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Abstract
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1 Introduction

Let A be a topologically mixing hyperbolic basic set equipped with an equilibrium
state (Gibbs measure). It is by now classical (see for example Bowen [5], Ratner [29],
Ruelle [32], Parry & Pollicott [26]) that Holder continuous observations ¢ : A — R sat-
isfy strong statistical properties such as exponential decay of correlations and the cen-
tral limit theorem (CLT). Furthermore, an almost sure invariance principle (ASIP),
Denker & Philipp [10], states that the partial sums of ¢ approximate Brownian motion
on the line.

Recently, interest has focused on (skew product) extensions A x G of a hyperbolic
basic set A by a compact connected Lie group GG. Such extensions are automatically
partially hyperbolic and are typically ergodic and even stably ergodic and mixing [15,
27].

Counterexamples of Dolgopyat [11] show that even when A x G is stably ergodic,
the decay of correlations of Holder observations may be arbitrarily slow. The coun-
terexamples are toral extensions of subshifts of finite type. On the other hand, if G
is semisimple, or if A is Anosov, then Dolgopyat obtains rapid (though not exponen-
tial) decay of correlations when A x G is stably ergodic. The CLT then follows from
Liverani [21].

Motivated by issues arising for certain noncompact (primarily Euclidean) group
extensions, Nicol et al. [23] considered a class of G-equivariant n-dimensional obser-
vations ¢ : A x G — R". Under the same hypotheses as in [11], Nicol et al. [23]
obtained an n-dimensional CLT with convergence to a normal distribution N (0, X)
where ¥ is an n X n covariance matrix. Furthermore, ¥ is typically nonsingular.

In this paper, we show that by restricting to equivariant observations from the
outset, it is possible to bypass [11, 21]. Instead, we use an equivariant version of
the Ruelle transfer operator studied by Parry & Pollicott [25, 26]. This leads both
to cleaner proofs and stronger results. For example, the counterexamples of Dolgo-
pyat [11] do not apply to equivariant observations, and we obtain ezponential decay
of correlations (not merely rapid decay) for equivariant Holder observations on weak
mixing extensions of arbitrary hyperbolic basic sets. Our results apply to principal
extensions as well as to (skew product) extensions by compact connected Lie groups.

We also prove a version of the ASIP, where for almost every initial condition the
partial sums of ¢ approximate n-dimensional Brownian motion. Immediate conse-
quences of the ASIP are the law of the iterated logarithm (LIL), the CLT and the
weak invariance principle (WIP).

The remainder of the paper is organized as follows. In Section 2, we state our
main results for extensions of hyperbolic basic sets. In Section 3, we describe a gen-
eral framework for proving exponential decay of correlations, the CLT, the WIP, and
the upper half of the LIL for classes of observations for noninvertible dynamical sys-



tems. In Section 4, we prove exponential decay of correlations for skew and principal
extensions of hyperbolic basic sets. In Section 5, we quickly review the definition and
properties of the covariance matrix. In Section 6, we prove the ASIP for extensions
of hyperbolic basic sets.

2 Statement of main results

Let M be a C'*° compact manifold and suppose that A C M is a topologically mixing
hyperbolic basic set for the diffeomorphism f : M — M. In the remainder of the
paper, we always assume f is smooth — that is, of class at least C*. Let d denote a
choice of smooth Riemannian metric on M.

Recall that p : A — R is Holder continuous with exponent «, i.e., p € C¢, if
a € (0,1) and for all z,y € A, we have |f(z) — f(y)| < Cd(x,y)*, for some constant
C > 0. In the sequel, when we refer to Holder continuous maps defined on subsets of
manifolds, we always assume Holder continuity is with respect to some fixed exponent
Q.

Let p: A — R be Holder continuous and p denote the associated equilibrium state
(Gibbs measure). In the sequel, we regard u as a measure on M supported on A.
Necessarily, f|(A, 1) is p-mixing (and more, see [5]). Let G' be a compact connected
Lie group with Haar measure v and define the product measure m = yxv on M X G.
In the sequel, unless otherwise stated, all integrals are over M x G (equivalently,
A x G) with respect to the measure m.

Let fr, : M x G — M x GG be the compact group extension defined by h : M — G.
That is, fn(z,9) = (fz,gh(z)), (z,9) € M x G. We make the standing assumptions
that (1) all group extensions are determined by Hélder continuous skewing maps h,
and that (2) fr, : M x G — M x G is weak mizing (with respect to the measure m).
Note that it follows from Rudolph’s theorem [31] that if f, is weak mixing then it is
mixing. However, as we only make use of properties of weak mixing in the sequel, we
emphasize weak mixing rather than mixing.

Remark 2.1 Field and Parry [15] prove that weak mixing holds for an open and
dense set of smooth G-extensions f, : M x G — M x G provided either A is a
hyperbolic attractor or G is semisimple (see also [14]). Even if none of these con-
ditions holds, a residual set of G-extensions are weak mixing (this is an elementary
consequence of Parry and Pollicott [27, Proposition 8]).

Suppose that R" is an orthogonal representation of G. An observation ¢ : M x
G — R” is G-equivariant if ¢(z,ag) = ag(zx, g) for all @ € G. Equivalently, ¢(z,g) =
gv(z) where v : M — R". Equivariant observations arise naturally in applications to
problems with noncompact symmetry group, see [1, 23].
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In the following, if b, c are vectors in R”, then bc! denotes an n x n matrix in
Mat, (R). We always assume observations are Hélder continuous.

Theorem 2.2 (Exponential decay of correlations) Let f, : M x G — M x G
be a weak mizing G-extension of a hyperbolic basic set.

Then there is a constant 7 € (0,1) such that for all Hélder continuous G-
equivariant observations ¢, : M x G — R"™ there is a constant C' > 0 such that

[féo fiu" = [o[¢"| <O, forallj>1.
Analogous results hold for principal G-extensions.

Remark 2.3 The restriction to equivariant observations is crucial, since Dolgo-
pyat [11] has counterexamples for general observations when A is a subshift of finite
type and G is a torus — even when A x G is stably weak mixing. In fact, Dolgo-
pyat obtains superpolynomial (but not exponential) decay of correlations for general
observations provided G is semisimple or M is Anosov.

Let ¢ : M x G — R" be a G-equivariant observation, and define
dn =140 fi.

If ¢ has mean zero ( f ¢ = 0), then it is an elementary consequence of Theorem 2.2
that the limit limy_,o + [ ¢n¢} exists (see Section 3(b) below).

Definition 2.4 Let ¢ : M x G — R" be a G-equivariant observation with mean zero.
Define its covariance matriz ¥ = Xy = limy_, % f dn oL

Note that X is a G-equivariant symmetric positive semidefinite linear operator on
R™. In fact, there are no further restrictions on ¥, and generically (for a C°-open and
C*°-dense set of C*™ observations ¢) ¥ is nonsingular (see Nicol et al. [23] and also
Remark 5.4 below).

