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Abstract

We present a general framework for weak convergence to decorated Lévy
processes in enriched spaces of cadlag functions for vector-valued processes aris-
ing in deterministic systems. Applications include uniformly expanding maps
and unbounded observables as well as nonuniformly expanding/hyperbolic
maps with bounded observables. The latter includes intermittent maps and
dispersing billiards with flat cusps. In many of these examples, convergence
fails in all of the Skorohod topologies. Moreover, the enriched space picks up
details of excursions that are not recorded by Skorohod or Whitt topologies.

1 Introduction

The classical central limit theorem (CLT) asserts convergence to a normal distribution
with standard diffusion rate n'/2. Donsker’s weak invariance principle (WIP) gives
weak convergence to the corresponding Brownian motion. Brownian motion has con-
tinuous sample paths, so weak convergence can be taken in the space of continuous
functions with the supremum norm.

There has been much interest across the physical sciences (see for example [BL,
GW,, G2, [KGS+| MZ, MJCB, [PVHS| [ST| [SWS| W]) in “anomalous diffusion” and
in particular in superdiffusive rates n'/®, a € (0,2), with convergence to an a-stable
Lévy process. Such process have infinite variance and a dense set of discontinuities,
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exhibiting jumps of all sizes. It is customary to consider weak convergence in the space
D of cadlag functions (right continuous with left limits). Skorohod [Sk| introduced
various topologies for convergence in D, and for a long time the Skorohod §; topology
was the topology of choice.

Eventually, it became apparent that convergence in the §; topology is too restric-
tive. The first such examples were [AT],[BKS] in the probability literature and [MZ] in
the dynamical systems literature, where convergence fails in §; but holds in the weaker
Skorohod 11y topology on D. Based on [AT], Whitt [W] p. xii] and Jakubowski [J]
respectively wrote:

Thus, while the ¢; topology sometimes cannot be used, the 171; topology can
almost always be used. Moreover, the extra strength of the §; topology is rarely
exploited. Thus, we would be so bold as to suggest that, if only one topology
on the function space D is to be considered, then it should be the 11, topology.

All these reasons bring interest also to the weaker Skorokhod’s topologies (s,
M, and 171,. Among them practically only the topology 171, proved to be useful.

On the other hand, Whitt [W] anticipated the need to move beyond the Skorohod
topologies, and furthermore to replace D by an enriched space of “decorated” cadlag
functions. The enriched spaces in [W] were denoted by E and F. These spaces permit
weak convergence in situation where convergence fails in any Skorohod topology.
Moreover, they keep track of various details which are lost in the usual Skorohod
topologies.

The picture changed further as a result of the papers [BKl, IMV] which gave first
examples where the 1715 topology is the appropriate one. Moreover, the examples
considered in [MV], namely dispersing billiards with flat cusps, demonstrate emphat-
ically that none of the Skorohod topologies are adequate in general. Examples from
one-dimensional dynamics where convergence again fails in all Skorohod topologies
are given in [FET].

In this paper, we prove a general result on weak convergence to a-stable Lévy
processes in a decorated cadlag space. Our framework is general enough to incorpo-
rate all known examples arising in uniformly and nonuniformly hyperbolic dynamics.
In particular, we cover intermittent maps and billiards with flat cusps (bounded ob-
servables) and uniformly expanding maps (unbounded observables). Our results are
formulated using a space F” introduced in [FFT] which improves upon the spaces
in [W] and achieves three goals:

(i) We obtain weak convergence results when none are possible using the Skorohod
topologies. For billiards with one flat cusp as considered in [MV], we obtain
convergence in F’ to a decorated Lévy process for typical Holder observables,
whereas such a result is false for the Skorohod topologies [JMP+].



(ii) We keep track of fine behaviour concerning excursions during jumps, as partially
illustrated in Figure [ This includes behaviour that is not detected by the
spaces in [W].

(iii) Restricting to d = 1 for convenience, the Skorohod topologies have the property
that important functionals such as ¢(u)(t) = supye( 4 u(s) are continuous on D
and hence preserve weak convergence. Many of our examples in Section [2| have
“overshoots” (as illustrated in Figures [2/and |3)) meaning that weak convergence
cannot be preserved by such functionals. Consequently, the processes in such
examples cannot converge in a Skorohod topology (nor in any topology on D
for which such functionals are continuous). However, such functionals 1 are
continuous on the enriched space F” (see Remark and so we obtain a large
class of functionals that preserve weak convergence of enriched processes.

The approach in this paper, building on [FFT], is to consider decorated Lévy
process obtained by attaching suitable profiles P : [0, 1] — R¢ that keep precise track
of the excursion during each jump.

Remark 1.1 For intermittent map examples, considered in [MZ] for scalar observ-
ables and [CEKM] for vector-valued observables, our general theory applies when the
observable v is nonvanishing at at least one of the most neutral fixed points.

For dispersing billiards with flat cusps, we require moreover that the excursions
at all of the flattest cusps are in distinct directions. The general case is the topic of
work in progress.

The remainder of this paper is organised as follows. Section [2| provides an informal
and nontechnical description of numerous examples covered by our theory. This serves
as an illustration of the differences between the various Skorohod topologies on D, as
well as the improvements arising from the theory in this paper. In Section [3] we recall
background material on regular variation in R¢. In Section we define the topological
space F” of decorated cadlag functions [FET]. Our main result, Theorem [5.1] on weak
convergence in I’ is stated and proved in Section [5] In Section [6] we revisit various
examples covered by Theorem

Notation We use “big O” and < notation interchangeably, writing a,, = O(b,,) or
a, < b, if there are constants C' > 0, ng > 1 such that a,, < Cb, for all n > ngy. As
usual, a,, = o(b,) means that a, /b, — 0 and and a,, ~ b, means that a, /b, — 1.

For cadlag functions u : [0,1] — R% and 7 € (0, 1], we let u(77) = lim o u(t — €)
denote the left hand limit of u at 7.

We denote by pj : R? — R the projection onto the k-th coordinate for k =1,...,d.
Let z,y € R. Throughout this paper, x Ay = min{z,y}, xVy = max{x,y} and [z, y]
is the line segment [z A y,z V y]. For z,y € R% we define the product segment
[z, y]] = [pr, pry] X -+ X [paz, pay].



2 Informal description and illustrative examples

Throughout this section, 7" : M — M is a measure-preserving dynamical system
defined on a probability space (M, u) and v : M — R? is a measurable observable.
For specified a € (0,2), we define the sequence of cadlag processes W,, € D([0, 1], RY),

[nt]

Wa(t) =n="*Y voT7,
j=0
on M.

2.1 One dimensional maps

One-dimensional maps 7" : M — M, M = [0,1], already provide a wide variety
of different weak convergence properties. We begin with three examples, each of
which exhibits convergence in the Skorohod 771, topology, but for which much further
information is gained by considering convergence in the enriched space F’.

Example 2.1 Tyran-Kamiriska [T] initiated the study of weak convergence to a-
stable Lévy processes in deterministic dynamical systems, focusing on the standard
Skorohod ¢ topology on D. A specific example studied in [T] is the Gauss map
Tyz = 1/x mod 1 which arises in the study of continued fractions. For the scalar
observable v(z) = [1/x], it was shown taking o = 1 that W,, converges weakly (after
appropriate centring) in the ¢; topology to a totally-skewed (one-sided) 1-stable Lévy
process.

