WASSERSTEIN CONVERGENCE RATES IN THE INVARIANCE
PRINCIPLE FOR NONUNIFORMLY HYPERBOLIC FLOWS

IAN MELBOURNE AND ZHE WANG

ABSTRACT. We obtain g-Wasserstein convergence rates in the invariance principle for
nonuniformly hyperbolic flows, where ¢ > 1 depends on the degree of nonuniformity.
Utilizing a martingale-coboundary decomposition for nonuniformly expanding semiflows,
we extend techniques from the discrete-time setting to the continuous-time case. Our
results apply to uniformly hyperbolic (Axiom A) flows, nonuniformly hyperbolic flows
that can be modelled by suspensions over Young towers with exponential tails (such as
dispersing billiard flows and the classical Lorenz attractor), and intermittent solenoidal
flows.

1. INTRODUCTION

The statistical properties of uniformly expanding/hyperbolic maps and flows are by
now well understood, including the central limit theorem (CLT) for Holder observables
[12, 139, 41] and the almost sure invariance principle [I7]. The latter result implies both the
CLT and its functional form, commonly referred to as the weak invariance principle (WIP).
Subsequently, there has been great interest in such statistical properties for nonuniformly
expanding/hyperbolic maps and flows (see for example [10] 19 20| 23], 31, 33, B5]). In
addition, sharp Berry-Esseen estimates (convergence rates in the CLT) for nonuniformly
expanding maps were obtained in [21].

In recent years, interest has turned to quantifying convergence rates in the WIP for
dynamical systems, using metrics such as the Lévy-Prokhorov and Wasserstein distances.
Antoniou and Melbourne [4] established convergence rates in the Lévy-Prokhorov dis-
tance for nonuniformly hyperbolic maps. More recently, Liu and Wang obtained g¢-
Wasserstein convergence rates for deterministic hyperbolic maps [28] and for sequential
dynamical systems [29]. Dedecker, Merlevede and Rio [16] provided an improved rate in
2-Wasserstein distance. Regarding the multidimensional WIP (i.e. R-valued observables
with d > 1), Paviato [36] derived convergence rates in the Lévy-Prokhorov distance and
the 1-Wasserstein distance for nonuniformly expanding/hyperbolic maps and flows. Sub-
sequently, Fleming-Vézquez [18] obtained improved convergence rates in the g-Wasserstein
distance for nonuniformly hyperbolic maps.

However, in the continuous-time literature, the study of convergence rates in the CLT
and the WIP remains limited. To the best of our knowledge, only three works have
addressed this issue. Pene [37, B8] was the first to provide convergence rates in the CLT
for dispersive billiards with finite horizon. More recently, the aforementioned results of
Paviato [36] on convergence rates in the WIP cover both discrete and continuous time.
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A standard approach for deriving the CLT or WIP for flows from the corresponding
result for maps is via inducing (see for example [19, [33, 39]). Indeed, the error rates
in the CLT for flows in [37, B8] are obtained in this way, though the rate for flows is
weaker than the rate for maps. In this paper we pursue a different method, following
Paviato [36], working with the flow directly and obtaining exactly the same error rate as for
maps. The key technique in [36] is a secondary martingale-coboundary decomposition for
nonuniformly expanding semiflows extending the work of [26] for nonuniformly expanding
maps.

For scalar observables, Paviato [36] obtains the Prokhorov convergence rate
n~1(logn)3* in the WIP for uniformly hyperbolic maps and flow, and the rate n=1+°
for nonuniformly hyperbolic flows where 6 > 0 depends on the degree of nonuniformity
p € (2,00) and 0 — 0 as p — oo. The rates for nonuniformly hyperbolic flows in [36] are
the same as those in [4] for maps. The paper [36] also considers the 1-Wasserstein dis-
tance for vector-valued observables of nonuniformly hyperbolic maps and flows, obtaining
a rate ns 0 where § — 0 as p — 3~ (independent of the dimension of the observable).
However, the obtained rate does not improve for p > 3.

In this paper, as in [28], we restrict to scalar observables but consider convergence rates
for the g-Wasserstein distance 1 < ¢ < £, p > 4. We show that the same convergence

rates n~1% as those obtained in [28] for nonuniformly hyperbolic maps hold also for
nonuniformly hyperbolic flows, with 6 — 0 as p — oo. Our results are new for ¢ > 2 and
significantly improve the results in [36] for ¢ = 1 (scalar observable case) when p > 4.
Our results are applicable to uniformly hyperbolic (Axiom A) flows and a class of
nonuniformly hyperbolic flows modelled by suspensions over Young towers with exponen-
tial tails, such as planar periodic Lorentz gases with finite horizon, Lorentz gases with
cusps and the classical Lorenz attractor. In such examples, we obtain the convergence rate
n=1%% in the g-Wasserstein distance for all ¢ > 1, see Section Our results also cover
intermittent semiflows (Example and intermittent solenoidal flows (Example |5.4)).
The remainder of this paper is organized as follows. In Section [2| we introduce nonuni-
formly expanding semiflows and state the main results. Section [3]summarizes some recent
results of [36] on martingale approximation. The proof of the main result is given in Sec-
tion 4l In Section [5] we extend the convergence rate to nonuniformly hyperbolic flows.