A stochastic process W : [0,00) x 2 — R" is called an n-dimensional Brownian
motion if (i) W(0) = 0 almost surely, (ii) there is an n x n covariance matrix ¥ such
that W (t) has distribution N(0,t3) for each ¢ > 0, and (iii) for each 0 < t; < ty <
-+« < 1y, the increments W (t1), W (ts) —W(t1),... ,W(tx) — W (tx_1) are independent
random variables. When ¥ = I,,, W () is called a standard n-dimensional Brownian
motion. It is a basic property of Brownian motion that W € C([0, 00), R") almost
surely. That is, W is a random element with values in C(]0, c0), R*). (This generalizes
the notion of a random variable with values in R.) We can now state our second main
result.



Theorem 2.5 (Almost sure invariance principle (ASIP)) Let f, : M x G —
M x G be a weak mizing G-extension of a hyperbolic basic set. Let ¢ : M x G — R"
be a G-equivariant observation with mean zero and nonsingular covariance X.

Then for each ¢ € R™, there is a one-dimensional Brownian motion W with
variance c¢f'Yc and a sequence of random variables S.(N) such that the sequences
{c"én, N > 1} and {S.(N), N > 1} are equal in distribution and such that for each
0 >0,

Sc([t]) = W(t) + O(t**)  ast — oo,

almost surely.
Analogous results hold for principal G-extensions.

Remark 2.6 The error term O(t'/**%) is slightly better than the error term
(O(t*/?7%) that is more usual in statements of the ASIP [10, 28].

There are a number of standard consequences of the ASIP (see for example [28]).
A few of these are listed below.

Corollary 2.7 (Central limit theorem (CLT)) Suppose that f, and ¢ are as in
Theorem 2.5. Then ﬁ(ﬁN converges in distribution to an n-dimensional normal
distribution with mean zero and covariance ¥ as N — oo.

Proof Let W be an n-dimensional Brownian motion with covariance Y. Let ¢ € R®
and note that ¢/ W is a one-dimensional Brownian motion with variance ¢ Yec. It

follows from the ASIP that ﬁchbN converges in distribution to a one-dimensional

normal distribution with mean zero and variance ¢! Yc. By the Cramer-Wold tech-
nique (see for example [4, Theorem 29.4]), this implies the required result. |
Set Wy (0) =0, and

Nt—1

Wi(t) = < de = % S 6o fi, t=1/N,2/N,...
§=0

Linearly interpolating on each interval [(k —1)/N, k/N], k > 1, we obtain a sequence
of random elements Wy € C([0, 00), R").

Corollary 2.8 (Weak invariance principle (WIP)) Suppose that f,, ¢ and W
are as in Theorem 2.5. Then Wy converges weakly in C([0,00),R*) to W as N — oc.
(In other words, the measures induced by Wy on C([0,00), R") converge weakly to an
n-dimensional Wiener measure.)



Proof The ASIP implies that ¢ Wy converges weakly to ¢! W for each ¢ € R® and
again this is enough to imply the n-dimensional result. |

Remark 2.9 Let x : C([0,00),R") — R be continuous. A consequence [3] of the
WIP is that the sequence of random variables x(Wy) converges weakly to x(W).
Taking x to be evaluation at t = 1, we see that the WIP implies the CLT. (The WIP
is often called the functional CLT.)

As usual, a version of the LIL, together with its functional form which we do not
state explicitly, follows directly from the ASIP:

Corollary 2.10 (Law of the iterated logarithm (LIL)) Suppose that f, and ¢
are as in Theorem 2.5. For each c € R",

. oy
lim sup = o,
Nooo V2N loglog N
almost surely, where 0% = ¢’ Yc. |

Remark 2.11 We have proved n-dimensional versions of the CLT and WIP, but our
versions of the ASIP and LIL are restricted to one-dimensional projections cf'¢y.
We conjecture that the n-dimensional versions of the ASIP and (functional) LIL are
valid under the same hypotheses, but the proof will require a different approach from
the one in this paper (this is already the case for n-dimensional independent random
variables, see [9]).

3 General framework

Suppose that (Y, m) is a probability space and that 7' : Y — Y is a measure-preserving
endomorphism. In this section, all integrals are over Y with respect to the measure
m. Let U : L*(Y,R") — L*(Y,R") be the induced isometry (U¢ = ¢ o T), with
adjoint operator U*.

Let F be a Banach space embedded in L*(Y,R"), with norm |||| scaled so that
|62 < ||¢|| for all ¢ € F. We assume (without loss) that the constant functions lie in
F. Define the closed subspace Fyy = {¢ € F': [ ¢ = 0}. We suppose that U and U*
restrict to operators on F' and that the following property holds:

There are constants C' > 0 and p € (0, 1) such that (3.1)
(U™l < CP'l|g]| for all j > 1 and ¢ € Fp.



Remark 3.1 All the results in this section go through with p’ replaced by any pos-
itive function a(j) such that Y, ja(j) < oo.

The remainder of the section is divided in several subsections. Exponential decay
of correlations is derived in Subsection (a) and is used to define the covariance matrix
in Subsection (b). Subsection (c) consists of a standard Gordin-type argument which
yields information on the nondegeneracy of the covariance matrix, and at the same
time leads to a multiplicative sequence of random variables. The CLT, WIP and
upper LIL are consequences of multiplicativity.

(a) Exponential Decay of Correlations

Proposition 3.2 There exist constants K > 0 and p € (0,1) such that

J @) — [of¢"] < Kp'|gla]19l,
for all § > 1 and all ¢ € L*(Y,R*), ¢ € F(Y,R").
Proof Note that
J(Uo)" = [ofv") = [Uo(v = [9)" = [o (U (v — [v)"
so that
STy = [o[vT| < 10la| (U (v — [¥)2
But

(U (@ = [¥)l: WUV @ = [)l < Co(lwll + [[¢l) < 2004l

so the result follows with K = 2C. [ |

(b) Covariance matrices

For notational convenience, given ¢,¢ € L*(Y,R"), we write E(¢,¢) = [¢yp" €
Mat, (R). Also, we set ¢y = Z;.V:_Ol U’g.

We prove below that the covariance matrix (see Definition 2.4) is well defined, so
the limit ¥y = limy_, o % f dndY exists. We conclude that the covariance matriz X,
is a symmetric positive semidefinite n X n matrix.



Proposition 3.3 If ¢ € Fy, then the series
S =E($,8)+ > EU'¢, )+ > E(¢,U79) (32)
j=1 j=1

converges absolutely and

E(én,¢n) = NEy+O(1), as N — oo.

Proof The case n =1 is standard (see for example [8]) and the proof for general n
is similar. We give the details for completeness.