Example 2.2 Our second example is a class of Pomeau-Manneville intermittent
maps [PM] studied in [LSV]

1 21/a 1/a
Tyr — x(1+ z'e)
20 — 1
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These maps possess a neutral fixed point at x = 0 (with 75(0) = 1) that becomes
stickier as a decreases resulting in anomalous behaviour. For a > 1, there is a unique
absolutely continuous invariant probability measure p. Let v be a scalar Holder
observable with [vdu = 0 and v(0) # 0. For o > 2, we have central limit theorem
behaviour with normalisation n'/? for a > 2 and normalisation (nlogn)'/? for a = 2.
In the case of interest here, o € (1,2), Gouézel [G2] proved that W, (1) converges in
distribution to a totally-skewed a-stable law. Convergence to the corresponding a-
stable Lévy process was proved in the Skorohod 171; topology in [MZ]. It had already
been noted in [T] that convergence was impossible in the §; topology.



In the first example, large jumps for W, (t) arise at separated times t = j/n
whenever T7z is near zero. In the second example, increments of W, are small
(bounded by n~'/|v|.,). However, when Tz is near the neutral fixed point at 0, there
are several successive values of j for which the increments are all close to n~1/%v(0)
and these accumulate into a large jump. In ¢, large jumps in the limit have to be
approximated by large jumps of almost the same size at almost the same instant of
time, so the ¢; topology is appropriate for the first example but not the second.

Example 2.3 Our third example, considered in [GI], is provided by the doubling
map T3 = 27 mod 1 with scalar observable v(x) = 27/ where a € (0,1). Again,
W, (1) converges in distribution to a totally-skewed a-stable law and W), converges
to the corresponding Lévy process in the 771, topology but not in ¢;. However, the
situation is quite different from that for 7, where the increments for W,, during an
excursion near the neutral fixed point at 0 limit on a vertical line segment. For T3,
the increments near the hyperbolic fixed point at 0 limit on a sequence of a large
jumps, decreasing geometrically in size at rate 271/ (see Example for details).

For the three examples above, the limiting excursions are (1) a pair of points, (2)
a line segment, (3) a geometric sequence of points. These are illustrated in Figure .
Note that all three examples converge in 171;. The first example is distinguished by
converging also in ¢;. However, the second and third examples cannot be distin-
guished at the level of Skorohod topologies, nor by the spaces in [W] as discussed
in [FFT, Section 2.3]. This is the issue addressed by the space F” in [FET].

We obtain decorated processes in F”’ by associating to each jump, a profile, namely
a cadlag function P : [0,1] — R with P(0) = 0 and |P(1)| = 1, as shown in Figure 1]
Our main result, Theorem [5.1], gives convergence in F’ of W, to the decorated Lévy
process.

The limiting Lévy process in these three examples are totally-skewed with jumps
that all have the same sign (positive for 77 and T3 and sgnv(0) for 73). The next
example includes two-sided Lévy processes as well as the vector-valued case.

Example 2.4 Continuing Example let Ty, - M — M, M = [0,1] be an
intermittent map with finitely many neutral fixed points zi,...,z, € M where
T ~ x + cj(z — x;)1*V/% for x ~ x; (¢; > 0), where a; = mine; € (1,2). For
an explicit example, see [CFKM, eq. (1.5) and Lemma 6.3]. Let v : M — R be
Holder with v(x;) # 0. Then we obtain convergence in 171 to an ay-stable Lévy
process. If oy = g and v(zq)v(zg) # 0, then the Lévy process is two-sided.

Now define profiles P.(t) = £t. We attach P, to each positive jump and P_ to
each negative jump, scaled by the size of the jump. Our results guarantee convergence
in F’ to the Lévy process enriched in this manner. Note that it is not required that
v(z;) # 0 for all j; it suffices that v(x;) # 0 for at least one neutral fixed point z;
with «; least.
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Figure 1: Limiting excursions (first row) at some time 7 and profiles (second row)
for the three one-dimensional examples 77 (Gauss map), 75 (intermittent map with
v(0) > 0), T3 (doubling map). Each excursion/profile corresponds to one jump of the
limiting Lévy process. Each excursion is a subset of a vertical line and is the image
of the corresponding profile P = Py : [0,1] — R suitably scaled (I(7) picks the
correct profile at 7 and is defined in Section .

We can also consider vector-valued observables v : M — R? with d > 2 as
in [CEFKM]. Let i € 9 be the set of indices ¢ € {1,...,k} such that o; = ay least
and v(z;) # 0. We assume that J # (). By [CEKM], we obtain convergence in 177,
to an ay-stable Lévy process with jumps in the directions w; = v(x;)/|v(z;)|, i € J.
We attach the profile P;(t) = tw; to jumps in directions w;, scaled by the size of the
jump. As shown in Example [6.9] the results in this paper yield convergence in F” to
this enriched Lévy process.

The 171, topology suffices for the examples mentioned so far. Moreover, the profiles
can be recovered from the excursion combined with the knowledge that convergence
holds in 771;. In our next example, convergence fails in all Skorohod topologies and
the profile contains information that cannot be gleaned from the excursion.

Example 2.5 Consider the map 75 : M — M studied in [FET) Example 2.7],

Tsx = 3x mod 1, v(r) = v — 5 —|£B—§|_2-



Large values of v with alternating sign arise when Tg x is close to the repelling period
two orbit {3, 2}.

In this example, W,,(1) converges to a symmetric %—stable law, and the normalised
excursions consist of the points {1 — (—é)j; j=0,1,2,...} U{1} at positive jumps
and {—1+4(—5)7; j =0,1,2,...}U{—1} at negative jumps. Note that the excursions
span [0, j:%], thereby overshooting the span [0, £1] of the jumps. The excursion and
profile for positive jumps are shown in Figure The profile contains considerable
extra information, indicating that the size of the steps during one jump decrease in
size with oscillating sign; the limiting excursion records the size of the steps but not
the order in which they occur. See Example for further details.

Let L, denote the corresponding %—stable Lévy process. The functional

YD =D, Pu)(t) = sup ufs),

s€[0,t]

is continuous in the Skorohod topologies. In examples like the current one, with
overshooting excursions, it is clear that the limit of ¢(W,,) is unrelated to ¥(L,)
since L, does not see the overshoots. Hence it follows from the continuous mapping
theorem that W,, does not converge weakly to L, in any Skorohod topology on D.
However, the enriched process records the overshoots and we recover continuity of
such functionals from F’ to D.

° o
- *° eo__
° *o

° —o

Py =P
________ _ —o

| | |
T 0 1

Figure 2: Limiting excursion (left) and profile (right) at a positive jump for Exam-
ple The profile P; : [0,1] — R with P;(0) = 0, P;(1) = 1 corresponds to jumps
initiated at x = % (see Example ; the other possibility being negative jumps ini-
tiated at = £ (with profile P_; = —P;). The second horizontal line in the profile is

at height %, overshooting the range [0, 1] of the profile.

Remark 2.6 In situations where the results in this paper apply, we obtain necessary
and sufficient conditions for convergence in the 171; and 171, topologies by arguments
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in [MV] for 171, and in [JMP+] for 7715. Convergence holds in 771, if and only if P(¢) is
contained in the line segment ¢p joining 0 to P(1) for all ¢ € (0, 1) and each profile P.
Convergence holds in 777; if and only if in addition ¢ — P(t), t € [0, 1] is monotone
in ¢p for each P.

If there exists a profile P and a t € [0,1] such that P(t) € ¢p then convergence
fails in all the Skorohod topologies. This occurs naturally (and typically for d > 2)
in the billiard examples in Subsection [2.2] as well as in Example [2.5

2.2 Billiards with flat cusps

Planar dispersing billiards [CM] were introduced by Sinai [S] and are based on de-
terministic Lorentz gas models [L]. They are known to satisfy numerous classical
statistical limit laws such as the CLT and WIP [BS| BSC]. Billiards with cusps
were treated by [BCD] who obtained convergence to a normal distribution/Brownian
motion but with anomalous diffusive rate (nlogn)'/? instead of the usual n'/2 nor-
malisation.

