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Abstract

Consider a fast-slow system of ordinary differential equations of the form & = a(z, y)+e *b(z,y), ¥ = ¢ 2g(y),
where it is assumed that b averages to zero under the fast flow generated by g. We give conditions under which
solutions x to the slow equations converge weakly to an Itd diffusion X as ¢ — 0. The drift and diffusion
coefficients of the limiting stochastic differential equation satisfied by X are given explicitly.

Our theory applies when the fast flow is Anosov or Axiom A, as well as to a large class of nonuniformly
hyperbolic fast flows (including the one defined by the well-known Lorenz equations), and our main results do not
require any mixing assumptions on the fast flow.
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1 Introduction

Let {¢:}+>0 be a smooth, deterministic flow on a finite dimensional manifold M, with in-
variant ergodic probability measure ;. One should think of ¢; as the flow generated by an
ordinary differential equation (ODE) with a chaotic invariant set {2 C M and p supported
on . Define y(t) = ¢yo where the initial condition y is chosen at random according to f.
Hence y(t) = y(t,yo) is a random variable on the probability space (€2, 11); from here on we
omit g, from the notation, as is conventional with random variables. Let a,b : R? x M — R?
be vector fields with suitable regularity assumptions. We are interested in the asymptotic
behaviour of the ODE

dr©)
dt

ase — 0and t — oo, with £2¢ remaining fixed. The initial condition £ € R? is assumed
deterministic. Due to the dependence on 7, we interpret () as a random variable on
taking values in the space of continuous functions C([0, T'], R?) for some finite 7' > 0.

To make the statement of convergence precise, we define y.(t) = y(¢72t) and z. as the
solution to the ODE

=c2a(2®y) +eb(2®y) , 2E0)=¢

dx,
dt
In particular, we arrive at this equation under the rescaling ¢ — ¢/c? and setting x.(t) =

2(®)(t/£?). Our aim is to identify the limiting behavior of the random variable z. on the space
of continuous functions as ¢ — 0.

1
= CL(:L‘S, ye) + gb(xaa ya) ) 335(0) = 5 . (11)



Under certain assumptions on the fast flow ¢y, it is known that . —,, X where X is an
Itd diffusion, and where —,, denotes weak convergence of random variables on the space
C([0,T],R%). At an intuitive level, the a term averages to an ergodic mean, via a law of large
numbers type effect and the b term homogenizes to a stochastic integral, via a central limit
theorem type effect. This type of problem is often referred to as deterministic homogeniza-
tion, since the randomness is not coming from a typical stochastic process, but rather from a
ergodic dynamical system with random initial condition.

Assuming rather strong mixing conditions on ¢;, one can show that x. converges weakly
to the solution X of an Itd SDE

dX = a(X)dt + o(X)dB , X(0)=¢ (1.2)

where B is an R? valued standard Brownian motion, the drift @ : R? — R is given by

&i(fv)z/g (2, y)dpu(y / / z,y) - VO (x, ¢py)dp(y)dt (1.3)

foralli = 1,...,d and the diffusion coefficient o : R? — R%*9 is given by

= [7 0.0 @ .60 + 0tz 00) @ bt . (1.4

The mixing assumptions required on ¢; are typically very strong. For instance, the above
result follows from [PK74] under the assumption of phi mixing with rapidly decaying mix-
ing coefficient (L'/?-integrable). Such an assumption is quite reasonable in the setting of
ergodic Markov processes (as intended in [PK74]). Unfortunately this is quite unreasonable
for general ergodic flows. In particular, for most natural deterministic situations it is difficult
to prove any mixing properties at all. On top of that, it is seldom clear that the formulas for a
and o are even well-defined.

In this article, we show that for a very general class of ergodic flows, the above result
holds with explicit (but sometimes more complicated) formulas for a and o that generalise
the ones given above.