Notation: Throughout the paper, we use 14 to denote the indicator function of measurable
set A and || - ||z» means the LP-norm. As usual, a,, = O(b,) means that there exists a
constant C' > 0 such that |a,| < C|b,| for all n > 1. For simplicity we write C' to
denote constants independent of n, and C' may change from line to line. We use —,, to
denote weak convergence in the sense of probability measures and —4; means convergence
in distribution. We use Px to denote the law/distribution of random variable X and use
X =4 Y tomean XY sharing the same distribution.

We denote by C0, 1] the space of all continuous functions on [0, 1] equipped with the
supremum distance dg, that is

de(z,y) == sup [z(t) —y@)|, =z,y€C0,1].
tel0,1]
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Let (M,d) be a bounded metric space and let n € (0,1]. We denote by C"(M) the
space of C" functions v : M — R with finite Holder norm ||[v||¢cn = |v|eo + |v|cn, Where

[v(z) —v(y)|
V| = sup |v(x)]|, v = sup ————.
|v] m};l (z)] [v]cn zyy;/[ d(z,9)"
TAY

2. STATEMENT OF THE MAIN RESULTS

2.1. Nonuniformly expanding maps. Let (X, d) be a bounded metric space with Borel
probability measure p and let T' : X — X be a nonsingular, ergodic transformation.
Suppose that Y is a subset of X with p(Y) > 0, and {Y;} is an at most countable
measurable partlmon of Y with p(Y;) > 0. Let r: Y — Z* be constant on each Y and
such that 77y € Y for all y € Y. We call r the return time and F =717 : Y — Y the
mduced map.

We suppose that there are constants A > 1, C' > 1, n € (0, 1] such that for each j > 1,
(1) Fly, : Y; = Y is a (measure-theoretic) bijection,
(2) (Fx Fy) > Md(z,y) for all x,y € Y},
(3) d(T*z, T"y) < Cd(Fz, Fy) for all z,y € Y}, 0 < ¢ < r(j),

4) g; = d|p‘ satisfies |log g;(z) —log g;(y)| < Cd(Fz, Fy)" for all z,y € Y.
Assume that r € LP(Y') for some p > 1; then we call T : X — X a nonuniformly expanding
map of order p.

As a consequence of conditions (1), (2) and (4), the map F' is a (full-branch) Gibbs-
Markov map [I]. It is standard that there exists a unique absolutely continuous F-
invariant probability measure puy on Y.

2.2. Nonuniformly expanding semiflows. Let ¥, : M — M be a semiflow on a
bounded metric space (M, d), satisfying ¥y = Id and W,y = ¥, 0 Uy for s,¢ > 0. We
assume that there exists C' > 0 such that

(2.1) AWz, W) < Cd(x,y) foralltel0,1], z,y € M,
and
(2.2) AWz, Vex) < C|t —s| forall s,t >0, x € M.

Let X C M be a Borel set and define the first return time h : X — R, h(z) = inf{t >
0: Wz € X}. We assume that h € C"(X) for some fixed n € (0,1], and that inf h > 1.
Such a function h is often called a roof function. The map T' = ¥, : X — X is called
a Poincaré map. If T is a nonuniformly expanding map of order p > 1 as described in
Subsection [2.1] then we call the semiflow W, : M — M a nonuniformly expanding semiflow
of order p.

Define the induced roof function

r(y)—1
p:Y —[1,00), Z:hTZ
Since r € LP(Y) and ¢ < |h|or, we have ¢ € LP(Y). We define the suspension Y¢ =
{(y,u) € Y xR : 0 < u < ¢(y)}/ ~, where (y,¢(y)) ~ (Fy,0). The suspension
semiflow F; : Y% — Y% is given by Fi(y,u) = (y,u + t) computed modulo identifications.
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Also, define the ergodic F-invariant probability measure u? = (uy x Lebesgue) /@, where
¢ = [, pduy.

We have a projection 7y, : Y? — M given by 7y (y, u) = ¥,y and it is a semiconjugacy
between F; and WV, satisfying W, o myy = mpy o Fy. Hence pupr = (mar).p? is an ergodic
U,-invariant probability measure on M.

2.3. Statement of the main results. Let Cj(M) = {v € C"(M) : [,,vduy = 0}.

Given v € CJ(M), we denote v; = fot v o VUyds and define the contlnuous processes
W, € C[0,1], n > 1, as

1 nt
Wh(t) == %/U voWyds, te]0,1].

The following result is standard; see [25] 27, 311 133, [34] for details.

Proposition 2.1. Let U, : M — M be a nonuniformly expanding semiflow of order p > 2
and v € CJ(M). Then

(a) (CLT) The limit 0* = lim;_,oot™? fM v2duy exists, and t/%v, —4 N(0,0?) as
t — o0.

(b) (WIP) W,, =, W in C[0,1] as n — oo, where W is a Brownian motion with mean
zero and variance o > 0.