Jung & Zhang |JZ] proved convergence to an a-stable law for planar dispersing
billiards with a flat cusp. The billiard table Q C R? has a boundary consisting of at
least three C® curves with a cusp formed by two of these curves I'y. In coordinates
(s,z) € R?, the cusp lies at (0,0) and 'y are tangent to the s-axis at (0,0). Moreover,
Iy = {(s,£571s")} close to (0,0), where 3 > 2.

The phase space of the billiard map (collision map) 7" is given by M = 9@Q x [0, 7],
with coordinates (r, ) where r denotes arc length along 0@ and 6 is the angle between
the tangent line of the boundary and the collision vector in the clockwise direction.
There is a natural ergodic invariant probability measure du = (2|0Q|) ™" sin 6 dr df on
M, where |0Q)] is the length of Q).

Let v : M — R be a Holder observable with [, vdy = 0. By [IZ], W,(1)
converges weakly to a totally-skewed a-stable law with o = /(8 — 1) € (1,2). The
case of multiple cusps was considered in [JPZ]. We refer to [JPZ] for precise details
of the configuration space; in particular it is assumed that no trajectory runs directly
between the vertices of two cusps.

Convergence to the corresponding Lévy process is considered in [MV],[JPZ, [JMP+].
Again, ¢; convergence is impossible since the jumps are bounded. If v has constant
sign on each cusp, then convergence holds in the 171; topology. However, a much
wider range of convergence properties is possible due to the fact that the cusp (which
is a single point (0,0) in configuration space) is a union of two line segments

{(ri,0):0<0<7}U{(r_,0):0<60<m}

in phase space. Here, ro € I'y denotes the arc length coordinates of (0, 0).
At each of the flattest cusp (those with largest ), we associate a continuous profile

P:[0,1] = R%, P(t) = %/Ot{v(m,é) +u(r_, 7 — 0)}(sin@)* dp,
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as depicted in Figure We require that P(1) # 0 for each P and normalise so
that |P(1)] = 1. In general, P may have overshoots for d = 1, see Figure [3c),
and overshoots are typical for d > 2. Hence the billiard example provides many
instances where convergence fails in all Skorohod topologies. In Section [6.2] we apply
our results to show (currently under the assumption that P(1) is distinct for distinct
flattest cusps) that convergence holds in F” to an enriched Lévy process.

(@ (b) (©)

Figure 3: Different possible shapes of the profile at a cusp for billiards with flat cusps
for a scalar observable v : M — R. (a) Convergence holds in the 7171, topology; (b)
Convergence holds in the 171, topology but not in the 171; topology; (c¢) Convergence
fails in all Skorohod topologies but holds in the enriched space F”.

3 Regular variation in R? and spectral measures

In this section, we recall some basic material on regularly varying vector-valued func-
tions and the notion of spectral measure [ST, Section 2.3].

Let S! = {z € R?: |z| = 1} denote the unit sphere in R?. (Throughout, | - |
denotes the Euclidean norm.)

Definition 3.1 An R%valued random variable Z is reqularly varying with order a €
(0,2) if there exists a Borel probability measure v on S, called the spectral measure,
such that

lim P(|Z| > N\t, Z/|Z| € E)
t=vo0 P(|Z] > 1)

for all A > 0 and all Borel sets £ C S with v(0F) = 0.

= \"v(E)



Taking E = S?°!, we have that |Z] is a scalar regularly varying function. Hence
there exists a slowly varying function £ : [0,00) — (0, 00) such that

P(|Z] > t) = L (t).

Suppose that Z is regularly varying as in Definition [3.1] and that either « € (0, 1)
or o € (1,2) and EZ = 0. Let Z;,Zs,... be a sequence of i.i.d. random variables
distributed as Z. Choose b,, ~ (nl(b,))*®. Then

n—1
b;l Z Zj —w Ga,
j=0

where (G, is a d-dimensional a-stable law with characteristic function

Ee'sC = exp { - / |s - x]o‘(l —isgn(s - z)tan ?) cos % I'l—a) du(x)}
gd—1
for s € R T he random variable Z is said to be in the domain of attraction of G,,.
Now let L, € D(]0,1],R?) denote the d-dimensional a-stable Lévy process corre-
sponding to the stable law G,. Also, define the process W2 by

[nt]—1

W2 () =b">" 7.
j=0

Then WZ —,, Lq in the Skorohod ¢ topology.

Remark 3.2 The strong §; topology on D([0, 1], R?) is metrised by

dg, (un,uz) = inf (sup fur(A(1)) = ua(®)] + sup A(E) ~ 1],
A Ntefo,1) te[0,1]
where the infimum is over the set of continuous strictly increasing bijections A :
[0,1] — [0,1]. There is also a weak ¢; topology defined by working coordinatewise
(which allows d different parametrisations A). The weak and strong topologies coin-
cide for d = 1 and are different for d > 2. Throughout this paper, by ¢; we mean
strong ¢;.

4 Decorated cadlag space F’

In this section, we recall the definition of the topological space F' = F’([0,1],R¢)
introduced in [FFT]. We make liberal use of the notation introduced at the end of
the Introduction.

Let D = D([0, 1], R?) be the space of cadlag functions defined on [0, 1]. For u € D,
we denote by Disc,, C (0,1) the set of discontinuities of w.

The decorated cadlag space F' is defined to be the space of excursion triples
(u,8,{€"}res) where

10



e uc D,

e & is an at most countable subset of (0,1) containing Disc,,

e ¢™ € D satisfies €7(0) = u(7~) and e (1) = u(r) for each 7 € §.

e For all € > 0, there exist only finitely many 7 € & such that diamrangee” > e.

(The second and fourth conditions are automatic for v € D if § = Disc, and
range e’ C [[u(77),u(7)]].)

The remainder of this section is devoted to defining the appropriate topology
on F’. To do this, it is useful to consider two further spaces F and D.

The space £ = E([0,1],RY) introduced by Whitt [W] Sections 15.4 and 15.5] is
the space of triples (u,§,{K"};cs) where

e uch,
e & is an at most countable subset of (0, 1) containing Disc,,

e K7 is a compact connected subset of R? containing at least u(7~) and u(7) for
each 7 € &,

e For all € > 0, there exist only finitely many 7 € & such that diam K™ > e.
We may identify each element (u,§,{K"},cs) € E with the set-valued function

a(t)_{Kt iftes
C{u@®)}y tel0,1]\S’

and its graph 'y = {(t,2) € [0,1] x R®: z € a(¢)}.
For elements of F, the associated graph I'; is a compact set. Recall that for
compact sets A, B C R", the Hausdorff distance between A and B is given as

H(A,B) =sup inf |xr — y| Vsup inf |z — y|.
(4, B) = sup Inf |z —y| Vsup Inf |z —y|

We endow F with the Hausdorff metric by setting
dE(ﬂl,?lQ) :H<Fﬁ1arﬁ2)7 'alu,&Q SR

Next, we introduce D = D([0,1],R%) = D/~ where u; ~ uy if there exists a
reparametrisation A : [0,1] — [0, 1], i.e. a continuous strictly increasing bijection,
such that u; o A = up. Denote the equivalence class of u by [u]. We define

ds([u1], [ug]) = inf sup |ui(A(t)) —ua(t)|, w1, us € D,
A telo,1]

11



where the infimum is over the set of continuous strictly increasing bijections A :
[0,1] — [0,1] (this could be thought of as the induced metric from the .J; metric on
5) We abuse notation within D by writing u to refer to both a representative of its
equivalence class [u] and the equivalence class itself. (Note that two elements of D
can be close even if ) is far from the identity, so D is quite different from D with the

4, topology.)
We define projections

g F' — F, Wf):F'—>l5

as follows.
The projection 7y is given by

TE (u, CS): {eT}TeS) = (U, S, {KT}TGS)

where

K™ = [ inf pie”(t), sup pleT(t)] X e X [ inf pge”(t), sup pae” (t)|.
t€[0,1] te[0,1] t€[0,1] t€[0,1]

To define 75 (u, S, {e"},es), write & = {7, : m € s} where k C {1,2,...} is an
at most countable (possibly empty) indexing set. Define s = 3 _ m™2. Insert an
interval I,,, of length m =2 after each 7, to obtain an interval of length 1 + s. Define
@ :[0,1+s] = R? to coincide with w on [0,1 + 5]\ UU,, Imﬂ and to coincide with
the appropriate time-scaled version of e™ on I,,. (So if I,, = [a,a + m™2], then
i(a+t) = e™(m?t) for 0 <t < m~2) Define n5(u, S, {€ }res)(t) = a(t(1 + s)).