1.1 Anosov and Axiom A flows

One well-known class of fast flows to which our results apply is given by the Axiom A
(uniformly hyperbolic) flows introduced by Smale [Sma67]. This includes Anosov flows
[Ano67]]. We do not give the precise definitions, since they are not needed for understanding
the paper, but a rough description is as follows. (See [Bow75, Rue78, Sin72] for more de-
tails.) Let ¢, : M — M be a C*? flow defined on a compact manifold M. A flow-invariant
subset {2 C M is uniformly hyperbolic if for all z € € there exists a D¢;-invariant split-
ting transverse to the flow into uniformly contracting and expanding directions. The flow
is Anosov if the whole of M is uniformly hyperbolic. More generally, an Axiom A flow
is characterised by the property that the dynamics decomposes into finitely many hyperbolic
equilibria and finitely many uniformly hyperbolic subsets €21, . . ., ), called hyperbolic basic
sets, such that the flow on each €); is transitive (there is a dense orbit). If §2 is a hyperbolic
basic set, there is a unique ¢,-invariant ergodic probability measure (called an equilibrium
measure) associated to each Holder function on €). (In the special case that (2 is an attractor,



there is a distinguished equilibrium measure called the physical measure or SRB measure
(after Sinai, Ruelle, Bowen).) In the remainder of the introduction, we assume that € is a
hyperbolic basic set with equilibrium measure p (corresponding to a Holder potential). We
exclude the trivial case where {2 consists of a single periodic orbit.

Given b : R? x M — R, we define the mixed Holder norm

D¥b(z.-) — D*b(z. -
1Bl e = Z sup HDkb(f’?»')‘CﬁﬂL Z sup H (z,°) (2, )’

d x — z|o—le]
Ik|<|a] zeR lk|=| o] z,z€ER ‘ ’

Ck

for o € [0,00), k € [0,1), where the second summation is omitted when « is an integer.
Here D* is the differential operator acting in the = component and ||-|| . is the standard
Holder norm acting in the y component. If b : R? x M — R™ is vector-valued, we define

16l o = 22721 16| -

We write b € C**(R% x M,R™) if ||b]|par < oo. Let Cg™"(R? x M,R™) denote the
space of observables b € C**(R? x M,R™) with [, b(z, y)du(y) = 0 for all 2 € R%. When
m = 1, we write C“*(R? x M) instead of C**(R? x M,R™) and so on. We also write
C§(Q,R™) to denote C* observables v : {2 — R™ with mean zero. We now state the main
result.

Theorem 1.1. Let ) C M be a hyperbolic basic set with equilibrium measure 1. Let k > 0
and suppose that o € C'tO(R? x M,R%), b € C3T*(R? x M,R?). Then

(i) The limit
B(v,w) = lim n~ // / v o p,w o p.drdsdy,
n—oo

exists for all v, w € C§(2) and the resulting bilinear operator 6 : C§(Q)xCH(2) — R
is bounded and positive semidefinite.

(ii) The drift and diffusion coefficients given by
d
k=1

(o(z)oT (x))9 = B(b(x,-),V(x,")) + BV (x,-),b'(x,-) , 4,7=1,...,d,
are Lipschitz.

(iii) The family of solutions x. to the ODE (1.1)) converges weakly in the supnorm topology
to the unique solution X of the SDE

dX =a(X)dt+o(X)dB , X(0)=¢ (1.5)
where B is a standard Brownian motion in R,

(iv) Let v,w € C§(Q). If in addition the integral [~ [, vw o ¢,dudt exists, then

‘B(U,w):/ /vwoqﬁtd,udt.
o Jo
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By part (i), the B-terms in the formulas for @ and o can be written as

B(b*(z,-), Opb'(2,-)) = lim n~ // / V¥ (0, ¢y) Opb' (0, by ) drdsdp(y)

n—0o0

and

n—oo

By part (iv), if the integrals [~ [, b (z, y)V (@, dyy)dp(y)dt, [5° [, 0 (2, y)O0kb' (x, dpy)dp(y)dt
exist for all i, j, k and x € R, then the coefficients @ and o are given by the formulas in (T.3),
(L.4). In general, even for nonmixing flows ¢;, the bilinear operator ‘B can still be written
down explicitly, in terms of the finer structure of the flow, see (2.1)).