Absolute convergence of the series for Y4 is an immediate consequence of decay
of correlations. Next compute that

N-1
E(on,én) = > E(U$, 076 (Z+Z+Z) (U, Uig)
2,j=0 i>7 1<j

Since E(U'¢,U'¢) = E(¢, ¢), the first term reduces to NE(¢,¢). The second term
can be written as

N-1
Y EU',U¢) =Y EU¢,¢) =Y (N—1)EU",¢)
i>7] i>] r=1
0 N—-1 e’}
=NY E(U¢,6)=> rE{U¢,¢)—N Y _ EU$,6)
r=1 r=1 r=N

It follows from decay of correlations that

N-1 o
S rEWTe6)| < Klohllel Y re < oo.
r=1 r=1

Similarly,
NI EWTs,0)] < NS Ko lsbllgl = No¥Klsbl8l/(1- p) =,
r=N r=N

as N — oo. Hence ), E(U'¢,U7¢) = NY .2, E({U"$,¢) + O(1) as N — oc.
Similarly, >, ; E(U'¢,U’¢) = N3 E(¢,U"¢) + O(1) as N — oo. We conclude
that E(¢n, dn) = NE(¢, )+ND> 2  E(U ¢, ¢)+ N> o2 E(¢,U"¢)+0(1) = NEy+
O(1) as required. |



(c) Multiplicative sequences and martingales

We recall a standard argument of Gordin [17].

Lemma 3.4 If ¢ € Fy, then ¢ is cohomologous to an element ¥ € Fy such that
U*p = 0. That s, there exists ¥, x € Fy such that U*Y =0 and

¢=1v+Ux—x
Moreover, ¥4 = Xy = E(, ).

Proof The sequence of partial sums Z;.VZI(U *Y¢ is a Cauchy sequence in Fy and
hence converges to y = Z;’il(U*)jqﬁ € Fy. Note that y — U*y = U*¢. Now define
Y =¢+x—Uyx € Fy and note that U*p) = U*¢ + U*x — x = 0.

If j > 1, then E(Uip,¢) = [UiypyT = fqp((U*)jw)T = 0, and simi-
larly E(¢,U%t) = 0. Hence, by definition (equation (3.2)) of ¥, we have that
Yy = E,v).

It remains to prove that ¥4 = Xy. Equivalently, ¢’ Eyc = ¢"'Syc for all ¢ € R™.
But "¢y = cTpy + " (UNx — x), so taking L?-norms,

| pnle < | nla + 2[cx]2.

Since |Tén|3 = [cTdndhec = "E(dn, dn)c, we deduce that +~c"E(¢y, dn)c <
~c"E(yn,¥n)c + o(1). Hence ¢"Syc < ¢"'Syc and the reverse inequality follows by
the same argument. |

Corollary 3.5 Let ¢ € Fy. Then ¥4 =0 if and only if ¢ = Ux — x for some x € Fy
(that is, ¢ is a coboundary in Fyp).

Proof If ¢ is a coboundary, then ¢y = UNy — x and E(dn, ¢n) = O(1), so that
Y4 = 0. Conversely, suppose that ¥4 = 0 and write ¢ = ¥+ Ux — x as in the lemma.
Then 0 = X4 = E(¢,9) = [¢p" so that ¢ = 0 and ¢ = Uy — x. |

Remark 3.6 This argument, which directly produces a coboundary in Fj, answers
positively a question raised by Bowen [5, p. 39]. The usual approach is to first con-
struct an L? coboundary and to then prove regularity, see for example [26, Proposi-
tion 4.12]. (The L? coboundary criterion for degeneracy holds very generally, see [26,
Proposition 4.12] and for a simpler argument [8, Lemma 2.4].)

Definition 3.7 A sequence of random variables { X} is multiplicative if

[X; X X;, =0 forall jy>jp> >4 >0,7>1 (3.3)



Proposition 3.8 Suppose that U*¢ = 0 and let c € R*. Define X; = c'U?¢. Then
{X;} is a multiplicative sequence.

Proof The isometries U on L*(Y,R*) and L*(Y,R) are related by U(c'y) = cTUvy
and hence the corresponding adjoints U* satisfy U*(cTy) = ¢fU*y. In particular,
U*Xy = c'U*¢ = 0. Suppose that j; > --+ > j,_1 > j,. Let k; = j; — j, and compute
that

J X5, X5 X, = [ Xy -+ Xy, Xo = JU{Xpyo1 -+ X, 11 X0
== kal_]- . 'Xk:,n_l—lU*XO = O

as required. [

Corollary 3.9 Suppose that T :' Y — Y is ergodic and ¢ € Fy. Then \/Lﬁqb]v con-
verges in distribution to an n-dimensional normal distribution with mean zero and
covariance matrit Yg.

Proof By Lemma 3.4, ¢y = ¢y + O(1) where U*p = 0, and X4 = X. Hence,
without loss of generality we may suppose that U*¢ = 0. In particular, X4 = [ dpT.

By the Cramer-Wold technique it is sufficient to prove the CLT for the sequence
cT'Ud ¢ for each vector ¢ € R”. It follows from Proposition 3.8 that this is a multiplica-
tive sequence, and hence we can apply results of McLeish [22] or Fukuyama [16]. B

Remark 3.10 Similarly, the WIP holds for multiplicative sequences by [16, 22]. Fur-
thermore, if F* C L*, it follows from Takahashi [36, Theorem 2] that the upper half
of the law of the iterated logarithm holds for ¢5. That is, for each ¢ € R”,

. c"on
lim sup

< JC’
Noco V2Nloglog N —

almost surely, where o2 = ¢/'Sye.

Remark 3.11 We have not assumed that 34 is nonsingular in Corollary 3.9 or Re-
mark 3.10.

Remark 3.12 In this section, we have used probabilistic limit theorems for multi-
plicative sequences rather than for martingales. However, the martingale approach
proves useful in Section 6, so we recall this formulation for later reference.

Suppose that 7" : Y — Y is ergodic and let M be the o-algebra on Y. Of course, T’
and ¢ are M-measurable and T-'M C M. Suppose that U*¢ = 0. The conditional
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expectation E(-|T"'M) is equal to the projection UU*, from which it follows that
E(¢|T M) =0.

It follows immediately that T7M is a decreasing sequence of o-algebras, and that
for all j > 0, ¢ o T7 is T~J M-measurable and E(¢ o T7|T-U+U M) = 0.

The CLT and WIP can now be recovered by a standard argument, which is implicit
in Gordin [17]. For completeness, we sketch the argument — although the approach
using multiplicative sequences is more elementary.

First embed T : Y — Y in its natural extension T:V >V (see [30]). The
observation ¢ : ¥ — R" lifts to an observation (;S Y — R", and the joint distributions
of ng are identical to those of ¢ for N > 1. Let M be the o- algebra M lifted to
Y. Then TJM J = 1, is an increasing filtration of o-algebras and moreover for all
j>1, </5 0TI is TJM measurable, and E(¢ o T-3[T9="M) = 0. In other words,
{ijl poTi N> 1} is a stationary martingale.

IfT:Y — Y is ergodic, then T : ¥ — Y is ergodic, so that {ZN L poT—1 N > 1}
is an ergodic stationary martlngale It now follows from Bllhngsley 2, 3] that the
CLT and WIP hold for Z _1q5oT J. But ZNolqﬁoTJ = Z 1¢0T ioTN s
that the partial sums Z;.V:Ol poT, Z;.V:Ol ¢ o TJ, and ZFI <;5 o T—7 have the same
distribution. It follows easily that the CLT and WIP hold for ¢ as N — oc.

4 Exponential decay of correlations

In this section we prove exponential decay of correlations for equivariant observa-
tions. For one-sided shifts this is a direct consequence of the fact that condition (3.1)
of Section 3 holds in our setting (Proposition 4.5). For two-sided shifts (Theorem
4.10) we use the one-sided results and an adaptation of the proof for scalar-valued
observations.