We can now define a pseudometric on F’ by setting
dF/(fbl, ﬂg) = dE(WEfbl, 7TE112> + dﬁ(ﬂ'ﬁal, ﬂﬁﬂg), ”[Ll, ag € F/.

Remark 4.1 The space F’ with the topology defined here is separable (but not
complete), see [FET], Proposition A.3(a)l.

Remark 4.2 For d = 1, consider the maximum process functional ¢ : F/ — D, given
by
() (t) = S?p]max{(m;a)(s)}, weF', tel0,1].
s€(0,t
This is continuous, showing that we recover a suitable class of continuous functionals
preserving weak convergence in F’. See [W, eq. (5.5) and Theorem 15.5.1] for the
corresponding situation in the Whitt space F.

n formulas, let ¢ : [0,1] = [0,1+ s] \ U, Im be the piecewise smooth bijection with ¢’ =1 on
[0,1]\ . Then a(t) = u(e~*(t)) on [0,1 + s} \ U,, Im-

12



5 Main theorem

In this section, we state and prove the main theoretical result of the paper.

Let T': M — M be an ergodic measure-preserving transformation on a probability
space (M, ) and let X C M be a measurable subset with p(X) > 0. Define the first
return time

R:X 7", R(z)=inf{n >1:T"z € X}

and the first return map
f=T: X X, fo=T"g

We assume throughout that R € L'. The normalised restriction px of p restricted
to X is an ergodic f-invariant probability measure on X.

Fix finitely many unit vectors w; € S%!, i € J, where J is a finite indexing set.
For notational convenience, suppose that 1 € ¢. Also, we fix a finitely supported

Spectral measure
VvV = E CLi(Swi

i€y
on S, where a; > 0 and Y, a; = 1. Choose b, ~ (nl(b,))"/* as in Section , and
let L, denote the a-stable Lévy process with spectral measure v.

Let v : M — R be a vector-valued observable, and set v, = Z;:é voTi. We
define the induced observable

R-1
V=vg: X =R V:ZvoTj.
j=0

Also, define the processes W, WY € D([0,1],R?) on M and X respectively,

[nt]—1

[nt]—1
W) =b" Y voT/,  WY{#)=0b"> Vof. (5.1)
j=0

J=0

Our main hypothesis is that WY —,. L, in D with the ¢, topology

Define the a-stable Lévy process L, = (fX Rd,ux)_l/af/a. Our aim is to prove
weak convergence in F’ of W, to L,. To make sense of this, we first need to embed

W, and L, as decorated processes Wf " and Lgl in F”.

2We write —ux to denote weak convergence, emphasising the probability space on which wYy
are defined.
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Embedding of W, in F’. We embed W,, in F’ in a somewhat arbitrary (harmless)
manner by attaching trivial excursions. Given u € D, let Au(7) = u(7) —u(r~). We
define elements W € I’ on (M, ),

WF/ (Wm Snv {en}Teén)

where &, = {£,1<j <n—1}and €] : [0,1] — R? is given by
en(t) = Wa(52) + 11 y(DAW,(2) for7=2€S,.

Embedding of L, in F'. Let P;, i € J, be a finite collection of profiles, namely
cadlag functions P € D([0,1],R?) with P;(0) = 0 and Pi(1) = w;. We now de-
scribe how to embed L, in F’ by adjoining the profiles P;, suitably scaled, at each
discontinuity of L.

Let & = Discy,,. For each 7 € &, we can express AL, (7) uniquely in the form
ALy(T) = |AL(T)|wi(ry with I(7) € d. Define

LY = (La, S, {€7}res)
where the excursion €7 : [0,1] — RY, 7 € 8, is given by
€"(t) = La(77) + [ALa(T)| Prn (1).

Hypotheses. As already mentioned, our main hypothesis is that W\ — Lo in
D with the §; topology. We require one more assumption linking the dynamics to
the profiles. Define IT : R — D by setting II(y) = P, when y/|y| is closest to w;. If
y/|y| is equidistant from two distinct w;, or y = 0, set II(y) = 0. We define functions
¢, ¢ € D([0,1],R%) on X,

Et) =wvpr, (1) = [VIII(V)(t) +t{V — [VII(V)(1) }.
Our second main hypothesis is that
- J
by fax dp(§,C) o f! = 0. (5.2)

Theorem 5.1 Assume that WY — Lo in D with the Skorohod §y topology, and
suppose that hypothesis (5.2)) is satisfied. Then wr —u LE in F.

In the remainder of this section, we prove Theorem [5.1}

Remark 5.2 A more natural choice when 9 = {1} is to take ( = V P;. Our definition
of ¢ has the advantage that it treats all cases simultaneously. For example, in the
case d =1, = {£1}, wy = £1, we obtain ( = |V|Psnv.

VP (t) V>0
~VP(t)+2tV V<0
The strange looking definition of ¢ for V' < 0 is unimportant since in practice V' will
be large and positive in such situations.

For d = 1 with ¢ = {1} and wy = 1, we have ((t) =

14



Remark 5.3 We can adapt our proof to work when R is a generalised inducing time,
rather than necessarily a first return. This can be done by going to the corresponding
Young tower and considering the first return to the base as in [MV] Section 4].

5.1 Initial elements of the proof

The first step is to use ideas of strong distributional convergence |Z] to reduce from
weak convergence w.r.t. y to weak convergence w.r.t. pix.

Lemma 5.4 dp (W oT, W) =, 0.

Proof Fort € (£,1) we have W, (t) = b, 'v;. Hence on this interval,

W,oT(t)=b"vjoT =b, vj1 — b 'v=W,(t+21)—b v

This means that the values of W), o T'|; »—1) match up with those of W|1 ;) within

error b, *|v| after a horizontal displacement of L. Hence the contribution to dp is
at most ~ + b, '|v| and the contribution to dj is at most b,'|v|. We also have the
estimates

sup |W, o T(t) — W, (t)] < b (|v| o T™ + |v]).

[0

Hence
dp(WE o T,WE) < 1 425 o + 20, o] o T™

The result follows since |v| o T™ =, |v| and b, !|v] = 0 a.e. n

Corollary 5.5 To prove that W' —, LE in F', it suffices to prove that WI" —
LE in F'.

Proof We have verified [Z, Condition (1)] in Lemma [5.4, Hence the result follows
from [Z, Theorem 1]. |

For k > 0, define the lap number

k
Ni: X — N, Nk221XoT£:maX{nZO:Rngk}gk.
=1
where R, = Z;:& Ro fI.
Proposition 5.6 lim,_,. n™' maxi<j<, Ny = ( [y Rdux)fl a.e. on (X, px).