B(bi(z, ), (z,)) = lim n~ // / b (z, )b (2, bey)drdsdu(y) .

Remark 1.2. The Lipschitz statement in Theorem [I.1{ii) follows from boundedness of B
together with the regularity assumptions on a and b. A consequence of this is the uniqueness
of the limiting diffusion X as stated in part (iii).

Remark 1.3. Since the expression defining ool is symmetric and positive semidefinite, a
square root o always exists. Also, it is a standard result that the diffusion X is independent
of the choice of any square root o.

Remark 1.4. In the special case b(z,y) = h(z)v(y) considered in [KMI6], B(v',v’) is
defined through its symmetric part, denoted %EU and its anti-symmetric part, denoted %D” .
One easily recovers the above via the [to-Stratonovich correction.

1.2 Non-uniformly hyperbolic flows

For the sake of exposition, we have stated the homogenization results for fast flows that are
uniformly hyperbolic. In reality, the results apply much more generally. The convergence
result stated in Theorem [I.1{(iii) can be recast in an abstract framework as explained in Sec-
tion In brief, we only require that ¢, satisfies an iterated central limit theorem (CLT)
along with a moment control estimate. As shown in [KM16], the assumptions in Section
hold true for broad classes of flows which have a Poincaré map modelled by a Young tower
[You98, [You99]. In the case of Young towers with exponential tails, or at least superpoly-
nomial tails, Theorem [[.T] goes through unchanged. This includes the case of Hénon-like
attractors and the classical Lorenz equations.

When the Poincaré map is modelled by a Young tower with tails that decay more slowly,
the assumptions in Section 2]still hold provided the return time function for the Young tower
lies in L7 for some ¢ > 11/2. In this case, Assumption[2.2]below holds with p = 2(¢—1)/3 >
3 by [KM16, Proposition 7.5] and the discussion in [KM 16} Section 10]. It then follows from
Theorem below that Theorem goes through under stronger regularity assumptions
(depending on the value of p) on b.

1.3 Mixing hypotheses

An important feature of the program initiated by [MS11], and continued in [GM13, KM16]]
and the current paper, is that in our main results we make no mixing assumptions on the fast
flow ¢;. (The only role of mixing is to obtain simplified formulas for the drift and diffusion
coefficients.)



To understand the significance of the lack of mixing assumptions, it is convenient to re-
call part of the history of the study of mixing for Axiom A dynamical systems. The discrete
time case, namely Axiom A diffeomorphisms, is very well-understood: any hyperbolic basic
set for an Axiom A diffeomorphism is mixing up to a finite cycle, and in the mixing case
Holder observables enjoy exponential decay of correlations [Bow75, Rue78, Sin72]. For
Axiom A flows it is trivial to construct examples with no mixing properties: constant suspen-
sions (more generally, suspensions where the roof function is cohomologous to a constant),
do not mix. However, [BR75]] asked whether mixing Axiom A flows are automatically expo-
nentially mixing. This turned out to be false: [Pol84, Rue83] independently gave examples
of mixing Axiom A flows that do not mix exponentially quickly and [Pol85] showed that
Axiom A flows can mix arbitrarily slowly. Eventually [Dol98]] gave examples of Anosov
flows that mix exponentially quickly, but at the time of writing there are no known examples
of robustly exponentially mixing Anosov flows.

