DISINTEGRATION OF INVARIANT MEASURES FOR
HYPERBOLIC SKEW PRODUCTS

OLIVER BUTTERLEY AND IAN MELBOURNE

ABSTRACT. We study hyperbolic skew products and the disintegration of the
SRB measure into measures supported on local stable manifolds. Such a disin-
tegration gives a method for passing from an observable v on the skew product
to an observable ¥ on the system quotiented along stable manifolds. Under
mild assumptions on the system we prove that the disintegration preserves the
smoothness of v, firstly in the case where v is Holder and secondly in the case
where v is C!.

1. INTRODUCTION

We suppose throughout that F: A — A has the form of a skew product map so
A = A x N are compact metric spaces and

F(z,z) = (Fz,G(z,2))

where F' : A - A and G : A x N — N are continuous. Moreover, we suppose
that v is an F-invariant Borel probability measure on A. Let 7 : A — A be the
projection 7(z,z) = x and note that 7 defines a semiconjugacy between F and F,
ie, For=mo F. In different sections of this note we will require the system to
satisfy different degrees of regularity but the basic setting is for F' to be a uniformly
expanding map and for F to be uniformly contracting in the fibre direction in the
sense that

diam F"7~'(z) = 0 as n — oo, uniformly in z. (1)

In order to study statistical properties of F it is often convenient to study the
statistical properties of the expandlng map F and then use this to deduce the
behaviour for the hyperbolic map F'. This involves associating observables on A to
observables on A and the consideration of the possible loss of regularity involved
in this process. In the symbolic setting, this corresponds to the argument where
one-sided observables can be used to approximate two-sided observables (see, for
example [6, §1.A]).

Here we pursue a different approach, inspired by [5]. Suppose that v is an F-
invariant probability measure on A. A standard construction (see Section 2) yields
an F-invariant probability measure 7 on A such that v = m.1n. We are interested
in a disintegration {nz}gen of m in the sense that each 7, is a Borel probability
measure on A supported on 7~ *(x) and

n(v) = /A e (v) do(z)

Date: November 22, 2016.

2010 Mathematics Subject Classification. Primary: 37A25; Secondary: 37C30.

Key words and phrases. Hyperbolic skew product, Mixing rates, SRB measures.

0O.B. was supported by the Austrian Science Fund, Lise Meitner position M1583. I.M. was
supported in part by European Advanced Grant StochExtHomog (ERC AdG 320977). We are
grateful to Vitor Aratjo and Paulo Varandas for helpful comments. We are especially grateful to
the referee for pointing out numerous statements that required correction and/or clarification.



2 OLIVER BUTTERLEY AND IAN MELBOURNE

for all continuous v: A — R. Then, in a natural way, * — v = n(v) is the
observable on A associated to the observable v : A — R.

The existence (and uniqueness) of such a disintegration goes back to Rohlin [8]
in a rather more general context. The purpose of this note is to study the regularity
of the disintegration {7, },. in the sense that the regularity of v is inherited by v.
Such questions are important when studying rates of mixing for hyperbolic systems.
For example, in [5] exponential mixing is first proved for a hyperbolic semiflow and
then lifted to the hyperbolic flow using a regularity result for the disintegration as
described above. In their setting the measure n has a smooth density and so the
regularity of the disintegration is immediate [5, Lemma 4.3]. We consider the case
where v is absolutely continuous, but make no such assumption on 7. At first glance
the situation appears rather bad since in general the invariant measure 7 could be
singular along the stable manifolds. This turns out not to be a problem and good
regularity of the disintegration is still possible in these situations. Such a result, in
the case when the invariant density is singular along stable manifolds, is required
in [1, 2, 4]. In the situations studied in those references, there is a C* global stable
foliation where k = 1 4+ a or k = 2. After a C* change of coordinates, we obtain
a skew product map F such that F and G are C*, and our main results exploit
this information. In general such good regularity of the stable foliation cannot be
expected but in many cases, for instance under domination conditions or in low
dimensions, the regularity is good (see, for example [1, 4]).

In Section 2, we recall the argument for the existence of the invariant measure
for the hyperbolic system. Then, in Section 3, we present the construction of
the disintegration along stable manifolds. These sections do not require specific
assumptions on F', v, or the rate of contraction in (1).