Proof By definition of the lap number, Ry, <n < Ry,,, son/N, — [, Rdux a.e.

by the pointwise ergodic theorem. Hence n™'N,, — (fX Rdﬂx)fl a.e. and the result
follows easily. ]
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As in [MZ, MV, [ICEFKM]|, we define the sequence of processes U, € D on the
probability space (X, px),

N[nt] —1

Un(t) =b," > Vof~
k=0

These are rescaled versions of W)\ with jumps occurring at

tnj = Rj/n

where j = N,
Lemma 5.7 U, —,, Lo in D with the §; topology.

Proof This is a consequence of the fact that W\ —, L, in D with the 4, topology.
For completeness, we give the main steps in the argument following [MZ], Lemma 3.4].
Throughout D is endowed with the ¢; topology (rather than the 171y topology used
in [MZ]).

For n > 1 and ¢t € [0,1], we let k,(t) = n 'Npyy. Then U,(t) = WY (k,(t))
on X. We regard U,, WX , La, f)a and k,, as random elements of D. Note that
kn € Dy = {g € D : g(0) > 0 and g nondecreasing}. Let s denote the constant
random element of D given by x(t)(x) =t/ [ Rdux. By Proposition , Kn(-)(x) —
#(-)(x) uniformly on [0, 1] for ux-a.e. € X. Hence, K, —,, & in D. But then we
automatically get (WY, k,) =y (Lo, %) in D? since WY —, . L, in D and the limit
k of the second component is deterministic.

The composition map D x Dy — D, (g,v) + gowv, is continuous at every pair (g, v)
with v € Cy = {g € D : g(0) > 0 and g strictly increasing and continuous}. By the
continuous mapping theorem U, = WY o &, —ux Loyok =L, in D as required. W

Define the functional
x:D—=F',  xu=(uDiscy, {€] }repisc. ),
where €7 : [0,1] — R¢, 7 € Disc,, is given by
en(t) = u(r) + |Au(r)|II(Au(r))(t) + t{ Au(r) — |Au(r)|TI(Au(r))(1)}.

In particular, L " = yL,. Moreover, L, is a continuity point of y with probability one.
(The discontinuity points of x arise when Au(7)/|Au(7)| is equidistant to distinct

Corollary 5.8 xU, —,, LI in F'.

Proof This is immediate from Lemma [5.7] by the continuous mapping theorem. &
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Strategy for the remainder of the proof The interval [0, 1] splits into subin-
tervals [t ;,tn 1], 0 < j < N,, Notice that 1 € [t, n,,tnn,+1). For simplicity, we
may suppose that 1 € (¢, n,,tnn,+1) since this countable set of events occurs with
probability one. It is convenient to consider the final interval with j = N,, separately.
In Subsection m, we show that dp g, « 1(WF',xUs) —. 0. Then in Subsec-
tion m, we show that dp oy, v (WS, xUs) —uc 0. Combined, we obtain that
dp (Wf " XUn) — . 0. By separability of F”, it then follows from Corollary that

Wf/ — Lgl. By Corollary Wf/ —u LaF/ completing the proof of Theorem .

Convention Recall that dp: (i, U2) = dg(Tgtn, Tpls)+dp (T, THls) for @y, Uy €
F'. When we write dg (WEﬂl, WEKLQ), this means that we compute the graphs
TEly, Tl on [0, 1], restrict the graphs to J C [0, 1], and then compute the Hausdorff
distance. Similarly for df?,J (71'5111,71'5112) and dpr ; (121, 712).

We will require the following standard consequence of the pointwise ergodic the-
orem.

Proposition 5.9 Suppose that H € LP(X), p > 1. Then n™YPmaxp<j<, H o f7 =0
a.e. on (X, uy). |

5.2 Incomplete excursion on [t, y,, 1]

Proposition 5.10 dpzy[tmle](Wf/,XUn) —ux 0.

Proof Write ¢, n, = %" where j* € {0,...,n—1}. Let k € {1,...,d}. Restricted
to [%,1], the graph mpppxU, C R? consists of a single horizontal line at height
Wi (J:L). The graph 7gp,Wr " R? consists of horizontal line segments at height

peWa(t), 5 = ji,...,n — 1, together with interpolating vertical line segments. In
partlcular

for each k£ and so

dEy[tnmel}(WEWf/,ﬂEXUn) < max |[W,(2 ) Wn(j:).

Jx<j<n n

Also, (msxUy,)(t) = Wn(%) for ¢ € [j%/n, 1] while the values of 75W," lie on the
graph of TpWF'. It follows that
ot (W oAU < s [ WE)b) — (rp) )
1,t2€[73% /n

< max |[Wi(L) — W,(2)].

T jr<ji<n n
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Hence, it suffices to show that

max |W, (L) — W, (i)

Jn<isn

—ux 0.

To conclude, we use an argument from [G3, Appendix A]. Passing to the natural
extension, we may suppose without loss of generality that T': M — M is invertible.
Define measurable functions m : M — N, v* : M — R? by

R(T—™z)
m(z) =inf{k >0:TFze X}, v'(@)= Y [T T "))

=0

Notice that at time t = 1 the process W, is in the middle of an excursion involving
the increment voT™, while v* oT™ is the sum of the absolute values of the increments
in that excursion. It follows that

|Wn(7]_l) - Wn(%) < bt oT"

for 5 < j <mn. Hence

max \Wn(%) — Wn(%)

< —1 *O n.
Ji<i<n Sbyvtel

Now, b,'v* — 0 a.e. on (M,p) and v* o T" =, v*, so b,'v* o T™ —, 0. Also,

Hx = (1(X))"u|x and hence by 'v* o T™ —, . 0. It follows that max;: <<, |Wn(%) _
Wa(2)

—ux 0 as required. n

5.3 Completed excursions on [0,%, x|

Recall that xU, € F" is defined by adjoining excursions that are scaled versions of
the profiles P;, i € J. It is convenient also to define elements U,, € F’ by adjoining
dynamical excursions. Accordingly, define

(771 = (Uny Cg;na {é(ﬁr]n }TESU,L>
where S~n ={th1,...,tun,} and
(€5,)(t) = Un(tng) + b, vpry o f7 for 7 =1, 41.

In the next two propositions, we consider the distances dp (W1 ',[7”), and
dp (U, xU,) on the interval [0, %, x,].

PI‘OpOSitiOH 5.11 dF’,[O,t Wfla ﬁn) _>MX 0.

n,Nn](
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Proof First, we consider dg [ ]<7TEW5/,7TEﬁn).

n,Nn
Let k € {1,...,d}. The graph ﬂEpka' consists of the graph of p;W,, together
with vertical line segments joining (<, b, 'prv;—1) to (£,b,'ppv;) for j=1,...,n— 1.
Define

in = min ppv = max pUs.
Qmin ngngk 2 Gmax OSESRpk y4

Then the graph WEpkﬁn is obtained from the graph of p U, by adjoining the line
segmentsﬂ

{tn,j—i-l} X Jn,ja Jn,j = pkUn(tn,j) + b;l[Qmina Qmax] o fj

for j =0,...,N, — 1. The graphs are shown schematically in Figure [4]

Figure 4: Graphs of mpp,W /! (left) and mprU, (right) on an interval (tn.jstnj+1] of
length % The dashed lines show the box [t,, j,t, j+1] X Jn ;. The dots show the points
(tng> Wa(tn ;) and (tn i1, Wa(tn 1))

On the interval (¢, ;,t,j+1], 0 < j < N, — 1, the graphs epeWE and ﬂEpkﬁn lie
entirely within the box
[tn7j7tn7j+l] X Jan.