On the other hand, it is well-known since [Rat73] that mixing is irrelevant for certain sta-
tistical properties. In particular, the central limit theorem holds for all Axiom A flows, even
the nonmixing ones [MTO04]. This theme has been extended significantly over the years; in
particular [KM16] verified that the statistical properties required to apply rough path the-
ory, namely the iterated CLT and moment estimates, hold for all Axiom A flows and for the
nonuniformly hyperbolic flows described in Subsection[I.2] As a consequence the homoge-
nization results in [KM16]] and the current paper are independent of mixing properties of the
fast flow.

For the specific classes of examples mentioned in this paper, the fast flow has a Poincaré
map with good mixing properties, and this happens to be useful for establishing the iterated
CLT and moment estimates at the level of the Poincaré map; these properties then lift to
the flow. But this should not be confused with assuming mixing for the flow itself. Mixing
remains poorly understood for flows, and moreover there are examples where mixing fails or
happens arbitrarily slowly. Our results on homogenization hold regardless of these issues.

1.4 Previous results

It is only fairly recently that results on homogenization have been obtained in a fully de-
terministic setting with realistic assumptions on the fast dynamics. The first such results
were obtained by [Dol04, IDolO5]] for discrete time systems where the fast dynamics is uni-
formly or partially hyperbolic with sufficiently fast decay of correlations. As explained in
Subsection[I.3] a program to remove mixing assumptions on the fast dynamics was initiated
in [MS11] where the authors prove a result on homogenization for general fast flows that are
uniformly or nonuniformly hyperbolic, but under the assumption that the noise appears addi-
tively in the slow ODE, that is b(z, y) = h(y). This was extended to the case of multiplicative
noise b(x,y) = h(z)v(y) in the scalar case d = 1 by [GM13] who also treated the discrete
time situation. The case b(z,y) = h(x)v(y) was treated in general dimensions in [KM16]
(again for both discrete and continuous time). We remark that the results of the current article
should carry over to the discrete time setting, but this requires additional work to incorporate
the discrete time rough path theory introduced in [Kel16].

Homogenization results for chaotic systems have many interesting physical applications,
most notably in stochastic climate models [MTVEOQI1]. For more examples, see [PS0S8,, Sec-



tion 11.8].

1.5 Outline of the article

To prove Theorem (or more precisely Theorem [2.3] the abstract version) we reformulate
the slow equation (1.1) as an ODE of the form

dx. = F(x.)dV. + H(x.)dW- |

where V. and W, are function space valued paths that are smooth (in time) for each fixed ¢.
The path V; is a smooth approximation of a function space valued drift and the path W; is a
smooth approximation of a function space valued Brownian motion. To be precise, we take

v;(t):/o a(ye(r))dr  and Wa(t)ze_l/o b, ya(r))dr -

The operators F(x), H(x) are Dirac distributions (evaluation maps) located at x, that is
F(z)p = ¢(x) for any ¢ in the function space and similarly for H.

Remark 1.5. Note that although F, i are both Dirac distributions, they will act on different
domains, hence the different labels.

One should think of the pair (V., W) as “noise” driving the solution x.. Using the theory
of rough paths, we build a continuous solution map from the “noise space” into the “solution
space”. The “noise space” will contain not just smooth paths, but also paths of Brownian
regularity (which is the type of regularity we expect from the limiting IW,). Since the solution
map is continuous, a weak convergence result for the noise processes can be lifted to a weak
convergence result for the solution, via the continuous mapping theorem.

The outline of the article is as follows. In Section [2| we write the abstract formulation of
Theorem [I.1}; this constitutes the main result of the article. In Section [3|we give an overview
of rough path theory and state the tools that will be used. In Sections [} [5] and [6| we state and
prove a localized version of the main result. In Section [/| we lift the localized result to the
full result.

1.6 Notation

We write E,, for expectation with respect to 1 and write = when referring to expectation on
a generic probability space. We write for example a € C'" if there exists o > 1 such that
a € C*. For a normed linear space B we write L(3,R) for the space of bounded linear
functionals on B, with the usual norm || f|| ;5 g) = Sup|y =1 |f(z)|. We write a,, < by, as
n — oo if there is a constant C' > 0 such that a,, < Cb,, for all n > 1.