(¢) (Moment bounds) There exists C > 0 such that || SUDye(o. k] Vi HL2(p_1)

CKY*||v||cn for all K > 0.

an S

Proof. Define the induced observable v : X — R, v = fohv oW, du. Since v € CJ(M)
and h € C"(X), it follows easily from that 0 € C"(X) with [, 0du = 0. It is well
known, see e.g. [26, Corollary 2.13|, that the WIP holds for o : X — R. By a standard
inducing argument (see for example [27, Proposition 5.7 and Theorem 5.8]), the WIP
holds for v: M — R.

Similarly, by e.g. [26, Corollary 2.10], || maxs<, | Z] ovo Tj|||L2(P*1)(X) < C||v||gant/?
Since the roof function h is bounded below, the moment estimate for the semiflow fol-

lows easily by a standard argument (see for example, [34) proof of Lemma 4.1] or [25]
Section 7.2]). 0

In the present paper, we consider the Wasserstein distance to metrize weak convergence.
For ¢ > 1, we denote by W, (1, v) the Wasserstein distance between the distributions p
and v on a Polish space (X, d) (see [45, Definition 6.1)):

W,(p,v) = inf {[Ed(X, V)" law(X) = p, law(Y) = v}.
Proposition 2.2 ([45], Definition 6.8]). We have that lim,,_,oc W, (fin, pt) = 0 if and only
if the following two conditions hold:
(1) pin —>w [t a8 M — 0O,
(2) limy, o0 [, d(z, x0)" d,un = [, d(x,x0)? du(x) for some (thus any) o € X.

In particular, if the metric d is bounded, then the convergence with respect to Wy, is
equivalent to the weak convergence in condition (1).

In the following, we use the abbreviation W,(X,Y) to mean W,(Px, Py).

Theorem 2.3. Let U, : M — M be a nonuniformly expanding semiflow of order p > 2
and v € CJ(M). Then lim,, oo Wy(W,,, W) =0 for all 1 < q<2(p—1).
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Proof. The proof is essentially the same as that of [28, Theorem 3.3], and is included here
for completeness. It follows from Proposition [2.1|c) that W, has a finite moment of order
2(p — 1). This together with the fact that W, —, W in Proposition 2.1(b) implies that
for each ¢ < 2(p — 1),

lim E sup |[W,(¢)|? =E sup |[W(t)?

N0 ¢eo,1] t€[0,1]

by [15, Theorem 4.5.2]. On the other hand, using the fact that W,, : M — C0, 1] and the
definition of pushforward measures, we have

/ de (2, 0)7 dpar o W, () =/ sup |W, (¢, w)|? dpar(w) = E sup [Wi(8)|%
Co,1] M

te(0,1] t€[0,1]
similarly,
| dela,0)dpuss 0 W o) = E sup [W(O)"
Co,1] t€[0,1]
Hence
lim de(z,0)4 dpps o W, H(z) = / de(z,0)9 dpps o W ().
n= Jeoo,1] co,1]

By taking g, = par o Wl = ppr o W1 and xy = 0 in Proposition and using the
fact that W,, —,, W in C0, 1], the result follows. O

Our main result for semiflows is the following:

Theorem 2.4. Let V, : M — M be a nonuniformly expanding semiflow of order p > 4

and v € Cg(M). Then there exists a constant C > 0 such that We (W,,, W) < Cn it
foralln > 1.

We postpone the proof of Theorem [2.4] to Section [4

Ezample 2.5 (Intermittent semiflows). We consider a class of intermittent semiflow W, :
M — M with an intermittent Poincaré map, namely the LSV map T : [0,1] — [0, 1]
(see [300),

- z(1 + 2°27) xE[O,%),
T<x)_{2m—1 ve[b1],

and Holder return time function A : [0,1] — [1,00). Here § > 0 is a parameter and the
map 7" and semiflow ¥; are nonuniformly expanding of order p for all p < 1/4.

Paviato [36] derived the 1-Wasserstein convergence rate n=s™0 for 3 € (0,3) and
n=3(1-2043 for B € [3,3)- By Theorem , we obtain the g-Wasserstein convergence

1,8 L . . .
rate n” 1T 10 for g€ (0, i) and q < ﬁ, which improves Paviato’s result in this range.

3. MARTINGALE-COBOUNDARY DECOMPOSITIONS FOR SEMIFLOWS
In this section, we summarize some results for the suspension semiflow F; : Y¥ — Y¥
defined in Section [2l In Subsection (3.1} we recall the notion of Gibbs-Markov semiflow.

In Subsection (3.2, we recall the martingale-coboundary decomposition for such semiflows
from [36], which extended the approach of [26] to continuous-time systems.
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3.1. Gibbs-Markov semiflows. Let F; : Y¥ — Y¥ be the suspension semiflow over
the induced Gibbs-Markov map F' : Y — Y with induced roof function ¢ € LP(Y) and
ergodic invariant probability measure u¥ as in Subsection . By [36, Proposition 4.1],
there is C' > 0 such that

lo(y) —e(y')| < Clinfy,@)d(Fy, Fy')" forally,y' €Y}, j > 1.