This box has width n™! Ro f7. The graph ’H'Epkﬁn contains J,, ; which is the right-hand
side of this box. Hence every point in the graph mgp, W1 " lies within distance n=*Ro fJ
of Teps [7” On the other hand, J,, ; is by definition the union of horizontal translates of
vertical line segments in mgp W/ so every point in Jn,; lies within distance n~'Ro fJ
of mppWF'. The remaining horizontal line segment (tnjs tnjs1] X {prUn(tn;)} in
meprU, is within distance n"'R o f7 of the point (,;, pxUs(t,;)) which also lies
on WEpka/. Altogether, we have shown that dE:(tn,jytn,jJrl](ﬂ-Epk;WTf—'/? ﬂEpkﬁn) <
n~'Ro fi. Hence

/ ~ _ . 1 .
d aeWE 7pU)<n™' max Rof’<n!'max Ro fJ.

3We use the abbreviation x + c[u1,uz] o f7 for [z + c(uy o f7),x + c(ug o f7)].
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By Proposition , n~ ' maxo<j<, Ro f9 — 0 a.e. on (X, ux), and it follows that
dEv[Oatn,Nn]<7TEWnF/77TE(7n) —ux 0.

It remains to consider dp, ](ﬂ'DWF U ). Restricting to (t,;,tnj11],
0 <j5 < N, —1, the function 7TDUn is a concatenation of the constant function
Upn(t, ;) followed by the excursion U,(t, ;) + bglv[tR] o f/. The latter is a concate-

nation of the functions U, (t, ;) + b, v, o f7 for 0 < ¢ < R. Hence Wﬁlen is a con-
catenation of the functions U, (t, ;) + b, v, 0 f7 for 0 < ¢ < R. But WEWE/ is a
concatenation of the same functions and in the same order. Since concatenation is

S
associative under reparametrisations of time, 75 , (rWrE, m5U,) = 0. Hence
( ln ]+1]} n

A5 o1, x ](WﬁWf ,75U,) = 0 completing the proof. n

Proposition 5.12 dg oy, v, 1(XUn, Un) =>4y 0.
Proof We claim that

drr 0,60 n) XUy Un) < b max d(€,¢) o f7.

0<j<n

The result then follows by hypothesis (5.2]).
It remains to prove the claim. In general, Discy, C &, = {t,,; : 1 <j < N,,}. We
first consider the slightly simpler case Discy, = &, for all n. Then

xUn = (Unv (:S)Vm {eTUn}TESUn)ﬂ ﬁn = (Um gﬂv {éql—]n }TGC?Un)7
where
etr, (t) = Un(tn ;) + [AUL(T)TI(AUL (7)) (t) + t{ AUL(T) — [AUL(7)[TI(AU,(7))(1) },
€5, (t) = Un(tnj) + by vpmy o f7,

for 7 = tn,j+1-

Note that AU, (1) = b,'V o f/. Hence
el (t) = Up(tny) + b, {IVII(V)(¢) + t{V — [V|IL(V)(1)} o f7
= Un(tng) + b, C(t) 0 fj-

Also, A
&5, (t) = Un(tng) + by (1) o f.

On the interval (¢, ;,t, j+1], it follows that Wﬁﬁn is the concatenation of the con-
stant function U, (¢, ;) with U, (¢, ;) + b, '¢(t) o f7, while m5xU, is the concatenation
of the constant function U, (¢, ;) with U, (t, ;) + b, ¢(t) o f7. Hence

dﬁ,(tn,j,tn,jﬂ](ﬂﬁﬁm TxXUn) < 01 d5(8,¢) o f?
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and it follows that

707tn,Nn}<7T5Un’7r5XU ) <ub! Jax d 5(£,¢) o f7.

Also, dE,(tn,]-,tn’j_H](WE(,jnyWEXUn> = b, H o f7 where H is the Hausdorff distance
between the smallest closed boxes containing the ranges of the functions £(¢) and ((¢)
for t € [0,1]. (So H = maxj<x<q Hy where Hj, is the Hausdorff distance between the
smallest closed interval containing {px&(t) : t € [0, 1]} and the smallest closed interval
containing {py((t) : t € [0,1]}.) In particular,

hE

kﬂ{‘l{éﬁﬁ@ﬁ D[f(l)aﬁcpké mmpé I[l(f)ull]lpké} ds(€, Q).

Again,

dE7[07tn7Nn](7rEl7n,7rExUn) =b,' max Ho f/ <b;! max d 5(&,¢)o 1,

" o0<i<n

completing the proof of the claim in the case Discy, = S, for all n.

In general, there is the possibility that ¢, ;11 € Svn \ Discy,. On the interval
(tn.js tnj+1], it remains the case that Wf)ﬁn is the concatenation of the constant func-
tion U, (t,,;) with Uy, (tn;) +b,E(t) o f7, while m5xU,, is simply the constant function
Upn(ts,;). The latter is equivalent to the concatenation of U, (t, ;) with U,(t, ). But
the fact that ¢, ;.1 is not a discontinuity point of U,, means that V' = 0 and hence
(by definition) ¢(¢) o f/ = 0. Hence m5xU, is still the concatenation of U,(t, ;) with

Un(tng) + b, C(t) o f7. N

n

Corollary 5.13 dp o4, v j(WE',XU,) =,y 0.

Proof This is immediate from Propositions .11 and [5.12 n
Thus we have completed the proof of Theorem

6 Examples

In this section, we consider examples covered by this paper, expanding on the exam-
ples discussed in Section [2] In Subsection [6.1] we consider examples with o € (0,1)
where T' : [0,1] — [0,1] is a uniformly expanding map and v is an unbounded
scalar observable. In Subsection we consider examples with o € (1,2) where
T : M — M is only nonuniformly expanding/hyperbolic but v : M — R? is bounded.
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6.1 Examples with unbounded observables

In this subsection, we give details for Examples 2.3 and 2.5

Example 6.1 (Example revisited) Let T : M — M be the doubling map,
so M = [0,1] and Tz = 2x mod 1, with ergodic probability measure p = Leb. Fix
« € (0,1) and consider the observable

v: M — R, v(z) =z

Define ¢ = 27%/% € (0,1). Let ¢ = {1} and let P; : [0,1] — R be any monotone in-
creasing step function with range precisely {1—¢/, j = 0,1,2,... }U{1}. In particular,
P1(0> = 0, P1<1) = W) = 1.

Define L, to be the totally-skewed a-stable Lévy process with spectral measure
v = 0, as defined in Section , and let L, = cLy. Take b, = (1 — ¢)~"'n'/* and define
W, € D as in .

By [G1], W, (1) —, La(1). We claim that W,, —, L, in 1. Moreover, we
have the following convergence result in F’: Define the enriched process ij/ =
(Lo, Discy,,, {€7}) € F’ with excursions

€ (t) = Lo(77) + ALy (7) Py (1)

at each discontinuity 7 € Discy,. Also, define W!" € F’ by attaching trivial excur-
sions as in Section [f We prove that

/ ’ .
WE -, LE in F/

by verifying the assumptions of Theorem [5.1] This is done in Lemmas [6.2] and
below.

The first return map f =77 : X - X, X = [%, 1], is uniformly expanding with
(countably many) full branches of constant slope, and ux is normalised Lebesgue
measure on X.

For x € X and 1 </ < R(x),
U(fo) _ (2€—1Tg;)—1/a _ (QZ(:L‘ . %))—l/a _ (x . %)—l/ozcé7

ve(z) =v() + (' = 1)1 =@ = LT

Also, x — % € (2-B@+D) 9-R@)] g0
V() = vg(e) = (¢ = 1) = 57+ 0(1).

