;1 — )\Z;1| < (n=1)(Mexl" 2+ Mes|™ )| Akt — Aks| so by the mean value
theorem,

N = N < e (Pl + ) 0 M

V]
for some u between t and s. Accordingly,
2

n
J << —= [ (el + [ Mesl™) 05 Akl |05 Akt
|N| BQ(;

By Lemma [4.0]
00l = 100 — O Mol < My(0,6) = L), 19 ku] < lullog(1/]ul). (62)
Now |u| < |t| + |h|, so

[ullog(1/[ul) < ([t + |h])log(1/([t| + [A]))
= [t[log(1/([t| + [A[)) + [p|log(1/(|t] + [A]))

< [t|log(1/[t]) + [h|log(1/|R]) < [f|log(1/|t]) + <571 = [¢|L(t) + 5.

In this way, it follows from (6.2) that |9 .| << [¢L(t), [0 ] < [E|L(E) 4 218

N
Similarly, [0; M4 < [s|L(s) + 57, 0Mku] < [s|L(s) + 5. By Corollary ,

log | N
/ el 0 Ml [9 M| < / el ls12L(s)? + BN [ sl s)
Bss

Bas ’N’ Bas

(log |N|)? /
+ [ Ak,s|"
N2 g,

log [N log |N|)?
< [ wdreezr+ 2 [ iz + CEEE [
N o N s

1(10g2n log |N|logn (logN)Q)

S\ TN e O INP
_ log|N]| nlog®n nlogn nlogN)
© nal \a2 10g]N| an|N| |N|?
log|N| logn an a’ log N) . log | N|
nad log\N| loga, |N|? nad
. . log |N
A simpler calculation shows that [, ANt 105 Ak 105 A k| < —. Hence J <
2 nad
log | N
o og | | This completes the proof. |
ag | N

24



Lemma 6.3 There exists C > 0 such that

_ log | N|
N (AR TT, dt” <o
H/B(;(O) kot ikt ad N2

for alln > 1, |[N| > 7/6 with a, <|N| <e", k=0,...,q— 1.

Proof Again, we abbreviate B;(0) to Bs; and suppress dt. Let I =
fBa e*it'Nr(t))\Z’tHk,t. Integrating by parts,

1 —it- n
I = W e tN(?jr(t))\k’th +

1

- / G_it.N’f‘(t)aj(/\nH)k,t = Il + ]2 + 13
'le Bs

1 , 1 .
L = ——/ e_lt'Najzr(t) pills, 1o = ——/ e N (4)0;( A" s,

1 —1t- n
_[3 = W (& tNT(t)aj()\ H)k;’t
Recall that r is C? and that ¢ — Ay, ¢ — I, are C' by Lemma Hence by
Corollary [4.3]

1 1 1 n n 1
I — Aet|" € = ——5 I — Mot € ——5.
Il < 5 [, e < e VB < 5, el <
To estimate I3, we use a modulus of continuity argument (see for instance [16,
Chapter 1]). Set s = t — h where h = 7TNJ-_1€]' and notice that I3 =
_i_lej J5,, €N (s)0;(A"IT). Hence
1 .
Iy = — e N (r(£)0;(A ) gy — ()0 (A" ).
2’le Bos ’ ’
Setting I, = ‘N| S5, T ($)10; (A" TD) iy — 05 (A" 1|, We obtain
1]l < 757 ()10 (A Tl + L

(1) =
INT /B,

1
< —/ | Aiel™ + 14 << + 1.
[N J B, |N|2
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Now,

1
Lt [ 1800 = Ol + o [ A — AL O
’N| ng |N‘ 326
1
<7 [ 105 A ke = (N ksl Ml + = [ 105 (A" s [T — Tl

|N| BQ5 |N| BZ&

1

v [P N+ [ 10T - T
N Jy, et = VT g, el T =

1
< 0; (A" )k — O, s| =5 / Aes|™
’N’ Bas | ]( )kﬂf ]( )k‘ | ’NP Bas | k, |

n 1
—|——/ At Me,s| ™| 011y — 0511 ]|
|N|2 Bas ’ t’ ‘N‘ Bas ‘ ‘ H J t J H

To complete the proof, we show that [, < 2% lo‘g ||];f | The first integral on the right-hand

81de was estimated in Proposition 3 while the second and third are dominated by

aﬁl NiEE The same calculation that was used for the integral K in Proposition |6.2|shows
that f325 |Ne.s| 10515 — 0,11k ]| < & 10%\” The desired estimate for I, follows. N

Corollary 6.4 There exist e, > 0, C' > 0 such that

n log|N|

—dm fO’f’ all n > 1, N e Zd with |N| < e,
O,

[An x|l < C

Proof By Corollary , |Ann| < @, Hence for n > (1+ |N|?)/log|N]|,

_ n log|N|
A, ‘<« —
H ,NH <a, < d 14+ |N|2
Hence we can reduce to the case n < 1(1 + |N|?)/log|N|. Then we can suppose
without loss that |N| > 7/§. In this way, we reduce to proving || A4, x| < a%lT]gV“JQV'

under the constraints
N[> /6, NI, n < LN?/log|N].