In Subsections (a) and (b), we consider G-extensions of one-sided subshifts and
two-sided subshifts respectively. In Subsection (c) we consider G-extensions of general
hyperbolic basic sets. In Subsection (d) we show that these results extend to a
larger class which includes principal G-extensions over hyperbolic basic sets as well
as examples of partially hyperbolic sets where the G-action is not free.

(a) Extensions of one-sided subshifts

The Ruelle operator Let 0 : Xt — X denote an aperiodic subshift of finite
type. The Holder spaces Fp(X 1, R), 0 < 6 < 1, are defined in the usual way, see the
appendix. Given f € Fp(X ™, R), the Ruelle operator Ly : C(XT,R) — C(X,R) is
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defined by

wa Z fly

oY=z

Note that Lf((voo)w) = vLyw. We recall some basic facts about the Ruelle operator
and refer to the books by Ruelle [32], Bowen [5], or Parry and Pollicott [26] for details.

First of all, f can be ‘normalized’ so that L;1 = 1. We shall always assume that
f is normalized. It follows immediately that L;U = I where Uw = w o o. There is
a unique o-invariant equilibrium state p such that Liu = p. Note that Ly acts on
L? = L?(X ™, u) and that U is an isometry on L?. Moreover Ly =U".

It is clear that the spectrum of Ly lies inside the unit disk and that 1 is an
eigenvalue (since L1 =1). In fact, 1 is a simple eigenvalue and there are no further
eigenvalues on the unit circle. Restricting to Holder spaces, it can be shown that
Ly: Fy(XT,R) — Fyp(X T, R) has essential spectral radius #. Outside this radius, the
spectrum consists of isolated eigenvalues of finite multiplicity. Hence, the spectrum
of Ly, excluding the simple eigenvalue 1, has radius py € (6,1).

The subspace of Fyp(X™,R) consisting of functions w with [, wdy = 0 is pre-
served by Ly, and on this subspace, L; has spectral radius pp. Hence, for any
p € (po,1) there is a constant C' > 0 such that ||Ljw|ly < Cp/|lwlly for all j > 1
and w € Fy(X*,R) with [, , wdu=0.

Similarly, Ly : Fy(XT,R") — Fyp(XT,R") has an eigenvalue 1 of multiplicity n
(the eigenfunctions are the constant functions) and the reminder of the spectrum lies
in the disk of radius po. Again, ||[Ljw|lg < Cp’[lw|lg, for all j > 1 and w € Fp(X*,R*)
with [, wdp =0.

Therefore, it follows from [5, 32, 26] that the Banach space F = Fp(X ™, R") satis-
fies the property (3.1) required in Section 3 and that exponential decay of correlations
holds for Holder observations.

The equivariant Ruelle operator Let G be a compact Lie group with Haar
measure v. Suppose that G acts (orthogonally) on R" and identify G with a subset
of O(n). For f € Fp(X™*,R) normalized as above, and h € Fy(X*,G), define the
equivariant Ruelle operator Ly, : Fo(X 1, R") — Fp(XT,R") by

Lf,hw = Lf(h_l . w).

The operator Ly, was introduced and studied extensively by Parry and Pollicott [25],
see also [26]. Again, L has spectral radius at most 1 and essential spectral radius 6.

We define the skew product o, : X* x G — X x G by op(z,g) = (oz, gh(x)).
The product measure m = p X v is invariant under o,. Recall that o, is weak
mixing if the only measurable eigenfunctions are the constants (that is, the equation

12



poop = adae where ¢ : Xt x G — C is measurable and a € C, has only the ‘trivial’
solutions @« = 1 and ¢ constant). It is a consequence of a LivSic-type regularity
theorem [24] that measurable solutions ¢ have Holder continuous versions (and hence
op, is weak mixing if and only if it is topologically weak mixing).

In the remainder of this subsection, we suppose that f € Fy(X*,R) and h €
Fy(X ™, Q) are such that o, is weak mixing.

Corollary 4.1 Suppose that FixG = {0}. Then Ly, : Fy(X+,R") — Fp(XT,R")
has spectral radius less than one.

Proof (cf. [26, Theorem 8.3]) Since L has essential spectral radius 6 < 1, it is suf-
ficient to rule out the existence of eigenvalues @ € C with |a| = 1. Such an eigenvalue
leads to the equation Ly,w = aw and by a standard convexity argument [26, p. 130],
h(z)w(ox) = a *w(z). Equivalently, ¢ o 0, = a~'¢ where ¢(z,g9) = gw(z). By
definition of weak mixing, ¢ is constant. Since Fix G = {0} we deduce that w = 0. B
Write R* = FixG & (FixG)t. Then Fp(XH,R*) = Fy(XT, FixG) &
Fy(X™*, (FixG)*'), and Ly, preserves the splitting. Moreover, L, = L; on the
first summand, and Corollary 4.1 applies to the second summand. Hence there is the
eigenvalue 1 of multiplicity equal to the dimension of Fix G' and, provided o}, is weak
mixing, the remainder of the spectrum of Ly lies within a disk of radius py < 1.

Corollary 4.2 Let p € (po,1). Then there is a constant C (that depends only on
0,p, f and h) such that

L} pw — [yipeg-wdmlls < Cllwllg o7,

forall j > 1 and all w € Fp(X T, R").

Proof For the FixG components of w, we have ch,hw = chw — fX+w ex-
ponentially quickly, as in the nonequivariant case. For the (FixG)' components,
Jx+xg 9-wdm =0 and we apply Corollary 4.1. [

Remark 4.3 Viewed as an operator on L*(X*,R"), L; is the adjoint of the isom-
etry U defined by Uv = hvoo.

The one sided shift o, : XT x G — X+ X G induces an isometry U : L% (X' x
G,R") — L4(XT x G,R") defined by Up = ¢ o 5,. We have a natural bijective
isometry L%(XT x G,R*) & L?(X* R"), defined by mapping ¢ € L%(XT x G,R")
to ¢ € L?(X*,R), where ¢(z,9) = ga(x), for all (z,9) € X* x G. Under this
natural isomorphism, the isometry U of L%(X™ x G,R") determines the isometry U
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of L*(X ™ R") defined above. The next result is an immediate consequence of these
observations.

Proposition 4.4 The adjoint U* of U : LL(X+ xG,R*) — LL(X T xG,R") is given
by U* = U*. (That is, given ¢ € LL(XT x G,R"), U*¢p = L;x9.)

Let FF(XT x G,R") denote the space of equivariant observations ¢(z, g) = gv(z)
where v € Fp(X*,R"), and define ||¢|lg = ||v]|s. Just as above, we have the natural
|| |lo preserving isomorphism FF(X+ x G,R") 2 Fy(X*+,R"). The operators U, U*
on L%Z(X* x G,R") restrict to operators on FZ (X x G,R").