2 The abstract convergence result

We now state an abstract version of Theorem Let ¢, : M — M be a smooth flow on
a finite dimensional manifold and suppose that {2 C M is a closed flow-invariant set with
ergodic probability measure . For v € L'(Q, R™) with [, vdu = 0, we define

tn tn S
Wyn(t) =n"1? / vogsds and W,,(t)=n" / / vo @, Qv o pedrds .
0 o Jo
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By definition of the tensor product for vectors, W, ,, takes values in R™*". Recall that, due to
the dependence on the (omitted) initial condition of the flow, W, ,,(¢) and W, ,,(¢) are random
variables on the probability space (€2, 11).

For v,w € L'(Q, R), we define

t t S
v = / vo¢sds and S; = / / v o Ppw o Pydrds .
0 0o Jo

Fix k > 0. The abstract assumptions are as follows.

Assumption 2.1. There exists a bilinear operator B : C§(€2) x C§(2) — R such that for
every m > 1 and every v € C§(§2, R™),

(Wv,n7 Wv,n) — (an W’U)

as n — 0o, in the sense of finite dimensional distributions, where W, is a Brownian motion
in R™ and W, is the process with values in R™*™ defined by

t
WY (t) = / WiAW! + B (v', v/t .
0

(Here, the integral is of Ito type.)

Assumption 2.2. There exists p > 3, and for all v, w € C§(2) there exists K = K, ,,, > 0
such that
(Eu|Ut|2p)1/(2p) S Kt1/2 and (Eu‘st|p)1/p S Kt

for all ¢ > 0. If the estimates hold for all p > 3 then we say the estimates hold for p = co.

Theorem 2.3. Suppose that Assumptions 2.1 and 2.2 hold with some p € (3, 0] and k > 0.
Suppose that a € C*TO(R? x M, RY) and b € C""(RY x M, R?) for some v > 2 + 1% + %.
Then we have the same conclusion as Theorem[I.1{1,ii,iii).

We now show how Theorem [I.1] follows from Theorem 231

Proof of Theorem|[I.1] Assumptions [2.1] and [2.2] (with p = o0) are valid for hyperbolic ba-
sic sets by [KM16, Theorem 1.1] and [KM16, Proposition 7.5, Remark 7.7] respectively.
Hence Theorem [1.1[i,ii,iii) follows from Theorem [2.3] Moreover, Theorem [I.1{iv) follows
from [KM16, Theorem 1.1(b)]. L]

Remark 2.4. In [KMI6], we considered the special case where b(x,y) = h(z)v(y) is a
product (for some v : M — R¢and h : R? — R?*¢) under less stringent regularity conditions
on b. It is easy to check that when 0 is a product, the method in this paper applies provided
b € C*" for some o > 2+2/(p— 1) recovering the results of [KM16]]. The only place where
the additional regularity is required for general b is in the tightness estimates in Section
below.

Remark 2.5. A general formula for the bilinear operator ‘B in the case of (not necessarily
mixing) Axiom A flows can be obtained by considering the associated suspension flow. The
same is true for nonuniformly hyperbolic flows modelled as a suspension flow over a Young



tower. We recall the basic definitions; further details can be found in [KM16]] and references
therein.

Suppose that f : A — A is a map with ergodic invariant probability measure p. Let
r: A — R* be an integrable roof function with 7 = [ A T dp. Define the suspension A" =
{(z,u) e AXR:0<u<r(x)}/ ~where (z,r(x)) ~ (fz,0). Define the suspension flow
¢1(z,u) = (x,u+t) computed modulo identifications. The measure py = pp X Lebesgue/r
is an ergodic invariant probability measure for ¢.