Since a?/loga, ~ 2n, the last constraint can be weakened to a2/loga, <
|N|?/log|N|, equivalently a, < |NJ.

By (2.2), there exists v € (0,1) such that || Joy0 €N T()QF dt]| < 4" Together
with Lemma [6.3] this implies that

n log|N]| 1
N2 NP

[ An ]| < VNI

Shrinking e, if necessary, 7| N[> < y"e?1" < 42 < 2 and so || A, v| < 2810 u

ai [NJ?
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Proof of Theorem By Lemma , it remains to consider the range log | V| <
ein. By [18, Lemma 3.9], there exists an even C? function r : RY — R supported in
Bs(0) such that

Loy < / Nt s

forn > 1, N € Z¢. Hence

P, =Ny < / e Nr(t)Pre i dt = Ay n 1a.
Rd

It follows that pa(k, = N) = fA P, —ny dpa < ||An n||. By Corollary (6.4 we

obtain the desired estimate for log |N| < €jn. |

7 LLD for nonuniformly hyperbolic systems mod-
elled by Young towers

In this section, we state and prove an abstract version of Theorem for systems
modelled by a Young tower with exponential towers for a general class of observ-
ables . The observables take values in Z¢ where there is no restriction on the value
ofd > 1.

Let (T, M, i) be a general nonuniformly hyperbolic map modelled by a two-sided
Young tower A with exponential tails (as in Section [2). Let x: M — Z? be an inte-
grable observable with [, xdu =0 and [, |s]*du = oo. Define the lifted observable
k=rKom: A — Z% We require that & is constant on 7 (a x {¢}) for each a € a,
¢€{0,...,0(a) — 1}. Then & projects to an observable & : A — Z¢ constant on the
partition elements a x {¢} of the one-sided tower A.

Define P,, \;; and so on as in Section . Properties and remain valid.
Our further assumptions in the abstract setting are that there exist continuous slowly
varying| functions £1, £, : [0,00) — (0,00) and a positive-definite matrix ¥ € R4
such that

p(|k| > ) <272y (x) forall z > 1. (7.1)

Define the slowly varying function /; (z) = fllﬂ u™ Yy (u/ logu) du. We require that
there is a constant C' > 0 such that

(log )20y (x) < Cly(z) for all z > 1. (7.3)

480 limy o0 £1(At)/1(t) = 1 for all A > 0, and similarly for .
5To optimise the results, we should take ¢, (z) = fll—m u~t(logu)?¢1(u/logu) du. Then L(t) =

£1(1/|t]) below but the formula for M, is much more complicated.
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Choose a,, so that
na, 2y (ay) ~ 1.

Theorem 7.1 (LLD in abstract setting) Let d > 1. There exist C > 0 and a
slowly varying function l3 (depending on €y, ly and d) such that

u(/{n:N)<C'nM

< _dl+|N|2 foralanl,NGZd.
aTL

Remark 7.2 The slowly varying function /3 can be determined by modifying the
proof of Theorem Some of the steps are indicated below.

In the case of billiards, assumptions and hold with ¢; =1 and l3(z) =
logz. We note that even with these ¢;, ¢ and d < 2, obtaining (3(x) = logz
in Theorem requires extra structure for billiards beyond the abstract setting of
Theorem [7.1] This extra structure was used in Proposition [2.1] and Lemma [3.0]
Similarly, assumption ((7.3) is not required in the billiard setting due to the extra
structure.

Remark 7.3 (a) In the simpler situation of Gibbs-Markov maps studied in [I§], the
underlying assumption is that u(|k| > ) ~ 272¢;(z) and that & lies in the nonstan-
dard domain of a nondegenerate multivariate normal distribution. A consequence is

that 1 — Ng¢ ~ Xt - tlo(1/|t]) with lo(z) =1+ fllﬂ 01 (u) /udu. Moreover, 3 = (5.

(b) As in [I§], the proof of Theorem does not rely on aperiodicity assumptions
and hence the result applies in situations where the local limit theorem fails.

(¢) More generally, one could consider situations where the underlying limit laws are
a-stable laws, o € (0,2) (rather than normal distributions with nonstandard normal-
isation). We already mentioned that the study of such stable LLD started with [9]
and [6] in the i.i.d. case for d = 1, extended to d > 2 [7]. The Gibbs-Markov case was
studied in [I8] for @ € (0,1) U (1,2] and general d > 1. We expect that Theorem [7.1]
in the abstract setting where M is modelled by a Young tower with exponential
tails, extends to the cases o € (0,1) U (1,2) with minor (and obvious) modifications.
However, for purposes of readability we do not pursue this extension here.