Sections 4 and 5 contain our main results on the regularity of the disintegration,
firstly for the Holder case and secondly for the C' case. To prove these results, we
require additional regularity assumptions on F' and G, absolute continuity of v and
exponential contraction in (1).

2. INVARIANT MEASURE ON A

In this section, we recall the standard argument for constructing an invariant
measure 7 for F : A — A (see for example [3, Section 6]). This construction makes
use of the invariant measure v for F' together with the contracting stable foliation,
but the details of the map F' : A — A and the rate of contraction are not required.

Proposition 1. Given v : A — R, define vy, v— : A = R by setting vy(x) =
sup, v(x, z), v_(x) = inf, v(x, z). Then the limits

lim (vo},f"\")+ dv and lim (voﬁ")idu

n—oo A n—oo A

exist and coincide for all v continuous. Denote the common limit by n(v). This
defines an F-invariant probability measure n on A and w.n = v.

Proof. Let vE = [, (vo ﬁ")i dv. We have

(vo ﬁ"+1)+(x) = supvo F" ! (z,2) = supv o F*(Fz,G(x, 2))
z

< supvo F*(Fz,2) = (vo ﬁ")+(Fx)

By F-invariance of v,

UL_l:/A(Uoﬁ"Jrl)erug/A(voﬁ")JroFdl/:/A(voﬁ”)erl/:U:.
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Hence v;f is a monotone decreasing sequence bounded below by —|v|__, and conse-
quently lim,, o v;l exists. Similarly lim,, ., v, exists.

Next, using uniform continuity of v and the fact that diam F"r=1(z) — 0 as
n — oo for each x € A,

(vo ™) (z) — (vo F™)_(z) = supvo F"(z,2) — infv o F"(x, 2)

< sup v— _inf v — 0.
zeFnr—1(x) z€F"m—1(x)
Hence lim,, o0 v = limy, 00 v, -

Since [3vdn = lim, o [, (v 13”)4_ dv we know [z (v1 +wvp)dn < [ vidn+
Jx v2 dn. Similarly, using [ vdn = lim, o [, (vo F\”L dv it follows that [ (vi+
v)dn > [z v1dn+ [ vadn. Hence v — [x vdn defines a linear functional on the
space of continuous functions. Clearly [’ i vdn > 0 whenever v > 0, and I R ldn=1,
so 7 is a probability measure. Moreover, F-invariance of 7 is immediate from the
definition [ vdn = lim, e [, (v OF\”)+ dv. Finally, the fact that m,n = v is
immediate from the definitions and the invariance of v. O

Remark 2. (a) In [3, Corollary 6.4], it is shown that ergodicity of v implies ergodicity
of n.

(b) Given an ergodic F-invariant probability measure v, Proposition 1 shows how
to construct an ergodic F-invariant measure n with m,n =v.

Conversely, suppose that we are given an ergodic F-invariant probability measure
79. Then v = 7,1y is an an ergodic F-invariant probability measure and gives rise
via Proposition 1 to an ergodic F-invariant probability measure 1. We claim that
= TNo- R

Indeed, suppose that n;, ny are two ergodic F-invariant probability measures
such that 7,1 = 7,72 = v. We show that 7, = 9.} Let v : A — R be continuous
and define S,, = n~! Z?:_Ol vo FJ. By the ergodic theorem, lim,_.c Sp = Judn,
on a set B; C A with 771(@1) =1 for i = 1,2. The proof of Proposition 1 shows
that lim, .o n~? Z;:()l vo Fi(z,z) is independent of z so for i = 1,2, there exist
sets B; C A with v(E;) = 1 such that 77 'E; = Ei. In particular, El N Eg £ (),
and hence [vdm = [wvdns. Since v is an arbitrary continuous function, 7 = 7
as required.

3. DISINTEGRATION

In this section, we assume the same set up as in Section 2. Let U : L1(A) —
L'(A) denote the Koopman operator Uw = w o F corresponding to F' : A — A.
Define the transfer operator £ : L'(A) — L'(A) given by [, Uwvdv = [, w Lo dv
where v € L(A), w € L=(A).

Let 0 denote a distinguished point in N. Following [4, Proposition 4.10 and
Remark 4.11], we define 7, almost everywhere as the limit as n — oo of (L™v,)(z)

where vy, (z) =vo F "(x,0). We note that the argument below is considerably more
direct and general than the one in [4, Section 4.4].