Following [8, 136], we call F; : Y¥ — Y¥ a Gibbs-Markov semiflow of order p.
For j > 1,set Y = {(y,u) €Y?:y € Y;}. Givenw : Y¥ — R and n € (0, 1], we define

jw(z, u) = wly, u)

(wlee = sup |w(y,vw)|, |wlys=sup sup = :
T wwere B (@), (y,u) €Y7 (infy, p)d(F, Fy)?
Ty

We write w € V'(Y¥) if ||w|
Jye wdp® = 0}.

3.2. Martingale-coboundary decompositions for Gibbs-Markov semiflows. Sup-
pose that F} : Y¥ — Y% is a Gibbs-Markov semiflow of order p > 2. Let Uyw = w o F}

be the Koopman operator for the time-one map F; and L, the transfer operator of F}, so
[ Livwdp? = [vUjwdp? for v e LYY?), w e L>®(Y?).

yn < 0o, Let VJ(Y?) = {w € VI(Y?) :

yn = |w|oo + ’w

Proposition 3.1. Given w € V] (Y?), define a function ¢ : Y9 — R, 1) = folw o F,ds.
Then there exist m € LP(Y¥), x € LP1(Y'?) such that ¢ = m+yoFy—x and m € ker L.
Moreover, there exists a constant C' > 0 such that for all w € VJ(Y?),

Imller < Clluwlion, || max [xo £ = x|, < Cllufln'

Proof. This proposition is a summary of parts of [36, Propositions 4.6, 4.8 and 4.9]. O

For 1 < j < n, define the o-algebra G, ; = Fn’_ljB. where B is the underlying o-algebra
on the space Y?.

Proposition 3.2. Fizn > 1. Then{moF,_;,G,;;1 < j < n} is a sequence of martingale
differences. That is G, j—1 C Gy j, moF,_; is G, j-measurable, and E(moF,_;|G, j_1) =0
for0<j<n-—1.

Proof. This is a standard consequence of the facts that F;'B C B, UL, = E(-|F,'B)
and m € ker L; (see for example [26, Proposition 2.9]). O

Following [36, Equation (4.15)], define w = (U; Lym?) — 0 = E(m? — 0| F, ' B). Since
fyq, U Lim?dp¥ = wa Lim?du? = 0%, we have fYW wdp? = 0.

Proposition 3.3. There exists a constant C' > 0 such that for alln > 1 and w € VJ(Y¥),

k—1
max } E fDoFi|
1<k<n —0

1=

Proof. See [36, Corollary 4.18]. O

< C’Hw”%nnlm.

2(p—1)
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4. PROOF OF THEOREM [2.4]

In this section, we prove Theorem [2.4, Recall that ¥, : M — M is a nonuniformly
expanding semiflow of order p > 4 with ergodic probability measure pp;. Let F; : Y9 —
Y? be the corresponding Gibbs-Markov semiflow with ergodic probability measure u?.
We have the measure-preserving semiconjugacy mas : Y9 — M.

Let v € CJ(M). By [36, Proposition 4.3], the lifted observable w = v o my, lies in

Vi (Y9). _
Define continuous processes W,, € C[0,1], n > 1, on (Y?, u¥) as

1 nt
Wn(t)::—/ wo Fyds, tel0,1].
Vi o o
Then Wn = W, omy =4 W,. So it follows from Proposition (b) that Wn —w W,

where W is a Brownian motion with variance 0® = [,,, m?du?. Moreover, We (Wo, W) =
Wz(Wn, W), so we reduce to proving the following:
Lemma 4.1. Suppose that F; : Y? — Y¥ is a Gibbs-Markov semiflow of order p > 4 and
let n € (0,1]. Suppose that w € VJ(Y?). Then there exists a constant C' > 0 such that
Wp(Wn,W) < Cn T for alln > 1.

Let {mo F,_;,G, ;1 < j < n} be the sequence of martingale differences in Proposi-
tion B2l We define
for 1 < j<mn,

Cn,j . \/_O' n YR

and define the conditional variances
Vok —ZE |QW 1), forl1<k<n.
Define the stochastic process X with sample paths in C[0, 1] by

— Vi
4.1 ; wkets  for Vi S tVin < Vigsr.
(4.1) ZC J Viirr — Vi kC 1 e , 1

We recall the following standard argument from probability theory.

Proposition 4.2. There is a constant C' > 0 such that || maxi<j<, ¢ < Onl'/r=1/2

for alln > 1.

7]‘ HLP

Proof. For all n > 1, we have maxo<;<,_1 |mo F;[P < Z;:ol |mo F;|P so || maxg<j<p—1 |mo
Fj]Hp < n'/?||m||,. The result follows by definition of ¢, ; and Proposition . O

Next we estimate the random variable k = k,,(¢) defined implicitly in (4.1).

Proposition 4.3. There ezists a constant C' > 0 such that || SUPyepoq) [k — [nt <

Cn'’? for alln > 1.