In the remainder of this section, we sketch the proof of Theorem [7.1] Again, the
range n < log | N| is handled at the level of T': M — M and x : M — Z%. Lemmal3.1]

is replaced by
Lemma 7.4 Letd > 1, w >0, € > 0. There exists C' > 0 such that

1 (|N])(log [N) 21+

,=N)<C

for alln > 1, N € Z* with n < wlog|N]|.
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Proof Define & = #£(N) = min{|x|,|N|} and M, = maxo<j<n_1|x| o T?. We use
|z| = max;_; . _4|x;| so that |g| is integer-valued.

.....

p(lkn] > |NJ) < p(lkn| = [N|, M, < |[N|) + p(M,, > |N]).
Note that

n—1
p(My, > [NJ) < p(ls| o T7 > N|) = np(|s] > [N[) < n|N|"26,(|N]).
7=0

Next, for any r > 2,
l|mn| = [N|, My < NJ) < p(Rn = [N]) < [[Ral[/INT" < n"||&]7/INT"
By resummation and ([7.1),

oo |N] |N] |N|
&7 =g &l =5) <> i ullsl =) < Y5 ullsl > §) < Y5 00G),
j=1 j=1 =1 j=1
so by Karamata, ||| < |N|"~2¢1(|N]). Hence
pltin = N) < p(|n] > INT) < 0" N2 (IN]) = nay "IN [T (IN )" g,

Since a,, is regularly varying of index %, and r > 2 is arbitrary, it follows that n"!a¢ <
natlte & (log |N|)g+1+5' B

The remainder of the proof of Theorem [7.1]is carried out on the one-sided tower.
As in Section , we define ¢(y) = zzi%)_l |k(y,¢)|. The analogue of Proposition
1s:

Proposition 7.5 There exist C, ng > 1 such that

py (¥ >n) < Cn2(logn)*y(n/logn) for all n > ne.
In particular, ¢ € L"™(Y) for all v < 2.
Proof A standard argument (see for example [5, Proposition A.1]) shows that

py (0 >n) < py (o > k) +op(|k| > n/k),
for k,n > 1. In particular, there exists a > 0 such that
py (Y > n) < e +n 2k (n/k).

Taking k& = qlogn for any ¢ > 2/a and using that ¢; is slowly varying,

py (Y >n) < n2(logn)*,(n/logn).
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Let € € (0,2 — 7). Since ¢, is slowly varying, ¢;(n/logn) < (n/logn)¥/? < n/2.
Hence iy (1) > n) < n~ 79 and it follows that ¢ € L. |

Define
My(t, h) = [BIL(h) {1 + LA [LPL(E) + [P EOL(R) e L(1)2}
where L(t) = log(1/|t|) and L(t) = L(t)2¢,(1/]t]).

Lemma 7.6 The conclusions of Lemma and [4.9 hold with M, and L(t) replaced
by My, and l5(1/|t]) respectively.

Proof The modifications are elementary, but heavy on notation, so we only sketch
the details.

Since ¢ € L" for all r < 2, the arguments in Section [5.1| are unchanged. The
changes in the proof of Proposition [5.6] are as follows. By resummation, Proposi-
tion [7.5/ and the definition of /;,

Z py (Y =m)m? <« Z py (Y > m)m < Z m~ ' (logm)*¢,(m/logm)

m=1 m=1 m=1
K ~
< (log K)* > " m™ 1 (m/logm) < (log K)*(1(K).
m=1

Using this in (5.2)), we obtain

Yo D T < IBLAPLA/RD{L+ (2] = DAL ().

m=1n<blogm

Similarly,

Yo D Twa < BLAPG(AIT L)L+ (2] = DR L(R) )

m>K n<blogm

Hence the estimate corresponding to Proposition [5.6|is
10;0-R(=, t + h) = 0;0-R(=, ) 13, vy < [R[ LR E(1/|B){1+ (|2 = D)2 F L)}

The corresponding estimates for 8]@, ng and @-é are the same but with one less
factor of L(h).

Parts (a) and (c) of Proposition are unchanged. Part (b) goes through with
L replaced by L. Hence, Corollary becomes that

|91 (t) = M) < [HPL(E),  [9;gu(t + h) — 9;qu(t)| < My(t, ).

The result follows. [ ]
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Corollary 7.7 Let 6 >0, r € R, k=0,...,q— 1. There exist C > 0, 6 > 0 such

that _
~ L(1 r
/ o T el < c((ad# foralln > 1.
B25 0 n

Proof Following the proof of Corollary [4.3] we obtain |A;| < exp{—b|t|*(s(t)}. Now
use that a,, is defined using /5 instead of L. |

Proof of Theorem The arguments are identical to those in Section [6] up to
slowly varying factors. Various simplifications no longer hold as the slowly varying
functions ¢y, fo, ¢ and log are less well related, so the exact formulas are rather
complicated and hence are omitted. |
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