Proposition 3. For almost every x € A, the limit

Ne(v) = ILm (L™ )(2), vp(z)=vo ﬁ"(m,O),
exists for every v € Co(ﬁ) and defines a probability measure supported on 7~ (x).

We are grateful to Vitor Araijo for pointing out this argument.
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Moreover, for each v € CO(A), the map & — n,(v) lies in L°(A) and
o) = [ ew) dvto) 2

Proof. First we consider a fixed v € CO(K). Since LU = I, we have
L™y, — Ln+mvn+m =Lt (umvn - Un+7n)-

Now
U™ ,)(x) — Ve (z) = v o F"(F™z,0) — v o F™" ™ (z,0).

By contractivity of the stable foliation, diam F"7r—! (F™z) — 0 as n — oo uniformly
in m and x. Hence by uniform continuity of v,

|umvn - Un-&—m‘oo — 0 (3)

as n — oo uniformly in m.
Since v is F-invariant, it follows from the duality definition of £ that |Lv|s <
[v|oo for all v € L>(A). Hence

’L'”Un — £"+mvn+m‘oo < |U™vp = Vngm]| o — O,

as n,m — oo. That is, L™, defines a Cauchy sequence in L>°(A). In particular,
the limit 7, (v) exists for almost every z. Note also that |n,(v)] < |v]so-

It follows from separability of Co(ﬁ) that the functional v +— n,(v) defines a
bounded linear functional on Co(ﬁ) for almost every x € A. Moreover 7, is pos-
itive and normalised and hence is identified with a probability measure on A If
V] r-1(z) =0, then (L"v,,)(x) = 0 for all n and so 1, (v) = 0. Hence 7, is supported
on 7~ 1(xz).

Finally,

/ ne(W)dv(z) = lim [ L'v,dv= lim [ voF"(z,0)dv ().
A

n—o0 A n—oo A

Hence

n— o0

w) = [ ey avie) = tim [ (0o F)i @) = 0o P (a.0)) duta),
which again converges to zero, so n(v) = [, 72(v) dv(x). O

Remark 4. Tt follows that property 2 and the first part of property 3 in [5, Defini-
tion 2.5] are automatically satisfied.

4. HOLDER REGULARITY

In this section, we continue to assume the set up in Sections 2 and 3. In addition
we suppose that A is a Riemannian manifold (with boundary), that F' : A — A
is a C'** uniformly expanding map, as defined below, for some a € (0,1] with
absolutely continuous invariant probability measure v, and that G is Lipschitz.
(Normally this situation would arise when there is a C** stable foliation, in which
case we would have also that G is C'T®, but we do not make explicit use of this
extra structure.) In the case o = 1, C1T% means C1+1iP.,

We write ||z — 2'|| and ||z — #/|| for distance on A and N.

Definition 5. Let « € (0,1]. The map F : A — A is uniformly expanding if there
is an open and dense subset Ag C A with an at most countable partition into open
sets U; such that F|y, : U; — Ag is a C11* diffeomorphism onto Ag and extends
to a homeomorphism from U; onto A for each i. Moreover, let H,, denote the set
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of inverse branches of F™ and write J;, := | det(Dh)|. We require that there exist
constants Cy, C\, A > 0 such that

|Dh(z)] < Cre™™",  [log Ju(x) = log J(2')|/ [lz — 2| < Cy, (4)
forall h € Hy,neN, z,2' € Ag, v # 2.

Let d be a further metric on A with the property that there is a constant
C1 > 0 such that ||z — 2/ < Cid(z,2') for all z,2’ € A. Write F*(z,z) =
(F"z, Gn(z,2)). Set [[v]lg (a) = [Vl + |V]g, (a) Where [0 = supen [v(z)] and
V5., (A) = SUPg,orengarar [V(2) —v(2")]/d(z,2")%. Define B,(A) to be the Banach

~

space of functions v : A — R with ||v[z ) < co. Similarly, define B,(A) to be
the space of functions v : A — R with vl a) = IVl + vl (&) < o0, Where

[v] o = sup, .3 |v(z)| and

o L el - o)
I N up .
B® T e, (@@, 2) 2 = ZT)
(z,2)#(a’,2")
Note that [lowl|z_ a) < Illg, (a) lwls, (o) for all v,w € Bo(A) and similarly on

A.