] | HLZUD—D
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Proof. We follow the argument of [36, Proposition 5.5], which is based on [4, Proposi-
tions 4.1 and 4.4]. For 1 < k < n, we can write

1 _
|Vouk —5 = WZE(WZ Oanj’anl(jq)B) k‘
j=1
1< LS
= o7 LB =GB 0 P = 5| S i e B
j=1 J=1

Hence it follows from Proposition [3.3] that
5 k-1
| s | e
J:

< —
By [, Proof of Proposition 4.4], |k — [nt]| < nmax;j<n4+1|Va; — L] 4+ 2 and the result

k

max |V, — =2
[V "| L2e-1) — no?

follows. O

1<k<n

< Cn Y2
L2(p-1) —

Lemma 4.4. Let B denote standard Brownian motion. Let p > 4. Then for any § > 0,
there exists a constant C > 0 such that Wg (Xn, B) < Cn~G=9 for allmn > 1.

Proof. The proof is similar to that in [28, Lemma 4.4] and we follow the same steps
omitting some arguments that are identical.

(1) By the Skorokhod embedding theorem (see [22, Theorem A.1}), there exists a
probability space (depending on n) supporting a standard Brownian motion B, a sequence

of nonnegative random variables 74, ..., 7, with T; = 23:1 7;, and a sequence of o-fields
F; generated by all events up to T; for 1 <1¢ < n, such that for all 1 <7 < n,

o Yt Guy = B(TY);

o E(7i|Fio1) = E(1Gr,il*|Gni-1) as.;

e for any p > 1, there exists a constant C}, > 0 such that
E(f|Fic1) < CoE(|Guil|Gni-1)  aus.

On this probability space, we show that for any d > 0 there exists a constant C' > 0
(independent of n) such that

sup | Xy () — B(t)]
t€[0,1]

)

Then the result follows from the definition of the Wasserstein distance.
For ease of exposition, we write (; and V}, instead of ¢, ; and V,, , respectively. By (4.1)),
tV, — Vi

(4.2) Xn(t) = B(Tk) + (m

) ([3(7%+4) —-Zg(jk)), ﬂar'V2 E;t‘€1<i V%+1.

(2)  Following the argument in |28, Lemma 4.4], we have

< Cn? max ¢kl = Cn’%HmH%p <Cne.

I7
L5 1<k<n L

max |7} — Vk|‘
1<k<n
By the proof of Proposition [4.3]

1

Vi — 1], 5 < Cn*.

N
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(83)  We now estimate |X,, — B| on the set {|T,, — 1| > 1}. By Chebyshev’s inequality
and the estimates in (2),

w?(|T, —1| > 1) <E|T, — 1| < Cn™4.
Hence we deduce that

Hl{\Tn—1|>1} sup | X, (t) — B(t)|‘
te(0,1]

p

L2
< (w21, — 1) > 1)(] swp X O]+ | sup |Bt ) < cn i

(4) By (3), it remains to estimate |X,, — B| on the set {|Tn — 1| <1}. Now

Hl{lTwuﬁ} sup [ X, () — p Sh+1
t€[0,1] 2

where
[1 =

I, = H1{|T —1<1} SUP |B(Ty) — \)

sup | X, (t) — B(Ty)

t€[0,1]

By (4.2)) and Proposition

I<H max |G| <Cn ity <COni
! 0<ksn—1 FHHllLy = " =t

(5) By (3) and (4), it remains to estimate l,. Let v € (0,3). By Kolmogorov’s
continuity theorem,
B(s) — B(t
ap 1B0)= B0
5,4€[0,2] |S — t|’y
s#t

(4.3)

< OQ.

Following the same argument as in [28, Lemma 4.4], we also have
(4.4) | sup |Tx —t7||,, < Cn™3.
tel0,1]
On the set {|7,, — 1| < 1}, note that

s

B(s) — B(t

sup |B(Ty) — B(t)| < ( sup M)( sup |Tj, —t|7).

t€[0,1] sefo |s — ] t€[0,1]
Hence by Holder’s inequality and . .

I, <|| sup ’ ‘ sup |7y — t|”||Lp <(On"z.
5,t€[0,2] LP ™ tel0,1]
s#t

The result now follows by taking ~ sufficiently close to % 0
Proposition 4.5. For n > 1 and ¢ = fol w o F,ds, define Z, =

MaXo<; o</ | Z;‘Cjﬁ Yo Fj|. Then
(a) X0 o By < Zu((b— a)(ns — 1) +3) for all 0 < a < b <n.
(5) | Zall 201y < Cnit 70 for alln > 1.
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Proof. The proof of part (a) is identical to that in [4, Proposition 4.6] and we omit it. As
for part (b), following [36, Proposition 5.6], we have

iv/n+l—1

2(p—1)
Zn|2PVdps < ma o F} d v
12 7 Z . 0<€<Xf oW 7
i< j=iv/n
2(p—1) ¢ 2(p—1)
= max du“":\/ﬁH max / wo F dsH
ye 0<U<y/n 0<t<y/n L2(p-1)
< Cn? - n
by Proposition [2.1c). The result follows. O