Lemma 6.2 WY —, . L, in the §, topology.
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Proof Write V = Z + H where Z(z) = (¢! = 1)"}(z — })""* and H = O(1).
Since H is bounded and Hélder, it follows by [MT] or [KM) Proposition 7.1] that
| maxy<p | Ygc;cp H o ]|, < n'/2. Hence it suffices to show that W7 —, Ly in
the §; topology.

Now, Z(z) > t for ¢ > 0 large if and only if 1 < o < L+ ((¢ct = 1)t)™®, so
px(Z >t) =2Leb(Z >t) = 2((c™* —1)t)~*. Hence Z is regularly varying of order «
and lies in the domain of attraction of a stable law G, with spectral measure v = 4y,
and b, = 2/%(¢™' — 1)~/ = (1 — ¢)~Y/*n'/* as described in Section [3|

To obtain convergence of W.Z to the corresponding Lévy process Lq, we apply [T}
Theorem 1.2]. On (0,00) x (R\ {0}), define the sequence of random point processes

n, = Z;‘Zl 5(%717;120]03-_1) and the Poisson point process 11 with mean measure Leb xII

where II(B) = « [ 15(r)r~—°"*dr. Since a € (0,1), it suffices by [T}, Theorem 1.2]
to show that 1,, —,, 1. This holds by [FEM| Theorem 4.3]. |

Lemma 6.3 Hypothesis (5.2) is satisfied.

Proof Lett € [0,1], x € X. Since V = vg > 0, it follows from the calculations
above and Remark [£.2] that

() (@) = v (2) = (2 — 5) 7V = 1) gu(t) + O(1),
(1)) = vr(2)Pi(t) = (x — §)7V* (7 = )T R(E) + O(1),
where g,(t) = 1 — cltE@)1-1
For all z € X, the functions g,, P, are monotone increasing on [0, 1]. Moreover,
there are intervals [0,%o(x)], [0, t1(z)] such that gu|j.o() and Pl ) take precisely
the same values, namely {0,1 —¢,1 —c%,...,1 — @~} Furthermore, g, |1 =
1 — @1 and Pi([to(x),1) C [1 — B®=1 1], Hence dp(g., P1) < cf@~1 Using
again that (z — )71/ < ¢ R it follows that

sup dj () (@), ¢(-)(2)) < 0.

zeX

Hence hypothesis ([5.2)) is satisfied. |

Example 6.4 (Example revisited) Let T : M — M be the tripling map, so
M = [0,1] and Tx = 3z mod 1, with ergodic probability measure p1 = Leb. Fix
a € (0,1) and consider the observable

U:M—)R, v(q;):lx_%l—l/a_|x_%|—l/a.
Define ¢ = 371/« € (0,1). Set § = {£1} and let P, : [0,1] — R be any step function

with values {1 — (—¢)/, j = 0,1,2,...} U {1} taken in that order. Let P_; = —P;.
We have wy = £1.
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Define L, to be the symmetric a-stable Lévy process with spectral measure v =
(6 +6_1), and let L, = (I)Y*L,. Take b, = (3)V/*(c™! — 1)~In/* and define
W, € D as in (5.1)). Define W!" € F’ by adjoining trivial profiles.

Define the enriched process LY = (Lq, Discy,, {€7}) € F' with excursions

€ (t) = Lo(77) + ALy(7) P (1)

at each discontinuity 7 € Discy,. (Equivalently, attach suitably scaled profiles P; at
positive jumps and P_; at negative jumps.) We prove that

’ ’ .
WE -, LE in F'

by verifying the assumptions of Theorem [5.1] thereby recovering by a different method
a result of [FET), Example 2.7]. This is done in Lemmas [6.6] and [6.7] below.

It is convenient to use cylinder notation with letters 0, 1,2 denoting [ 3, 5,4,
2,1], respectlvely So for example, [020] denotes the 3-cylinder [0, £] N 1[% N
T2[0,3]. We induce on the set X = M\ ([5,2] U [5,3]) = M \ ([01] U [10]). Then

long returns correspond to elements of [0(01)"] U [1(10)"] U [2(01)"] U [2(10) | for n
large. (Such points are, after one iterate, close to the periodic orbit {8, <)) Asin
Example E 6.1}, the first return map f = TR X — X is uniformly expanding with full

branches of constant slope, and px is normalised Lebesgue measure on X.

Write X = X;UX, where X; = [00] U [11] U [20] U [21]. Since R|x, = 1, our
calculations focus on = € Xj;.
Proposition 6.5 Let z € X, 1 </ < R(x).

(i) If x € [00], then ve(z) = (¢ + 1) 1= (=) Yz — ) Y+ 0().
(it) If x € [11], then vy(z) = —(c' + 1)1 (1 = (—¢)" 1) (z — &)~V + O(0).
(iti) If z € [20], then vy(z) = (7' + 1)1 (1 = (=) ) (z — i)"Y+ O(0).

(z) = (

(iv) If x € [21], then vy(z) = — (¢ + 1)7H (1 — (—¢) 1) (z — ) + O(0).
Tz € (0]
T2 € 1]
[1010- - -], we have T'z = 3"(x — a(z)) + be(x) where a(z) takes values g, 3 depending
on whether z € [0] or z € [1]. Tt follows that

Proof Define by(z) = . Inductively, for x in ¢-cylinders [0101 - - -],

ool colw

T'v =3 (x — ) + be(z)

for  in (-cylinders [00101 .. ],
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Let z € [00]. For 1 <k < R(z),

gy [ =D +00) K odd
v(TFx) =
—(T*z — 3)7Y* 4+ 0(1) k even

= - BMa - 7))+ 0(1) = —(=0)" (2 = 53) 7V + O(1).

24 24

Hence vy(z) = — Y4 (—¢)*(z — L)~/ +0(¢) completing the proof of (i). The other

cases are similar. ]

Similarly to Example [6.1], it follows that

V(z) =vg(z) = £(c '+ 1)z —a) Y1y, (z) + O(R(x)),

for the appropriate choices of + and a € {i, %, %, % )

Lemma 6.6 WY —, . L, in the §, topology.

Proof Write V = Z+H where Z(x) = £(c ' +1)"Y(z—a) V1 x,(z) and H = O(R).
Since H is Holder and in L? for all p < oo, it follows by [MT] or [KM), Proposition 7.1]
that | max<n | Y o<, H o f7]|; < /2. Hence it suffices to show that W7 —,, Ly
in the ¢; topology.

Suppose that z € [00]. Then Z(x) > ¢ for ¢ > 0 large if and only if 57 < z <
o + (7' + 1)t)™. A similar estimate holds for z € X; \ [00], so px(Z > t) =
px(Z < —t) = 2Leb(Z < —t) = 2((¢™ + 1)t)™™. Hence Z is regularly varying of
order o and lies in the domain of attraction of a stable law GG, with spectral measure

v = 1(6,+6_1), and b, = (38)/*(c7! — 1)7'n"/* as described in Section [3| Since
a € (0,1), the result follows (as in the proof of Lemma from [T}, Theorem 1.2]
and [FFM, Theorem 4.3]. |

Lemma 6.7 Hypothesis (5.2) is satisfied.

Proof Fort € [0,1], x € X3, it follows from the calculations above and Remark
that

£(t)(x) = vyg)(z) = e+ 1) e - a)_l/o‘gx(t) + O(R),
((t)(x) = [vr(z)| Pgnv (t) = (7" + 1) (z —a) /" Pi(t) + O(R),

where g,(t) = (1 — (—c)#@I=1) with the appropriate (and matching) choices of +
and a € {57, 3+, 3, 29}

For all z € X, the functions g,, P, are piecewise constant on [0, 1]. Moreover,
there are intervals [0, to(z)], [0, (2)] such that g, |04 () and Piljo,(2) take precisely

the same values, namely {0, 14+c,1—c? ..., 1—(—c)B@ =1}, Furthermore, g, |1 =
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1 — (=o)f@=1 and P([to(x),1) € [1 — (—c)B®=11]. Hence dg(gs, P1) < F@-L
Using again that (v — a)~V/* < ¢ %@ it follows that

d5 () (@), ¢()(x)) < R(z)

on X; and hence on X. Since R € LP for all p < oo, hypothesis (5.2) follows from
Proposition [5.9} |

6.2 Examples with bounded observables

In this subsection, we consider examples where the underlying dynamical system
T : M — M is nonuniformly /hyperbolic expanding with a better-behaved first return
map f =T%: X — X, and the observable v : M — R? is bounded.