If d(z,2') = ||z —2'[|, then Bo(A) = C*(A). In this case we write [v], = [v|g_ ()
and [|v], = [|vl|g, a)- In general Ba(A) D C*(A) and similarly Ba(A) > C*(A).
Hence, the formulation allows for larger spaces of functions, including those which
are Lipschitz with respect to a symbolic metric.

A standard consequence of Definition 5 is the existence of a constant C’; such

that
> all, <5, (5)
heHn,
for all n € N. We require in addition that there exists ng > 1 such that
1Gno (2, 2) = Gng (2, )| < |2 = 2], (6)

for all (z, z), (z,2') € A. Under the above assumptions we prove:

Proposition 6. The disintegration {n. },c A is Holder in the following sense: there

~

exists C' > 0 such that for any v € B, (A), the function x — v(x) = ny(v) lies in
Ba(A) and [olls, ) < Cllvls, x)-

For a bounded variation version of this result, see [7, Lemma A.7].
To prove Proposition 6, we require the following lemma.

Lemma 7. There exists C > 0 such that, for allh € H,, n € N, (z,2), (2/,2) € 30,
|Gr(hz, 2) — Gn(h2', 2)|| < Cd(z,z").
Proof. Fixn € N, h € H,,. Let ng be asin (6). Since Gy, (x, 2) = Gpo (F™ ™2, Gy (2, 2))

for any ng < m < n, we have Gy, (hz,2) = Gp,(lx, Gp—n,(hz, z)) where £ :=
F™m="0 o h € Hy—pmtn,- Hence

|Gon (o, 2) — G (', 2)]
< |Gy (b, Gy (hry 2)) — Gy (b, Gy (h, 2)) ||
+ |Gy (2!, Gy (h, 2)) — Gy (02, Gy (R, 2)) .
Using the estimates (4), (6) and the assumption on d,
Ay < Lip G bz — 02| + Asp—ny
< Lip Gy C1Cre X =mFm0) (0 2y + Ay,
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where A, = ||Gm(hx,2) — Gp(ha', 2)||. Write n = kng + r where k£ € N and
0 <r<ng—1andset m = jng+r where j < k. Then

Ajngsr < Lip Gy C1Cxe M =34Dm00 (2 0y 4 A 1ypo o

Consequently, iterating the above estimate, we obtain
Agngir S LipGn C1Cx Y e MM d(z,2') + A,
j=1
< Lip G,y C1Cx (M — 1) Yd(z,2) + A,
The result follows since max,«p, 4, < C1C) max,<n, Lip G, d(z,2") < Cd(z,z’).
O

Recall that v = lim,,_,o, L™v,, where v, (z) =vo ﬁ"(:c, 0). Since F' is uniformly
expanding, L™v, = ¢! > hen, Jn (pvn) o h where the density ¢ corresponding to
v is C* and bounded below.

Corollary 8. There exists C' > 0 such that |(pvn) 0 hlg n) < C ||UHBQ(£), for all

v € By(A), heH,, neN.

Proof. Let xz,x’ € Ag. Since ﬁ”(hx,O) = (z,Gp(hz,0)), we have that v, o h(z) =
v(x, Gp(hz,0)). Hence

v © h(z) — vy 0 h(2")] < [y, (&)(d(z,2") + [|Gn(hz,0) — Gr(ha’,0)[)*.
Hence by Lemma 7, there is a constant C' > 1 such that
v © h(x) — vn 0 h(a')| < C'lulg (5, dl,2)".
Clearly |v, 0 hl < |v]y, s0 [lon 0 hllg, (a) < Cllvlig, (a)-
Also, [poh|  <|p|, < oo and

oo h(x) = poh(a')| < [plallha — ha'l|* < e, Sup |DR()|* [l — '
0

< CPCY lply d(,2')%,
so that [l o bl (a) < C. Finally,

[(pvn) o hHBa(A) <llgo h”Ba(A) [[vn © hHBa(A) <Clpo h”Ba(A) ||UHBQ(£)

as required. O

Lemma 9. There exists C > 0 such that ||L sz (o) < Cllvlig (&), for all

o~

v € By(A), n e N.