Define g : C[0,1] — C[0,1] by g(u)(t) := u(1) — u(l —t).
Lemma 4.6. Let p > 2. Then there exists a constant C > 0 such that W,_1(g o
Wn,aXn) < C’n*%‘l@i&” for alln > 1.
Proof. The proof follows that in [4, Lemma 4.7] with obvious notional changes. Write

k
—~ 1 n
g(Wn(t)) — O'Xn(t) = %</ : ]U} 9] Fs ds — Zmo Fn—]) + En(t)
n—|nt j=1
n—k—1
Z Q/JOF]_{_XOFn—k_XOFn)_‘_En(t)

j=n—[nt]

_ 1
-V

where |E, ()] < —=[wlls + maxo<j<n [Cagl, s0 || supsego 1y 1En(t)
sition [4.2]
By Proposition

| sup ]XOFn r—xoF, \H < 2|| max |x o Fj — Xprgnl/P.

|, < Cn~2*% by Propo-

0,1] 0<j<n
Finally,
(i 1.1
sup ’ < | Zn ]2 <( - 1)l sup |k — nt]\”p/z—l—?)) < Onitie-D
tef0,1] tef0,1]

n—[nt]

by Propositions and . Hence H SUDye[o,1] |g(Wn(t)) — UX”(t)H‘Lpﬂ < Cn =t 1D
and the result follows. O

Proof of Lemmal[{.1 Note that g o g = Id and g is Lipschitz with Lipg < 2. Also,
g(W) =4 W =, 0 B. By the Lipschitz mapping theorem (see [28, Proposition 2.4]),

Wy (W, W) = Wy (g(g 0 Wa), g(g 0 W)) < 2Wg (g0 Wy, go W) = 2Wy (g0 W,,0B).
By Lemmas [4.4] and [£.6]
We (g o W, oB) <Ws(go W,, 0Xy,) +Ws(0X,,0B)
< On"i T 4 On it < On TG,

where the last inequality holds because ¢ > 0 can be taken arbitrarily small. O
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5. NONUNIFORMLY HYPERBOLIC FLOWS

In this section, we show how the main results in Section [2| extend from nonuniformly
expanding semiflows to nonuniformly hyperbolic flows. The techniques for quotienting
out stable directions are more-or-less standard following [12], 40, 43] but remain somewhat
tricky for flows. For Axiom A flows, this was done in [32]. Then [7] covered the case of
singular hyperbolic flows, including the classical Lorenz attractor. In the more general
situation considered here, we follow arguments in [36, Section 6]. We note that these
techniques are restricted to the case where there is exponential contraction along stable
manifolds, even though we allow nonuniform expansionﬂ

In Subsection [5.1], we introduce the setup. In Subsection [5.2] we state our main results
for flows and give several examples. In Subsection [5.3] we provide a sketch of the main
result for flows.

5.1. The setup. Let (M,d) be a bounded metric space and let ¥; : M — M be a
flow, satisfying ¥y = Id and ¥;,, = ¥, o U, for s, € R. As in Section , we assume
continuous dependence on initial conditions and Lipschitz continuity in time .
We suppose that there is a Borel subset X C M with first return time h : X — RT
satisfying h € C"(X) and inf h > 1.

e We suppose that there is a “uniformly hyperbolic” subset Y C X, an at most count-
able measurable partition {Y;} of Y, and an integrable return time function r : ¥ — Z%
constant on each Y; such that T'Wy €Y. Define F: Y — Y as Fy = T"®y. We suppose
that py is an ergodic F-invariant Borel probability measure on Y. We define a separation
time s(y,y’) on Y as the least integer n > 0 such that F"y and F™y’ belong to different
partition elements.

e We suppose that there is a measurable partition Q° of Y consisting of “stable leaves”
refining {Y;}] Let Q*(y) be the stable leaf containing y € Y. We assume that FQ*(y) C
Q*(Fy). Define the quotient space Y = Y/Q° with projection 7 : Y — Y and partition
{Y;} where Y; = 7Y;. We also have the quotient map F': Y — Y with ergodic invariant
probability measure fiy = 7,uy. We suppose that F is a Gibbs-Markov map as in
Section 2.1

e We require that there is a measurable subset Y C Y such that for every y € Y,
there is a unique y € YN Q*(y). Let m: Y — Y denote the associated projection. Let
Bn(y) = N be the unique integer such that

N-1 N
Zr(ij) <n< Zr(ij)
=0 =0

This counts the number of “good” returns of the map 7" to Y by time n. We suppose
that there exist C' > 0 and v € (0, 1) such that

(5.1)  d(T"y, T™) < C(Y"d(y. ) + @)WY forall y,y/ €Y, n >0,
and
(5.2) d(T"y, T™y) < Cy* @Y= for all y,of € Y, n > 0.

!The condition of exponential contraction along stable manifolds is relaxed somewhat in [8] in the
study of rates of decay of correlations for flows.
2More standard notation is W* but we already used W for processes and W for Wasserstein distance.
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Remark 5.1. In particular, we have contraction of 71" along stable leaves:
d(T"y, T"y') < Cy"d(y,y') for all y,y' € Y with ¢’ € Q*(y), n > 0.