We continue to assume the setup at the beginning of Section [5| with integrable
return time R. Moreover, we assume that there is a finite disjoint collection {X;, ¢ €
g} of subsets of X (9 # () such that pux(Rly, > t) = ¢;((t)t™%, ¢; > 0, for each
i €9, where a € (1,2) and ( : (0,00) — (0, 00) is continuous and slowly varying. (In
particular, R € L' and R ¢ L?.)

Let P : [0,1] — R be a finite collection of Holder continuous profiles with
P;(0) = 0 and w; = P;(1) € S¢! distinct. For notational convenience, suppose that
0¢& 3. Set Xog =X\ U,cqg Xi- (It is permitted that Xy = 0.)

Let v : M — R? be an L™ observable with vadu = (0. We assume that there
exists 7 > 0 and nonnegative H € LP(X) for some p > « such that

vy = Z{)\iPi(é/R)R +O(R" M}y, + O(H)ly,, (=0,1,... R, (6.1)
€d
where \; € R, \; #£ 0.

In particular,

V=uvp=>Y {AwiR+O(R"")}yx, +O(H)ly,.
icy
Regular variation of V' reduces to regular variation of Z = ., \iw;R1lx, and we
deduce that V is regularly varying with order av and spectral measure

Y= (Zcima)l S A (6.2)

=29 ied

Let L, denote the Lévy process with spectral measure v.

Note that pux(|V| > t) ~ ux(|Z] > t) ~ ((t) D> ;cq ciAft™*. Hence we choose
b ~ (nl(by) Y e &),

In many examples, as described below, it can be verified that holds and
that WY — ., L, (equivalently W7 =« L) in the ¢, topology. Hence, to apply
Theorem it remains to verify hypothesis . This we do now.
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Proposition 6.8 Hypothesis (5.2) is satisfied.

Proof We claim that there exists 7 > 0 such that supy ; [§—(| < R'™7+H. Choose
p > « such that R + H € LP. By Proposition ,

=1/p J
n max su o) — 0 a.e.
0<j<n [075 ‘g <| f

But by, > n'/?, so b, maxo<;<n supyy; [§ — ¢| o f/ = 0 a.e. and the result follows.

It remains to prove the claim. On Xy, it is clear that £(t) = O(H) and ((t) = O(H)
for all ¢, so it suffices to work on X' = J,.4 Xi.

Define Ji, Jo : X' — J by setting J; = i if V/|V| is closest to some w; and J; = 1
otherwise. Let J,|x, = i. By definition of J; and J, there exists ¢y > 0 such that

X'N {Jl 7é JQ} C U {ZE e X;: VR(T) —wz-| > Co}.

lvr (@)
icg
Fori € 4, by (6.1), 1x,vr = Miw; R+ O(R'™), so Ix, ol = wi+ O(R™"). Hence there

exists ¢; > 0 such that X' N {J; # Jo} C {R < ¢1}. In particular, |vg|lx/ 1,251 <
[v|soc1. Altogether, |V|1x:1qy,23 = O(R™").
In addition, by (6.1)), |V — |V |Ps,(1)| = |V — |V]w;| = O(R*™") on X;, and so

C(t) = [VIPy(t) + t{V = [V|Py, (1)} = [V|Pg(t) + t{V — [V| Py (1)} + O(R'™")
= |V|P(t) + O(R*™™) = N P{(t)R+ O(R'™).

Shrinking 7 if necessary, we can suppose that each profile P; is C". Given t € [0, 1],
write ¢t = % + s where £ > 0 is an integer and s € [0, £). On X,

E(t) = vpr) = ve = M Bi(H) R+ (Pi(¢/R) — Pi(t)) R+ O(R'™")
= \P(t)R+ O(R'™).

Hence supyg ; |§ — ¢| = O(R'™") on X' completing the proof of the claim. |

Example 6.9 (Example revisited) We return to the example of an intermit-
tent map T : M — M, M = [0, 1], with finitely many neutral fixed points 1, ...,z
of neutrality aq, ..., where mino; = a3 = o € (1,2).

We induce on a set X C M bounded away from the neutral fixed points so that
f=T": X — X is a full-branch Gibbs-Markov map (uniformly expanding with
bounded distortion) and so that X = X; U--- U X} where each X; is a union of
partition elements for f and trajectories in X; pass close to x; before returning to X.
Then R is regularly varying of order o and pu(R1y; > t) ~ c;t7% for some ¢; > 0. In
particular, Rlx, € L? for all ¢ < ;.

Let v : M — R? be Hélder with mean zero such that v(x;) # 0. A calculation as
in [G2, MZ, ICFKM] shows that on X,

ve = lv(z;) + O(R™), 0< (<R,
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for some 1 > 0. In particular, if a; > a or v(x;) = 0, then v,1x, € L* for some p > a.

Define 9 to be the set of indices i € {1,...,k} with a; = « and v(x;) # 0. For
i € 4, write v(z;) = \w; where \; > 0 and w; € S¢°1. Combining the sets X; with
common value of w;, we can suppose without loss that the w;, ¢ € ¢, are distinct.
Define P;(t) = tw;. Then

vy = Z{)\ipz'(g/R)R—i— O(R"M}x, + O(H)lx,, 0<{<R,

24

where H € LP for some p > a.

Hence, we have verified , so hypothesis holds by Proposition More-
over,

V=w=Z+H, Z=) \wRlx,
icg

where H' € LP for some p > «. Hence, V is regularly varying with order e and spectral
measure v given by (6.2), and we take b, = (3.4 ;A?)/*n/®. Since Z is regularly
varying and piecewise constant, it follows as in [T, MZ] for d = 1 and [CEKM]
for d > 1 that W7 —,, L, in the ¢; topology. Since H' € L?, it follows from
Proposition that WY =, L, in the {; topology. This completes the verification
of the hypotheses of Theorem [5.1]

Example 6.10 (Billiards with flat cusps revisited) Finally, we return to the
example of billiards with flat cusps described in Section 2.2l Following [JPZ], we in-
duce on a set X C M bounded away from the flat cusps and so that X = X;U---UX}
where trajectories in X; pass close to the j'th cusp before returning to X. Given a
Holder mean zero observable v : M — R, we define the profiles P;, i € J, corre-
sponding to flattest cusps as in Section

For verification of (6.1]), we refer to [MV), Proposition 8.1]. (The calculation there
is written in the case d = 1, but extends immediately to d > 2.)

Convergence of W is more difficult than in the previous examples since the
induced map f = 7% : X — X has unbounded distortion. Instead, it is nonuniformly
hyperbolic with exponential tails in the sense of [Y]. Convergence of W in the ¢,
topology is proved in [JPZ] for d = 1 and in [CKM]| Section 5] for d > 1.

Unlike in Example , we generally require that the vectors w; = P;(1) are distinct
at distinct flattest cusps, since the profiles P; are typically different. (In Example ,
each profile P; was determined by w;.) Also, we can no longer disregard flattest cusps
with P;(1) = 0 since P; could still be nontrivial. These issues require further attention
and are the subject of work in progress.
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