Proof. Tt follows from the assumption on the metric d that [|J[|5, ) < CF [ Jall,-
Hence by Corollary 8,

70 (¢vn) © hllg, (a) < Il
By estimate (5),

Ba) 1evn) 0 hllg, (a) < Cllnlla W], () -

| oot < s
h€H

Finally,
||£nvn||5a(A) < H‘F’AHBQ(A) Hh;—t:n Jn (pvn) OhHBa(A) <C H‘P%HBQ(A) HUHBQ(A)

as required. O
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It is elementary that if f,, : A — R is a sequence of Holder functions with
sup,, | fnlg.(a)y < oo and f, — f pointwise, then f € B.(A) and [/f]g,(a) <
sup,, || fnllB.(a). Hence Proposition 6 follows from Lemma 9 by setting f, = L™v,
and f = 7.

Holder disintegration for suspensions. The following generalization to suspen-
sions turns out to be useful in [2]. Let R : A — R* be a measurable roof function
that is constant along stable leaves, so that R : A — R™ is well-defined. Form the
suspensions AR = {(z,u) e AxR:0<u < R(z)} and AR = {(z,2,u) € A xR :
0<u<R(z)}.

For v: A" — R, we define |[v]|5,(ar) = |[v]os + |v]5, (ar) Where

vz, u) = v(@, u)

d(z,z")>

|U|BQ(AR) = sup
(m,u),(z’,u)eA[I)%

xH#x!
Similarly, for v : AR — R, we define lvllg, ary = vl + V], ARy Where
Wz = ‘1 [v(x, z,u) —v(2’, 2/, u)|
B.A" D eap W)+ =2

(2.2.u), (2! 2/ ,u) AL

(w,2)#(2,2")

Let B, (AT) and B, (ER) denote the corresponding spaces of continuous observables
for which |[v]|, ar) and ||v[| 5 xr) respectively are finite.

Suppose that v : AR 5 R. Write v*(z,z) = v(z, z,u) and note that for fixed
u > 0, the function v" is defined on the set U, ,)canr 7~ (x). Hence we can define
0z (v*) whenever (z,u) € AR, In this way, we obtain a function v : A® — R given
by
o(x,u) = n.(v").
Proposition 10. There exists C > 0 such that for any v € Ba(ﬁR), the function
(z,u) = 0(z,u) =0, (vY) lies in By (AT) and 19llg, ary < Cllvllg, ar)-

Proof. This is proved in the same way as Proposition 6, but care needs to be taken
with the notation since v* is not well-defined on the whole of A.

For fixed u, choose a continuous extension w : A — R of v*. Then for (z,u) €
AR we have

o(x,u) = np(w) = lim (L£"wy)(x), wn(z) =wo F™(x,0).

n—oo
But L'w, = @'Y, 5 Jn(pwy,) o h, and wy o h(z) = wo F(hx,0) =
w(z, Gp(hz,0)) = v¥(z,Gp(hz,0)) = v(x,Gy(hz,0),u). Hence for (z,u) € AR,
we have shown that
o(z,u) = lim (Myv)(z,u), Myv=3p?! I ~oiﬂ)n,
(w.u) = lim (M) ) PR
where

It now suffices to prove that || M, vz ary < Cllv]l5 (Ary-
The main steps can now be sketched as follows. Picking up at the beginning of
the proof of Corollary 8, for (z,u), (z/,u) € AF,

O (2,u) — On(2', u)| < J0lg, &my(d(@,2) + [|[Gr(ha,0) — Gu(ha',0)])
< C|U‘Ba(£R)d(x7I/)a7

and we deduce that |9, (|5, ar) < CHU”Ba(ﬁR)‘

h(z,u) = (he,u),  Jn(z,u) = Ju(@),  @lz,u) = @(@), Tn(@,u) = v(z,Gu(ha,0),u).
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Next, it follows as before that ||@ o BHBQ(AR) < C so that [|(p0,) o iLHB(X(AR) <
C”“Hsa(ﬁn)-

Turning to Lemma 9, the estimate |[J4llz ar) < C||Jnll, holds just as before,
leading to the desired estimate |[Myvl|z, ar) < C’HUHBO(&R). O

5. C! REGULARITY

As in the previous section, we assume the set up in Sections 2 and 3. Now we
require yet more regularity for the system; namely that N is a compact manifold
possibly with boundary, that G : A x N — N is C! and that F : A — A is a C?
uniformly expanding map (as in Definition 5 but with C1*% changed to C?) with
absolutely continuous invariant probability measure v. As before H,, denotes the
set of inverse branches of F'", each defined on the open and dense subset Ay of A,
and Jp, := | det(Dh)|, and we require that there exists C > 0, A > 0 such that

sup |Dh(z)| < Cre ™", (7)
FISYANY
for all h € Hn,n € N. Let Ag = Ag x N.