Our results apply in particular to the case where A is a Young tower with return time
function lying in L9 for some ¢ > 11/2, and r is a bounded piecewise Holder roof function.
Since Young towers are mixing up to a finite cycle, by taking a smaller Poincaré cross-section
we may suppose without loss of generality that A is mixing. Given v € C§(£2, R™), we define
the induced observable & € L>(A, 115) by setting & = [ v o ¢dt. Similarly, we associate w
to w. By [You98! [You99]], v and w have summable decay of correlations (exponential decay
when A is Axiom A or a Young tower with exponential tails, and decay rate O(1/n?"!) in
general), so in particular the series Y | [ A 0w o f"duy is absolutely convergent.

Moreover, as shown in [KM16, Corollary 8.1],

B(v,w) = (f)_IZ/A@ﬁJ o f"dun + (f)_l/AS(U,w)duA : (2.1)

where
S - [ v ([ otounia)utoais.

is the iterated integral of the path (v o ¢, w o ¢;) along the orbit until its return to A.

Remark 2.6. There is a slightly simpler way of writing 8 which gives a more geometric
description of the bilinear form. We introduce the symmetric and anti-symmetric parts

A(v, w) — %(‘B(v,w) + iB(w,v)) and (v, w) = %(%(v,w) - %(w,v)) |

For the symmetric part, it follows from the product rule that

S(v,w) + S(w,v) = (/OTvogbtdt)(/orwoqﬁtdt) = 0w

1
A(v,w) = —/(ﬁwof"+wﬁof")du/\+—_/6wdu/\.
A 27 Jo

and hence

In particular the symmetric part of the bilinear form is completely determined by the cross
correlations between induced observables. Similarly

@(v,w):;%A(ﬁwOf”—wﬁof")duA%—%/A(S(v,w)—S(w,v))d,uA.



The advantage here is that the expression

1
is equal (by Green’s theorem) to the signed area traced out in R? by the loop (v(¢y), w(gﬁty)):(:yo)

(closed by the secant joining the endpoints).

In the remainder of this section, we describe some elementary properties that follow imme-
diately from the assumptions on the fast dynamics. Firstly, we show that in Assumption
the constant & can be chosen uniformly in v, w. Define the incremental objects

t t r
Vst = / vog.dr and Sy, = / / v 0 Py w o ¢pdudr .

Proposition 2.7. [f the fast flow satisfies Assumption[2.2] then
(Bulos )P vl gn [t = s[V? and - (Bl So ') S (vl o 1wl 1t = 5]
forall s,t >0, v,w € C§(Q).

Proof. By stationarity it suffices to check the claim with s = (. Consider the family of
linear operators {L; : C5(Q) — Lgp(Q), t > 0} given by L,v = t~Y/2v,. Since || L]l <
42 |Jv]|, it is certainly the case that L; : C§(Q) — Lo,(€2) is bounded for each t. By
Assumption[2.2 for each v € CF(£2), there exists a constant K = K, such that [ Lyv ||, < K,
for all t > 0. By the uniform boundedness principle, there is a uniform constant K such that
[Livlly, < K ||v]|on forall v € Cg(€2), t > 0. This establishes the desired estimate for v,.
The estimate for S; is proved similarly by considering the family of bilinear operators
{B;: CE(Q) x C§(Q) — LP(Q), t > 0} given by By(v,w) =t15,. O

The next result is a collection of simple facts that will be used throughout the rest of the
article.

Proposition 2.8. If the fast flow satisfies Assumptions[2.1land[2.2] then

(a) The covariance of W, is given by EW (1)W/(1) = B(v',v7) + B(v?,v") for all v €
Cy(Q,R™).