Let ¢ : Y — [1,00) be defined as ¢(y) = Z:i%)flh(Tiy). Since r € LY(Y) and
© < |h|oor, we have ¢ € L'(Y). Define the suspension Y¥ = {(y,u) € Y xR : 0 <
u < ¢(y)}/ ~, where (y,¢(y)) ~ (Fy,0). The suspension flow F; : Y¥ — Y¥ is given
by Fi(y,u) = (y,u + t) computed modulo identifications. The projection 7y, : Y¥ — M,
v (y,u) = W,y is a semiconjugacy between Fy and W,. We have an ergodic Fj-invariant
probability measure ;¥ = (uy x Lebesgue)/@, where @ = [, @ duy. Then py = (mar)opt?
is an ergodic W,-invariant probability measure on M.

A flow (W4, M, puys) satisfying these assumptions is called a nonuniformly hyperbolic
flow of order p if r (and hence ¢) is LP.

5.2. Main results for flows. Let v € CJ(M) and define continuous processes W,, €
C0,1] as

1 nt
Wn(t):%/o voWyds, te]0,1].

Then Proposition still holds for nonuniformly hyperbolic flows; see [26], 27, 31, [34]
for example. The statements of our main results are completely analogous to those of
Theorems 2.3 and 2.4l

Theorem 5.2. Let U, : M — M be a nonuniformly hyperbolic flow of order p > 2 and
ve CHM). Then Wy,(W,, W) — 0 in C[0,1] for all1 < q<2(p—1).

Proof. Since W, has a finite moment of order 2(p — 1), together with Proposition [2.2] and
the fact that W,, —, W as n — oo, we can obtain the conclusion just as in the proof of

Theorem 2.3 O

Theorem 5.3. Let U, : M — M be a nonuniformly hyperbolic flow of order p > 4 and

v € Cg(M). Then there exists a constant C' > 0 such that We (W, W) < Cn 11D for
alln > 1.

Ezample 5.4 (Axiom A flows). By [11], Axiom A flows [13]44] are nonuniformly hyperbolic
of order p for all 1 < p < oo (indeed r and hence ¢ are bounded), so Theorem applies to
W, for all ¢ > 1 and we obtain the rate W,(W,,, W) < Cn~1% for § > 0 arbitrarily small.
This includes Anosov flows [3] (such as geodesic flows on negatively curved manifolds)
and solenoids.

Ezample 5.5 (Planar periodic Lorentz gases). The 2-dimensional periodic Lorentz gas is
a model of electron gases in metals studied by Sinai [42]. The Lorentz flow is a dispersing
billiard flow on M = (T?\ Q) x S', © = UL, Q, where the obstacles Q; are disjoint
convex regions with C® boundaries of nonvanishing curvature. The Poincaré map (or
collision map) T is a dispersing billiard defined on X = 0Q x [~7,7]. Under the finite
horizon condition, which means that the roof function (or collision time) A is bounded,
Young [46] demonstrated that 7' has exponential decay of correlations. In particular,

it follows from [46] that ¥, is uniformly hyperbolic of order p for all 1 < p < co. By
Theorem , we obtain W, (W,,, W) < Cn~ 10 for all ¢ > 1 and all § > 0.
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Ezample 5.6 (Dispersing billiards with cusps). Next, we consider dispersing billiard flows
with cusps, where the boundary curves are all dispersing but the interior angles at corner
points are zero. Chernov and Markarian [14] proved that the billiard map has slow decay
of correlations with rate 1/n. However the collision time is not bounded below. By
considering an an alternative cross section X’ bounded away from the cusps, Bélint and
Melbourne [9] proved that the corresponding Lorentz flow is superpolynomially mixing.
As a byproduct of proving this, they showed that the flow is nonuniformly hyperbolic of
order p for all 1 < p < co. Hence, by Theorem we obtain W, (W,,, W) < Cn=1%9 for
all ¢ > 1 and all § > 0.

Example 5.7 (The Lorenz attractor). Statistical limit laws and exponential decay of cor-
relations were proved for the classical Lorenz attractor in [5l [7, 10, 24]. In particular, it
follows from [24] that the Lorenz attractor is nonuniformly hyperbolic of order p for all

1 < p < oo. Hence, by Theorem , we obtain W, (W,,, W) < Cn~1%9 for all ¢ > 1 and
all § > 0. The same result holds for singular hyperbolic attractors by [6].

Ezample 5.8 (Intermittent solenoidal flows). Let Ty : [0,1] — [0, 1] be the intermittent
map considered in Example 2.5] We consider a diffeomorphism 7" : X — X introduced
in [2], obtained by replacing the expanding map in the classical solenoid map by Tp, with
exponential contraction along stable leaves. Hence we can construct an intermittent flow
U, : M - M with T : X — X as a Poincaré map and Hoélder return time function
h: X — [0,00). This yields a uniformly expanding flow of order p for all p < 1/ where
[ is the parameter in Example . Hence by Theorem [5.3] we obtain W, (W,,, W) <

Cn~ it a5+ for all Be(0,1)and ¢ < ﬁ

5.3. Proof of Theorem Following the arguments in [36, Section 6], the proof con-
sists of two ingredients:

(1) Reduction to a roof function that is constant along stable leaves.
(2) Reduction to an observable that is constant along stable leaves.