In the following we use the notation Dv = (D,v, Dsv) and DG = (D, G, DsG).
We require in addition the following uniform exponential contraction in the stable
direction: the constants Cy > 0, A > 0 can be chosen so that also

IDsGn(z, 2)[| < Cre™", (®)

for all n € N, (z,2) € A,.

Define C!(A) to be the space of continuous functions v : A — R that are contin-
uously differentiable on Ay with bounded derivative. This is a Banach space under
the norm |[[v||o1 = sup,ea [v(2)| 4 sup,ea, [Dv(z)|. The space CH(A) is defined
similarly.

Under these assumptions we prove:

Proposition 11. The disintegration {n.}, . is smooth in the following sense:
there exists C > 0 such that, for any v € C*(A), the function x — o(x) = 1, (v)
lies in C*(A) and
[Dv(2)|| < Csup [v(z, 2)| + C sup || Do(z, 2)|,
zEN zEN

for all x € Ay.
This fills a gap in [4] since there are inaccuracies in terms (30) and (31) therein.

Remark 12. The estimate of Proposition 11 corresponds to property (3) of [5,
Definition 2.5]. Here we have an additional term, but the application of the estimate
in [5, §8] is unaffected.

The remainder of this section is devoted to the proof of Proposition 11.
For all n € N and v € C°(A), let

M,v(x) == (L™,)(z) = Z (‘%h - Jn) (@) - v(x, Gn(ha,0)).
heHn

By Proposition 3, M,v converges in C°(A) and M,v(x) — 1, (v).
We first show that M,v is Cauchy in C'(A). Recall that M,v — M, n,v =
LMK, ., where Ky = U™ vy — Uy Hence

Mo = Myymv =3 (*"7} : JZ) Kpmol. (9)
Ze,i{n#ﬂn

We note that K, ,,(¢z) = v(z, G (F™ 0 l(z),0)) — v(z, Gpim £z, 0)).
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The compact manifold N can be smoothly embedded as a submanifold of a vector
space R?. We fix such an embedding, so the quantity D,G,, (hz, z) — DG, (hx, 2')
below is well-defined.

Lemma 13. (a) There is a constant C > 0 such that for all m,n € N with m <mn,
and all h € H,, (x,2) € Ao,

| DuGon (h, 2) Dh(z)|] < Ce =), (10)

(b) There is a constant C' > 0 such that for alln € N, h € H,, (z,2),(z,2') € Ao,
|[DuGn(hz, 2) — DyGr(he,2')] Dh(z)| < Ce ||z — 2| (11)

Proof. (a) Choose ng > 1 sufficiently large that (1 + Cy)e " < 1. Let C =
Cxmaxj<p, ||Gjlloi- Then for m < ng, and all n € N, h € H,,, it follows from (7)

that
1DuGrn (R, 2) Dh(x)[| < |Gl Cre™ > < Ce™ A=),

It remains to consider the case m > ng. We proceed by induction. Let h €
Hn, n € N. Since Gp,(2,2) = Gpo(F™ ™2, Gy (2, 2)), we have Gy, (he, z) =
Gno (fﬂ?, Gmfno (hxv 2)) where £ := F™™" o h € anerno' Hence

DG (hz,z) Dh(x) = DyGpy (b, G—ngy (h, 2)) DE(2) (12)
+ DG (bx, Gy (h, 2)) DyGry—no (hx, z) Dh(z).
Using the estimate (7) and the induction hypothesis,
|DuGom (b, 2) Dh()[| < [|Gyller Cae™ A7 Hm0) 4 CyemAmoCe=Anmmtno)
< C(14 Cy)e AoeAn=m) < Ce=Aln=m),

completing the proof of part (a).
(b) Choose ng > 1 sufficiently large that e *"C% < 1. Let Cy = max;<y, ||G;||c
and let C; be the constant in part (a). Choose C' > CyC such that