Proposition 4.5 Let C > 0 and p € (0,1) be as in Corollary 4.2. Suppose that
pe FF(XTxG,R") and [ ¢ =0. Then

(U glle < Cp'llglle, for all j > 1,
Proof It follows from Corollary 4.2 that ||L;,h$”9 < Cp/||d|l. Hence

1@ 8llo = 12%,,lls < CPlIBlls = Cp [l 6.

It follows that F' = FF(XT x G,R") satisfies the requirement (3.1) of Section 3.
In particular, we have established exponential decay of correlations for extensions of
one-sided subshifts:

Theorem 4.6 Let C > 0 and p € (0,1) be as in Corollary 4.2. Then

[[ooal v = [6[vT] < Clol ¥l
for all j > 1, and for all ¢ € LEL(X+ x G,R"), v € FF(XT x G,R").

(b) Extensions of two-sided subshifts

Let 0 : X — X be an aperiodic two-sided subshift of finite type. The Holder spaces
Fy(X,R"), Fy(X,G), 6 € (0,1) are defined as in the one-sided case, see Appendix A.
Let f € Fyp(X,R) be a Gibbs potential. It is known [26] that f is cohomologous to
a potential f € Fp2(X1,R). We denote the corresponding equilibrium states on
X, Xt by p, 1 respectively. If ¢ : XT — R is zi-measurable, then the natural map
induced by ¢ on X is y-measurable and the integrals over X, X coincide (if they
exist).
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We consider skew products o, : X x G — X x G induced by h € Fy(X,G), and
write o7, (z, g) = (07z, ghj(x)) for j € Z. In particular, h;(z) = h(z)h(oz) - - - h(0? 'z)
when 7 > 1.

Suppose that G acts orthogonally on R™. Again, there is a natural one-to-one
correspondence between equivariant observations ¢ : X X G — R" and functions
¢ : X — R*. We define the spaces of Holder equivariant observations F¥(X x
G,R") = Fp(X,R") just as we did in the one-sided case.

The following result enables us to apply results for one-sided subshifts.

Lemma 4.7 Suppose_that 6 € Fy(X,R"), h € Fy(X,G), where 0 < 60 < 1. Then

there exist functions h M e Fp (X, G) and w,x € Fp/a(X,R") such that {ﬁ\ and h
depend only on future variables and

h:m(]\/ioa)_l, ]\7_1(/)5:12%—)(—%)(00.

Moreover, o, is weak mizing if and only oy, is weak mizing.

Proof The construction of 7 and M can be found in Parry and Pollicott [26, Ap-
pendix~II]. The construction of 1 and x is a simple adaptation of the standard proof
where h is absent and is proved in Appendix A. |

Let ¢,4 : X x G — R" be the equivariant observations corresponding to qﬁ 1/1
respectlvely We deﬁne M:XxG—Gby M(z,9) = gM( Jg~t. For N > 1, define

Corollary 4.8 ¢y = My + O(1).
Proof It suffices to show that ¢y = My + O(1). Since h; = mj(]/\l\o ol)7t we
have
Ui¢ = h; gboaj Mh; (Moaj) lpool = Mh (M) oo’
= th(q500J +yxo0l —hoolyooith
The result follows. n
Lemma 4.9 Suppose that h € Fp(XT,G) — Fp(X,G) and that o, is weak mizing.

Let p € (po, 1) where po is as in Corollary 4.2. Then there is a constant C' > 0 such
that

|[ooalv" — [of¢"] < Cliglls ¥ lla(p'?), (4.1)
for all j > 1, and for all ¢, € FF(X x G,R").
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Proof We follow the proof of [26, Proposition 2.4], taking into account the extra
complications due to the presence of h. We may restrict to the case FixG = 0
(since when G acts trivially we are in the nonequivariant case which is proved in [26,
Proposition 2.4]). In particular, ¢ and ¥ automatically have mean zero. Since [, ., ¢o

ol YTdm = [ hjv o o? w'du, we reduce to proving that
[[xxhjv o o? whdp| < Cllollg[lw]ls(p'?).

Following [26], for each £ > 1, we choose vy depending only on coordinates z;,
li| < k, such that |vi]ee < [v]ee and v — vp|ee < |v]g@F. Similarly, choose wy for
w. (For example, choose ¢ : X — X depending only on coordinates z;, |i| < k,
and such that (¢g(z)); = z; for |i| < k. Define vx(z) = v(pg(x)) and note that
|V — Ug|oo < varg(v).) Write

[ihjvoc?whdp=[ hj(v—uvg) oo wdu+ [, hjvroo! (w—wp) du
+ J‘thvk @) 0' Wy, d/L
The first two terms are estimated just as in [26]. The first term is dominated by

|hj(v — vg) 0 07]|W|ee < |v]p|w|b. Similarly, the second term is dominated by
0] 00| w|g0*. Hence

| [ hjv ool whdp| < (Jv]g |w]e + [v]oo [w]e)0* + [Ljxl, (4.2)

e : J T
where Ij, = [, hjvg 007 - wldp.
Since p is o-invariant,

k T

Ly = [(hjoo*vg 00”00l -wf oc*dp.
Note that ki = hihjoo* = hijhy o9 so that h;oo* = h; 'h;hy, 007, It follows that
Lix = [ hj(hgvg 0 0%) 0 07 - (hywy)" o o*dp.

By definition of v, w, and by our assumption on h, the integrand depends only on
future coordinates. Therefore, it follows from Theorem 4.6 that we can choose a
constant C; > 1 such that

L] < Ci |hivy, © 0% | || kw0 0*||g 7.

But [hvg 0 0% | oo = |Uk|eo < |v]0o and we claim that

| rw 0 0¥l < Colw|ood ¥,
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where Cy > 1 depends only on h and 6. Hence
[ L] < Clvfoo|wlocd™ 7, (4.3)
where C' = C,C5. To verify the claim, compute that
|hrwy, 0 0*||g = |hewy 0 0% | + |hgwy, 0 %9 < [wi|oo + [wi © %o + [hi]o| Wi oo,

and use the inequalities |wi|e < |W]eo, |wr 0 0%y < 0 F|wyilg < 0520 1 |w|, and
\hklo < |hlg+ -+ |hod® g < |hlg(1+ -+ 0 %) < |h|e6 **'/(1 — 6). This
establishes the claim.

Combining (4.2) and (4.3), we have

| [xhijv ool whdu| < C(|v|g |w|e + |v]a |w]p)0* + Clv|oo |w]ed ™ p’.
Now, let 7 > 1 be such that p” = 6 and set k = j/3r to obtain the required result. B

Theorem 4.10 Suppose that h € Fy(X,G) and that oy, is weak mizing. There are
constants C > 0 and 7 € (0,1) such that

[[¢oanv™ — [ofvT] < Cligllgllvllg. 7,
for all j > 1, and for all ¢, € FF(X x G,R").

Proof Again, we may suppose that Fix G = 0 so that it suffices to estimate [¢ o
JIJz@ZJT:ij(b@/JT. P . N

By Lemma 4.7, we may write h = Mh(M o o)™ where M, h € Fy,2(X,G) and h
depends only on future coordinates. Since h; = Mh;(M o o?)™', we have

hjao oigpT = ﬁﬁj(ﬁ—l@ o oigpT = M\TLJ&) 0 VTN = E](/I; 0 oIy,
where ® = M~1¢, ¥ = M~ and ®,¥ € FS,(X x G,R"). Hence
[$oohv" = [UIGT = [;®00/UT = [ ool WT.