We sketch the constructions, referring to [36] for further details.

Step 1: Reduction to a constant roof function along stable leaves. Let v, = v"/2,
72 = 7. Define

xy Y =R, Xy (y) :Z{(hOTn)(Wy)—(hOTn)(Z/)}-

n=0
By (5.1) and (5.2), xy € L* and

v (y) = xv ()] < Cdly, o)+ "")  forall y,y €,
(see [8, Lemma 8.4] or [36], Proposition 6.7]).
Now define
o=¢+xyol —xy.

Then ¢ : ¥ — R lies in LP and, by construction, ¢ is constant along stable leaves.
Replacing F and ¢ by F* and Z?;é @ o IV for a fixed sufficiently large k, we can suppose
without loss of generality that inf ¢ > 1 so that ¢ is a roof function. By [8, Proposition 6.1]
or [36, Proposition 6.8],

12(y) — 2(y)| < Cinfy,@)7;¥") for all y,y' €Y, j > 1.
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Let Y% be the suspension over the map I : Y — Y with roof function ¢ and let ft ;
Y¥ — Y¥ be the associated suspension flow with ergodic invariant probability measure
tg. We can define a measure-preserving semiconjugacy

g:Y? Y% gly,u) = (y,u+ xv(y),

between Ef and F;. Then 7y = myr 09 : Y% — M is a measure-preserving semiconjugacy
between F; and U,.
By [36], Proposition 6.10], there exists v3 € (0,72) such that

for all y,y € Y with ¢ € Q°(y) and all ¢t > 0.
Finally, let v € C"(M). By [36], Proposition 6.11], the lifted observable voy, : Y% — R
satisfies /
v o Fn(y,u) —voin(y,s) < C((infy, @) + |u— s|")
for all (y,u), (4, s) € Y? such that 5,5/ € Y;.
Step 2: Reduction to a constant observable along stable leaves. By Step 1, we

can assume without loss that the flow W, is modelled by a suspension flow F} defined on
a suspension Y¥ with roof function ¢ constant along stable leaves and satisfying

lo(y) — ¢(y)] < Clinfy, )" for all y,y €Y, j > 1.

Moreover, we may assume the exponential contraction ([5.3) along stable leaves and we
may suppose that the lifted observable v o 7w, : Y¥ — R satisfies

[vomu(y,u) —vomy(y,s) < C((infy, )" + |u— s|")

for all (y,u), (v',s) € Y¥ such that y,y’ € }73
Let Y be the suspension over the quotient map F : Y — Y with roof function @ and

let F : Y? — Y7 be the associated suspension flow. Since F is a Gibbs-Markov map and
the roof function ¢ satisfies

B(y) — 2(y/)] < Clinfy, @)y ") forally,y €Y, j > 1,

the quotient semiflow F, : Y¥ = Y” is a Gibbs-Markov semiflow w.r.t. the metric

d(y,y') = 1Y),

Given v € C"(M), define
x:Y¥Y >R, X:Z{’UOWMOFn—UOﬂ'MOFnOﬂ'},
n=0

where 7(y,u) = (my,u). It follows from that x € L= (Y?).
Define
v:Y? =5 R, v=womy — X+ xoF].
By construction, v is constant along stable leaves and hence projects to an observable
7: Y7 SR
By [36l, Proposition 6.17], there exists 74 € (0,73) such that

[o(y, u) — 0(y, u)| < Cinfy,)y;@")
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for all (y,u),(y',u) € Y¥ with y,y € Y;, j > 1. Hence v € Vl(V@) with the metric
dly,y) =",
Proof of Theorem[5.3 First we claim that to get the rates for W, it suffices to prove them

for the sequence
— 1 [ _
W, (t) = —/ vo Fyds
v Jo

defined on the probability space (VSE, a%).
Consider the sequences

W/ (t vomy o F,ds, W (t) = vo Fyds.
nl \/_/ o \/_/

Note that W/ =1 W, oy and W) = W, o @. Since 7y and 7 are measure-preserving,
W, =4 W/ and W,, =4 W/. For all t € R,

t t t+1 1 t+1
/(X—XoFl)oFsdsz/onsds—/ XoFst:/XoFsds—/ x o Fyds.
0 0 1 0 t

It follows that for all ¢ > 1,
Weo(Wa, Wa) = Wy(W,, W) < | sup [Wi(t) — Wy ()]

t€[0,1] >

12

sup ‘/ X—xoFy)oF, dsH < 207 Y2 so.

te[0,1]

proving the claim. .
Since F, is a Gibbs-Markov semiflow and © € V}(Y”), the rate for We (W, W) follows
from Lemma (.11 O
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