CoC3 + CoCLC\ + e A0 C3C < C.
For n < ng, h € H,, it follows from (7) that
|[DyGr (h, 2) — DGy (ha, 2')] Dh(z)|| < Co ||z — 2'|| Cre ™" < Ce ™ ||z — 2/,

So it remains to consider the case n > ng.
Starting from (12), we have for all m > ny,

[DyGp(h,2) — DyGp(h,2')] Dh(z) = I + Iz + I3,

where
I = [D,Gy,(x,Gp—py(hz, 2)) — DyG (b, Gy (hz, 2"))] DU(2),
Iy = [DsGy, (0, Gy (hz, 2)) — DGy (0, Gy (hy 2'))] DyGop—ny (h, 2) Dh(z),
I3 = DGy (bz, Groeny (h, 2')) [DuGri—ny (b, 2) — DyGy—py (hz, 2")] Dh(z).
Using estimates (7), (8) and part (a),
11| < Col|Grmng (ht, 2) = Gy (B, 2)|| Coe™ X 7H70) < GoCRe ™ |2 = 2|
II2]] < Co [|Gim—no (hat, 2) = Gruny (b, 2')|| Cre™ 2= Hm0) < CuOL Cre ™ |2 — 2] .

Writing h = ko where k € Hi—ny, £ € Hn—mtngs

[DuGr—ny(hz,2) — DyGry—ny (h, 2')] Dh(x)

= [DuGm—ny(k(lx),2) — DyGryn, (k(fx),2")] Dk(lx) DI(z).
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It follows inductively that
1[DuGon—ng (i, 2) — DGy (ht, 2')] Dh(z)|| < Ce™Mm=m0) 0y e=An=mtno) |, _ /||
=CCxe™ ||z =72 .
Hence
[3]| < CRe™ A0 Ce ™ ||z — 2|,

It follows from the choice of ng and C that ||[D,Gm(hz, z2) — DGy, (hx, 2')] Dh(z)]| <
Ce" ||z — 2/|| for all m > ng, and the proof of (b) is complete. O

Lemma 14. Suppose v € Cl(ﬁ) and that K, ., is defined as above. Then

sup sup sup ||DK,.,(lx)DE(z)|| =0, asn — oo.
MENLEH ntm TEAQ

Proof. Recall that K, ,,(lx) = v(x,G,(F™ 0 {(x),0)) — v(z, Gpiym(lz,0)). Since
Grim(lz,0) = G (F™ o l(x), Gy (¢, 0)),
K, m(z) = v(z,Gy(hz,0)) — v(z, Gp(he, G (€, 0))),
where for convenience we write h = F™ o £. Differentiating we obtain
DKy (£2)DU(z) = Jy + Jo — Js, (13)

where writing z = G,, (¢, 0),

J1 = Dyv(z, Gy (hz,0)) — Dyv(x, Gy (ha, 2)),

Jy = Dsv(z, Gy (hx,0)) D,Gp(hx,0) Dh(x)

— Dyv(x,Gp(ha, 2)) DGy (he,z) Dh(x),
Js = Dsv(z,Gp(hz, 2)) D;Gp(hx, z) DyGp(lz,0) DE(x).
By (8),
|G (hz,0) = Gn(hz, 2)|| < Cxe  diam(7 1 (z)).

Therefore, by the uniform continuity of Dv, we have that ||J1]| — 0 uniformly in
z, £ and m as n — oo.
Next, Jo = J + J where

Jy = [Dsv(z, Gy (hx,0)) — Dsv(z, Gy, (hx, 2))] DyGy(hx,0) Dh(z),
JY = Dyv(z, G, (hx, 2)) [DyGr(haz,0) — DGy (ha, z)] Dh(x).
The same argument used for J; shows that

sup ||Dsv(z, Gy (hz,0)) — Dev(x, Gp(hz, 2))|| = 0

z,l,m
as n — oo. Combining this with Lemma 13(a) we obtain that ||J5|| — 0 uniformly
in z, £ and m as n — oo.

The first factor of Jy is bounded by ||v||,1, so it follows from Lemma 13(b) that
[I74]| = 0 uniformly in z, £ and m as n — oco.