Note that @, ¥ € FJ,(X x G,R").

Since h depends only on future coordinates, it follows from Lemma 4.9 that there
are constants D > 0, 7 € (0,1) such that

[6003 07| < DI[®llpo [ Ellpi27 = DIIBgrsa| Tl g127.
Finally, note that there is a constant K > 1 depending only on M and 6 such that
|@lgr2 < K|¢lgrz,  [¥lgrr2 < K[t[grsa.
The result follows with C = DK?2. |

Remark 4.11 Actually, Theorem 4.10 holds for all ¢,¢) € F,(X x G,R*). (Of
course, h must lie in Fy(X, G).)
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(c) Extensions of Axiom A diffeomorphisms

Suppose that A C M is a hyperbolic basic set for a diffeomorphism f : M — M,
where M is a compact manifold. Let p: A — R be Holder continuous and pp denote
the corresponding equilibrium state on A. Bowen [5] proved that there is a two-sided
subshift of finite type o : X — X and a Holder semiconjugacy 7 : X — A such that
wo = fw. Further, 7 is an isomorphism with respect to ps and the equilibrium state
ux on X defined by the potential pr.

Let G be a compact connected Lie group with Haar measure v. Let S : A x G —
A x G be the compact group extension defined by the Holder map h: A — G. Then
hr : X — G is Holder and defines a group extension o, : X X G — X X GG. Note
that Il =7 xid : X X G — A X G defines a semiconjugacy between oy, and S. Also
IT is an isomorphism with respect to the measures mx = ux X v and my = py X v.
In particular, S is weak mixing if and only if oy, is weak mixing.

It is therefore immediate that exponential decay of correlations for subshifts im-
plies the same for hyperbolic basic sets, proving Theorem 2.2.

(d) Principal extensions

The previous results extend to principal extensions. Specifically, suppose that M is
a compact G-manifold, F' : M — M is a G-equivariant diffeomorphism and 2 C M
is a G- and F-invariant subset of M. We assume that GG acts freely on 2. It follows
by standard results on smooth G-actions that G acts freely on an open G-invariant
neighborhood U of Q2 (see Bredon [6]). If we choose an open G-invariant neighborhood
V of Q, V C U, such that F(V) C U, then F induces a smooth embedding f : V/G C
U/G and A = Q/G is then a compact f-invariant subset of U/G. We assume that
A is a hyperbolic basic set for f. Equivalently, and more naturally, we may assume
that Q is a partially hyperbolic subset of M with center foliation given by the G-orbits
(see [13]).

Choose a Holder continuous potential p on A and let ua denote the corresponding
equilibrium state on A. (Equivalently, we could have chosen a Holder continuous
G-invariant potential on €2.) As usual, we assume that f is topologically mixing and
therefore is py-mixing. Let m denote the Haar extension [13] of uy to €. Extend m by
zero to all of M. With this convention, F' is measure preserving. We further assume
that F'is weak mixing. Just as in the case of skew extensions, it is straightforward to
verify that weak mixing holds generically (we refer to [15, 13] for a precise description
of allowable perturbations). Note that if the principal bundle 2 — A admits no
principal H-subbundles, for any compact Lie subgroup H of G, then F' is always
mixing (cf. [27, 7]).

Following the case of skew extensions of Axiom A diffeomorphisms, we choose a
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two-sided subshift of finite type o : X — X and a Hélder semiconjugacy 7 : X — A
such that mo = fr. Let ux denote the equilibrium state on X defined by the Gibbs
potential pr.

Let p : Q — A denote the orbit map. Recall that the pullback p*X by p of X is
defined to be p*X = {(z,w) € X x Q : w(z) = p(w)}. Clearly, G acts freely on p*X
and the natural projection P : p*X — X gives p*X the structure of a G-principal
Holder bundle over X. Since X is totally disconnected, p* X is a trivial bundle and
so we may write p*X = X x GG. The map H : p*X — p*X induced by F and o is
G-equivariant and hence we can write H = 05, : X x G — X x G for some Holder
continuous skewing map h: X — G. Let [T : X x G — () denote the corresponding
projection on 2. Suppose ¢ : 2 — R" is a Holder continuous equivariant observation
on 2. Then ¢ lifts to the Holder continuous equivariant observation ¢ll : X xG — R".
Everything now goes through just as in the skew extension case and so it follows that
Theorem 2.2 holds for principal extensions.

Remarks 4.12 (1) Note that the result on principal extensions holds even though
equivariant observations on €2 do not correspond to observations on 2/G. That is,
R"-valued maps on 2/G do not determine equivariant maps on  unless p : Q — Q/G
is a trivial G-principal bundle.

(2) Theorem 2.2 continues to hold if we can construct equivariant Hélder surjec-
tions of twisted products X Xy G onto (). This is relevant for generalizations of our
main results to more general partial hyperbolic G-invariant sets for which the action
of G is no longer free (see [13]). For example, if H C G is a finite group and A is an
H-invariant hyperbolic set for an H-equivariant diffeomorphism, then Theorem 2.2
applies to the twisted product A x gy G.

5 Covariance matrix for equivariant observations

In Section 3(b), we defined the covariance matrix ¥ = X, within a quite gen-
eral framework. In particular, we used decay of correlations to show that ¥ =
limN—)oo % f ¢N¢%

In the specific context of equivariant observations on a compact group extension,
the covariance matrices have additional structure. Moreover, we have good necessary
and sufficient conditions for nondegeneracy, cf. [23]. We recall these results now
within the context of G-extensions of one-sided subshifts.

As in Section 4(a), we fix f € Fy(X*,R) and h € Fyp(X*,G), and suppose that
oy, 1s weak mixing.

Proposition 5.1 Let ¢ € F7 (X" x G,R*) with [, ,ddm = 0. Define the co-
variance ¥ = Y4 as in Proposition 3.3. Then ¥ commutes with the action of G
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on R™.

Proof By Proposition 3.3, ¥ = limy_, % f dn oL dm. Equivariance of ¢ means that
d(z,a9) = ad(z,g) for all a € G. It follows from invariance of Haar measure that
[ ondhdm = a([ pndphdm)a’ = a([ pndidm)a~ for all a € G. Hence ¥ = aXa™
for all a € G. |

Recall that ¥ is degenerate if det X = 0.

Remark 5.2 If G acts irreducibly on R", then the real version of Schur’s lemma |20,
Theorem 2, p. 119] states that the space of commuting linear maps on R" is a real
division ring and hence isomorphic to R, C or H. Positive semidefiniteness implies that
Y is a real scalar multiple of the identity. It follows that when G acts irreducibly, X is
degenerate if and only if > = 0. Consequently, by Corollary 3.5, if G acts irreducibly,
then X is degenerate if and only if ¢ is a Holder coboundary.

Proposition 5.3 The covariance matriz ¥ is degenerate if and only if there is an
irreducible subspace V- C R™, with orthogonal projection my : R* — V', such that my ¢
18 a Holder coboundary.