(b) B(v,v) > 0forallv e Cf(RQ).
(c) |B(v,w)| S [[vllex lwllcx for all v, w € CF(S2).
(d) Wy, Wy ) =0 (W, W,) asn — oo in the supnorm topology, for allv € C§(§2, R™).
Proof. (a) It follows from Assumptions[2.1]and [2.2] that
E.W,,,()W],(1) » EW;()W(1), EW, (1) — EWJ(1) =B, v7),

where we have used the fact that 1t6 integrals have zero mean. Taking expectations on both
sides of the identity A A - )
Won (W, (1) = Wi, (1) + Wi, (1)



and letting n — oo yields the desired result.

(b) It follows from part (a) that B (v’, v') = sEW;(1)* > 0.

(c) Define S}’ using the definition of .S, but with v = v’ and w = v/. We note that =S¥ =
W, (1) and hence by Proposition E, W7 (1)] < |0']l s |07]| o~ By Assumptions
and 2.3} B (v, v7)| = lim,,oe [B, W7, (1) < [0/l 07l

(d) Since the limiting random variable is (almost surely) continuous, it is sufficient to prove
the weak convergence result in the Skorokhod topology. But this is a simple consequence of
[Bil99] Theorem 13.5], combined with the Assumptions [2.T]and [2.2] O

Finally, we show that convergence as n — oo of the sequence of processes (W, ,,, W, ,,)
implies convergence as € — 0 of the family of processes

te™
W (t) = e/
0

Before doing so, we need the following elementary lemma.

2

te—2 s
vopgds, ng)(t):eSQ/ /UO¢T®UO¢SdeS,€>O.
0 0

Lemma 2.9. Suppose that a : R — R is bounded on compact sets. Letb > 0, T > 0. If
lim, o eba(e™) = 0, then lim__,q & sup;c(o.7) la(te™")| = 0.

Proof. The proof is standard and included just for completeness.

Fix § > 0. Choose &y > 0 such that e’a(¢~!) < §/7T° for ¢ < £3. Now choose £; > 0
such that € sup, -1 a(t)| < 0.

We show that sup,c( 7y |e°a(te™")| < 6 for all ¢ < e,. There are two cases. If ¢/t > &,
then |eba(te™t)| < & sup,.-1 |a(t)| < 0. Ife/t < o, then |eba(te )| < TP(e/t)b|a(te )| <
J. O

Proposition 2.10. If Assumptionﬂholds, then (Wv(e), ng)) —w (Wy,W,) ase — 0in the
supnorm topology, for all v € C§(Q,R™).

Proof. Let n = [¢~2%]. We have

te=2

WE(t) = enl/2W, (1) + = / vo b ds.

tn

Ase — 0,en'/? — 1. Also, ftt;% v o ¢y ds|le < |||, and hence Wi — Weyn —w 0.

Similarly,

te=2 s
WE (1) = e2nW, ,(t) + &2 / / vo g, @vogydrds = nW,,(t) + 2 A (1),
tn 0

where

te—2 s te—2 tn
A(E)(t):/ /v0¢r®voq§5drds—|—/ / Vo @, ®Vo psdrds.
tn tn tn 0

Now |A©) ()] < t?|v]|%, + t|v|se|vin|. By the ergodic theorem, e%v.—> — 0 almost every-
where, and hence by Lemma SUPye(o,7] 2|ve—2| — 0 almost everywhere. It follows that

supye(o. 1) €A (t)| — 0 almost everywhere, and so W — W, ,, = 0.
Altogether, we obtain that (W.?, W) — (W,., W,,,,) — 0 as required. O
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3 Some rough path theory

In this section we formalize some of the ideas from rough path theory put forward in Sec-
tion I} namely, that one can build a continuous map from “noise space” to “solution space”.
This map is constructed using rough path theory [Lyo98]. The formulation of rough path
theory that we employ closely follows the recent book [FH14]. Before going into the theory,
we list some preliminary facts concerning tensor products of Banach spaces.