Turning to J3, the three factors are bounded by [|v]|o1, Cae ™" and Ce=An+m=—m) =
Ce™?" respectively, where we have used (8) and Lemma 13(a). Hence |J3|| — 0
uniformly in z, £ and m as n — oo. The combination of these estimates completes
the proof of the lemma. O

A standard consequence of the assumptions used in this section is that there
exists Cgq > 0 such that

Z [DJn(z)|| < Ca for alln € N, x € A,. (14)
heHn
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Observe that, differentiating (9),

D(Myo—Myipv) = > 1)(
ZeHn+m,

pol pol

) Kot (F2= 0y ) - (DEom ) ot DE.

Using (14) and Lemma 14, together with the previously proven fact (3) that

SUP, [ Kn,m ()| — 0 as n — oo and that > _,4, (%’5 . Jh) (z) = 1 proves that

sup sup || D(Mpv — Mptmv)(x)]| = 0

€A meN
as n — oo and hence the sequence M,v is Cauchy in C'(A). This proves the
first claim of Proposition 11, namely that ¥ € C1(A). Moreover, we have shown
that M,v — ¥ in C1(A) so it remains to show that there exists C' > 0 such that
| Myv)lor < Clvl|er- Tt is clear that | M,v]|co < [|v]|co, sO it remains to prove:

Lemma 15. There exists C > 0 such that, for all v € C’l(ﬁ), neN, xz ey,
IDM,(2)] < C sup [v(, 2)| + C sup | Do(z, 2)| .
z€EN zEN

Proof. Write Mpv(z) = ZheHW(%th)(x)Bn(m), where B, (z) = v(z, G, (hz,0)).

First we estimate ||DB,(z)|. Differentiating we obtain
DB, (z) = Dyv(z, Gy (hz,0)) + Dsv(z, Gp(hz,0)) DG, (hz,0) Dh(x)
and so by Lemma 13,

IDBn()l| < sup [[Dv(z, 2)[[ (1 + |[DuGn(hz, 0) Dh(z)]]) < C sup [ Dv(z, 2)
z€ z€

Clearly, | B, (z)| < sup,en |v(z,2)|. Using also the estimate from (14) completes
the proof of the lemma. O

REFERENCES

[1] V. Araijo, O. Butterley, and P. Varandas. Open sets of Axiom A flows with exponentially
mixing attractors. Proc. Amer. Math. Soc. 144:2971-2984, 2016.

[2] V. Aradjo, I. Melbourne, P. Varandas. Rapid mixing for the Lorenz attractor and statistical
limit laws for their time-1 maps. Commun. Math. Phys. 340:901-938, 2015.

[3] V. Aradjo, M. J. Pacifico, E. R. Pujals, and M. Viana. Singular-hyperbolic attractors are
chaotic. Trans. Amer. Math. Soc. 361:2431-2485, 2009.

[4] V. Aradjo and P. Varandas. Robust exponential decay of correlations for singular-flows.
Comm. Math. Phys., 311:215-246, 2012.

[5] A. Avila, S. Gouézel, and J.-C. Yoccoz. Exponential mixing for the Teichmiiller flow. Publ.
Math. Inst. Hautes Etudes Sci., 104:143-211, 2006.

[6] R. Bowen. Equilibrium states and the ergodic theory of Anosov diffeomorphisms, volume 470
of Lect. Notes in Math. Springer Verlag, 1975.

[7] S. Galatolo and M. J. Pacifico. Lorenz like flows: exponential decay of correlations for the
Poincaré map, logarithm law, quantitative recurrence. Ergodic Thy. Dynam. Syst., 30:1703—
1737, 2010.

[8] V. A. Rohlin. On the fundamental ideas of measure theory. Amer. Math. Soc. Translation,
71:27.2X, 1952.

FAKULTAT FUR MATHEMATIK, UNIVERSITAT WIEN, OSKAR-MORGENSTERN-PLATZ 1, 1090 WIEN,
AUSTRIA. CURRENT ADDRESS: ICTP, STRADA COSTIERA, 11, I-34151 TRIESTE, ITALY.
E-mail address: oliver.butterley@ictp.it

MATHEMATICS INSTITUTE, UNIVERSITY OF WARWICK, COVENTRY, CV4 TAL, UK.
E-mail address: i.melbourne@warwick.ac.uk



	1. Introduction
	2. Invariant Measure on "0362
	3. Disintegration
	4. Hölder regularity
	Hölder disintegration for suspensions

	5. C1 regularity
	References