Proof Degeneracy means that dimker > > 1. Since ker X is G-invariant, there is a
G-irreducible subspace V' C ker X. Restricting to V', we have X|,, = 0. But X|y is
the covariance matrix corresponding to the sequence of random variables ﬁ(quﬁ) N-
Since V' is G-invariant, my ¢ is a G-equivariant observation and we remain within the
setting of Section 3. Now apply Corollary 3.5. |

Remark 5.4 Nicol et al. [23, Lemma 5.8] show that typically my ¢ is not a cobound-
ary for any projection 7. Indeed, it is sufficient to perturb ¢ at one point.
Hence, we conclude that for an open and dense subset of equivariant observations
¢ € FF(X x G,R"), the covariance matrix ¥ is positive definite. Furthermore, 3 is
a general symmetric positive definite G-equivariant n X n matrix.

6 Almost sure invariance principle

In Subsection (a) we prove the ASIP for extensions of two-sided shifts. This imme-
diately leads to similar results for (principal) extensions of hyperbolic sets, as well as
for extensions of one-sided shifts. These are mentioned in Subsection (b).

Throughout this section, the statement {Ayx, N > 1} =4 {By, N > 1} means
that the two sequences are equal in distribution. This is equivalent to demanding
equality of the finite distributions {A;, j=1,... ,N} and {B;, j =1,...,N} for all
N >1[19, Theorem 3.29].
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(a) Extensions of two-sided subshifts

Suppose that o : X — X is a two-sided subshift of finite type and that h € Fy(X, G)
induces a weak mixing G-extension o, : X x G — X X G. Suppose also that ¢ €
Ff(X x G,R") has mean zero and nonsingular covariance X.

Recall that if M : X — G, then M : X x G — G is defined by M(z,g) =
gM(z)g™"

Lemma 6.1 There ezists h € Fy»(X,G) such that 07 X X G = X x G is weak
mizring, and there exists ¢ € 01/4(X x G,R") with mean zero, and M : X — G
0'/2-Hélder continuous, such that

(1) {Yn = Z] "o 0~ N > 1} is a stationary, ergodic, essentially bounded (R"
valued) martmgale

(ii) on = My + O(1), and [y’ =%, =X.

Proof Since the class of G-extensions of two-sided subshifts is closed under time-
reversal, it is sufficient to consider reverse time partial sums ¢_y = Z;V:_Ol poa,’.

Construct h and QZ depending only on future coordinates as in Lemma 4.7. As in
Corollary 4.8, we can write ¢_y = M1_xn + O(1). By Lemma 3.4, we can replace ¢
by a new 1 depending only on future coordinates and satisfying U*1) = 0. (As usual,
the adjoint U* corresponds to the isometry U : L?(X* x G) — L*(X " x G) induced
by 7).

Define the sequence

szwoaﬁ_j, F; = %(MJ”XG)

where M™ is the o-algebra on X7 lifted up to X. Then {F, : j € Z} is an increasing
sequence of o-algebras. We claim that {¢_y = Z;V:_Ol Y;, Fn, N € Z} is a martingale.
That is, Y is F;-measurable and E(Y;|F,_1) = 0 for all j. By stationarity, it suffices
to prove these for j = 0. Since 9 depends only on future coordinates, Yj is Fo-
measurable. Since in addition & depends only on future coordinates, E(¢|o~ 'F) =0
by Remark 3.12, proving the claim. |

Proposition 6.2 Let c € R* and set p2 = ¢ [ ¢¢Tc. Define X; = (1/pc)c"¢p o al,
and define 53, = ZN ! XZ. Then for any 6 > 0,

52 = N+ O(NY?*)  almost surely.
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Proof Let ¢' = ¢¢” — [ ¢¢”. Then ¢' : X+ x G — Mat,(R) is Holder continuous
with mean zero and is G-equivariant with respect to the obvious representation of
G on Mat,(R). It follows from Lemma 6.1 that ¢y = MY}, + O(1) where ¢y is a
stationary ergodic Hélder continuous martingale. By Proposition B.2 (strong law of
large numbers for martingales), ¢y, = O(N'/?*%) almost surely.

Now Compute that almost surely

Z X2 = (1/p2) (66" ) € = (/)" dlye + Np2] = N + O(NV/2+9),
as requ1red. [

Proposition 6.3 If M : X x G — G is measurable, then {M¢on, N > 1} =4

Proof Fix N > 1. It suffices to show that the finite sequences {M¢,, j =
1,...,N} =4{¢;,j =1,...,N}. Since the sequences are G-equivariant, their dis-
tributions are determined by G-invariant subsets I C (R")". But since M € G,
it is immediate that for such subsets (¢1,...,¢n) and (M@, ..., M¢y) have equal
probability of lying in I. |

Theorem 6.4 For any c € R, there is a one-dimensional Brownian motion W with
variance ¢’ Yc and a sequence of random variables S.(N) (defined on the same space)
such that {c" ¢y, N > 1} =4 {S.(N), N > 1} and for every 6 > 0,

Sc([t]) = W(t) + O(tY**)  almost surely.

Proof Set 02 = ¢'Sec. Rescaling variances to 1, it is equivalent to prove the result
with ¢T¢ replaced by (1/0.)c’¢ and W replaced by (1/0.)W which is a standard
Brownian motion on the line. _

Let ¢, h be as in Lemma 6.1. Define X; = (1/0c)c"¢ o ol. Then

{ZN ' X,, N > 1} is a (stationary ergodic) martingale.

Since X is stationary and continuous, hypothesis (a) of Theorem B.3 is trivially
satisfied. Hypothesis (b) follows from Proposition 6.2. Combining Theorems B.1
and B.3, we have that {c"vn, N > 1} =4 {S.(N), N > 1} and S.([t]) = W(t) +
O(t'/*+9) almost surely.

By Proposition 6.3, { My} =4 {¢)n}. Altogether, using Lemma 6.1, we have

oy =c"Myy +0(1) (6.1)
{"Myy, N > 1} =4 {S)(N), N > 1}
S'([t]) = W(t) + O(t'/**?) almost surely. (6.2)
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As in [28, p. 23], the probability space on which S/(N) and W are defined may
be enlarged so as to support a copy in distribution of {c ¢y, M1y, N > 1}. This

can be done in such a way that equations (6.1) and (6.2) remain valid, while ¢f My
is identified with S.(N). The result follows. |

(b) Extensions of hyperbolic sets and one-sided subshifts

Suppose that A C M is a basic hyperbolic set, 7 : X — A its coding by a two sided-
shift (as in Section 4(c)), and =7 xid: X xG > AxG. If ¢ : A x G — R", then
define (Z = ¢oll: X x G — R". Since 7 is an isomorphism of probability spaces,
{én} =4 {on}, and therefore the ASIP for ¢ follows from Theorem 6.4 applied to ¢.

As in Section 4(d), we can reduce the case of principal extensions to extensions
of a basic hyperbolic set. Therefore, Theorem 6.4 holds also for principal extensions.
This completes the proof of Theorem 2.5.

Finally, it is clear that, by taking the associated two-sided shift, the ASIP (to-
gether with all of its consequences) for extensions of two-sided subshifts implies the
corresponding results for extensions of one-sided subshifts.

Remark 6.5 The CLT, WIP and upper LIL for one-sided subshifts can be proved
directly within the abstract framework of Section 3. However, our proof of the ASIP
(and the full LIL) for one-sided subshifts relies on the ASIP for two-sided subshifts
and hence on the time-reversal step at the beginning of the proof of Lemma 6.1.

Similarly, our proof of the ASIP for two-sided subshifts relies on the fact that
the class of such dynamical systems is closed under time-reversals. We note that the
martingale approach of Conze and Le Borgne [8] (in the setting of geodesic flows on
spaces of constant negative curvature) relies also on this time-reversal property [8,
Remarques 2.7(1)].

Appendix A Holder spaces

Suppose that o : X — X is a two-sided subshift of finite type. If f : X — R" is
continuous, we define for each N > 1, the N’th variation vary f = sup|f(z) — f(v)|,
where the supremum is over all z,y € X with z; = y; for |i| < N. If € (0, 1), define
|flo = supys, vary f/0N. Then Fy(X,R) = {f € C(X,R") : |f|s < oo} is a Banach
space in the Holder norm || flg = | floo + | f|o-

Similarly, we define Fp(X*,R™) for the one-sided subshift o : X* — X* induced
by the two-sided subshift o. There is a natural embedding of Fy(X ™, R") inside
Fy(X,R™). Indeed, we can identify functions of Fyp(X ™, R") with those functions in
Fy(X,R") that depend only on future coordinates.
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We also define the Holder spaces Fyp(X,O(n)) as subspaces of Fy(X, Mat,(R)).

Lemma A.1 Let 0 : X — X be a two-sided subshift. Suppose that v € Fyp(X,R")
and h € Fy(X,0(n)), where 8 € (0,1). Suppose further that h depends only on future
coordinates.

Then there exists w € Fy2(X,R") depending only on future coordinates and x €
Fy2(X,R"), such that

v=w+x—h-xoo.

Proof This result is a minor modification of [33, 5]. Our proof follows [26, Propo-
sition 1.2]. Fix a map ¢ : X — X that depends only on future coordinates. Define

X(@) =Y (hn(@)v(0"x) — ho(z)v(0"p1)).

(This series converges, since h,, is orthogonal and var, (v) < |v|e 0™.)
Compute that v =w 4+ x — h - x 0 0 where

o0

w(z) =) (ha(2)v(0"pz) = hupi(2)v(0"po2),

n=0

which clearly depends only on future coordinates.
It remains to show that x (and hence w) lies in Fyi/2 (X, R™). First note that

x(z) — x(y)| < Az, y) + Alpz, py) + B(z) + B(y),

where
A(w,y) =Y [hn(@)v(0™z) = u(y)v(a™y),  B(z)= Y [v(o"s) —v(o"pz)],
for all z,y.

We claim that there is a constant K > 0 such that (i) B(z) < K" for all N > 1
and x € X, and (i) A(z,y) < K@ forall N > 1 and z,y € X with z; = y; for
li| < 2N. It then follows that varoy(x) < 4K6Y for all N > 1, proving the result.

Now, |v(c™z) — v(c™pz)| < var,(v) < |v|g 6™, for all n > 1. Hence

‘U|09

B(z) < =)

0N

verifying (i).
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Next, A(z,y) < N [v(0™z) — v(0™)| + |[V|oo o0 |hn(2) — hn(y)]. Since z; =
y; for |i| < 2N, we have that (0’z); = (0’y); for |i| < 2N — j. Tt follows that
lv(o™x) — v(o™y)| < varoy_n(v) < |v]g 62V ™. Also
(@) = b (y)] < [B(z) = h(y)| + |h(oz) = h(oy)| + -+ - + |h(0" " z) — h(c"y)]
S |h|9(02N + 02N—1 R 92N—n+1)
< [hlg ¥ "4 /(1 — 6).

Hence

vlo | [vloolhle 0y
1-6 (1—0)2)9’

verifying (ii). |

A(z,y) < (

Appendix B Skorokhod representation

We will require the following embedding theorem for martingales which generalizes
the Skorokhod representation theorem [34] for sums of independent random variables.

Theorem B.1 ( [18, Theorem A.1] ) Let {Sy = Z;.V:_Ol X;, N > 1} be a square-
integrable (R-valued) martingale. Then there exists a probability space supporting
a Brownian motion W and a sequence of nonnegative variables 1y, 71,... with the
following properties:

If Ty = Z;-\;_Ol 7, W(Tn) = Z;-V:_Ol Y; and Gy is the o-field generated by {W (T) :
j=0,... ,N—=1} and {W(t): 0 <t < Ty}, then

(1) {Sn: N> 1} =¢ {W(Ty): N > 1},

(1) Tn is Gy-measurable for each N > 1,
(iii) There is a constant C > 0 such that E(1%) < CE(Yx) for each N > 1, and
(w) E(tx|Gn_1) = E(Y2|Gn_1) almost surely for each N > 1. |

Theorem B.1 was extended by Strassen [35] to obtain an ASIP for certain martin-
gales. The error term is typically of the form O(t'/?=®) for sufficiently small o > 0.
In our context, we obtain an improved error term of the form O(¢'/4+%) for arbitrarily
small 6 > 0. This is due to the fact that the martingales that we consider in this
paper have the property that the partial sums of X ]2 —1 are as amenable as the partial
sums of X;. (Controlling X JQ — 1 is usually the difficult part of the procedure, see
28, p. 11].)

We require the following strong law of large numbers for martingales (see for
example [12, p. 238]).
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Proposition B.2 Suppose that {Z;V_Ol R;, N > 1} is a square integrable martingale

and that the sequence ||R;||2 is bounded. Then for any § > 0, ZN ' R; = O(N'/?+9)
almost surely. |

Theorem B.3 Suppose that {Sy = ZN ! X;, N > 1} is a martingale and that
(a) There is a constant M > 0 such that [ X; < M for all j, and
(b) For any § > 0, ZN 1X2 N = O(NY?%9) almost surely.

Let W and Ty be as in Theorem B.1. Then, for any § > 0,

W (Ty) = W(N) + O(NY**9)  almost surely.

Proof (Following [28].) Let § > 0. We claim that Ty — N = O(N'?*) almost
surely. It follows from the claim that almost surely

W (Ty) = W(N 4+ O(NY?H0)) = W(N) + O(NYV4+).

It remains to prove the claim. Using property (iv), write

=

N—-1
Ty—-N= Z E(r31G;1)) + Y (E(V71G;1) = Y)) + YY) = N.

J

Il
o

=0
By the definition of Gy and property (ii), the first and second terms are martingales.
Set R; = E(Y2|G;_1) — Y2. Then

IR;115 < IE(Y?|G5-0)l3 + Y71 < 201Y7[3 = 21 X715 < 2M.

Hence Proposition B.2 takes care of the second term. The first term is treated simi-
larly, using property (iii). By property (i), the third term is equal in distribution to
ZN_ X? — N and hence is almost surely O(N*/27%) by (b). n
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