3.1 Tensor products of Banach spaces

Let A, B be Banach spaces (over R). The algebraic tensor product space A ®, B is defined
as the vector space

A®,B=span{z@y|zec A, ye B}.
That is, A®, B is the space of finite sums )z, ®y, forz, € A, y, € B. For f € L(A,R),
g € L(B,R) we define a linear functional f ® g : A ®, B — R by

(f©9)D 0 @yn=_ f(zn)g(yn) - (3.1)

Anorm ||| 405 1 A ®. B — Ry is called admissible if

12 @Yl 4es = 2l llylg and |[If ®gHL(A®aB,R) = HfHL(A,R) ||9||L(B,R) (3.2)

forallz € A,y € Bandall f € L(A,R) and g € L(B,R). By [LC85, Lemma 1.4], to
check admissibility it is sufficient to check (3.2) with = replaced by <.

For an admissible norm ||-|| ;s We define the tensor product space A ® B as the com-
pletion of A ®, B under the norm ||-|| .. 5. Hence (A ® B, [|-|| 45) is a Banach space. All
tensor products we consider will be constructed using an admissible norm.

The admissibility requirement guarantees that f ® g € L(A ®, B,R) and since A ®, B
is (by definition) dense in A ® B, f ® g extends uniquely to an element of L(A ® B, R).

3.2 Spaces of rough paths

In this subsection, we show how to build a “noise space” of Banach space valued paths as
mentioned in Section [[.5] Recall that this should include smooth paths and also Brownian-
like paths. It turns out that it is necessary also to add extra structure to the set of paths. The
resulting space is called the space of rough paths.

Let A be a Banach space. For § € (3,1), we define 47 = 47(A) to be the set of all
continuous paths V' : [0,7] — A with V(0) = 0 and

Vs, )]
VD = sup VS OL
Vies = sup o5 :

where V(s,t) = V(t) — V(s). The pair (¢, | - |¢s) is a Banach space.

Let BB be a Banach space with tensor product space B® B. For v € (%, %], the space ¢ =
%" (B) is defined to be the set of all continuous paths (W, W) : [0,7] — B x (B ® B)
with (1W(0), W(0)) = 0 and such that

Wis,t W(s,t
IG5 o ang s 77 D s
st |t — S|7 st |t — <‘5|2'Y
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where W (s,t) = W(t) — W (s) and W(s,t) = W(t) — W(s) — W(s) ® W(s,t). The set €
is known as the set of y-rough paths and forms a complete metric space under the metric
Wa(s,t) = Wals, Dllp [Wi(s,t) — Wals, )l ges

s,t |t - 5|Fy s,t |t - 3|2FY

Py (W, W), (W, W,y)) =

We also make use of the norm-like object

W (s, 1)l W (s, 1)l 125

|t — s|7 st [t — s|7 ’

W, W)lle~ = sup

which shows up in some estimates, but does not play any role in defining the topology.
Finally, we define the set of (3, 7)-rough paths 67 = € (A) x € (B); this is a complete
metric space with the product metric.

Remark 3.1. One should think of €% as the “noise space”. This space clearly contains
irregular Brownian paths, in addition to smooth paths. The pair W = (W, W), when com-
bined with the rough path topology, is what we mean by “extra structure”. We view W(¢) as
a candidate for the integral fot W @ dW and W(s,t) as a candidate for fst W(s,r) @ dW(r).
Note that since W is only Holder continuous, there may be many candidates for the integral
W; hence it must be specified.

Next, we define a subspace € C ¢ known as the geometric rough paths. Let W : [0, 7] —

B be a smooth (piecewise C') path and let W : [0,7] — B ® B be the path of Riemann
integrals

t t
—/W@dW—/W@Wdt. (3.3)
0 0
The ~-geometric rough paths €} are defined as the closure of the set of all such smooth pairs
(W, W) in 6".

Remark 3.2. The smoothness of 1/ combined with the admissibility of the tensor product
space ensure that ¢ — W (t) ® W(t) is a piecewise continuous map and hence Riemann
integrable.

3.3 Rough differential equations

Suppose that V, W are smooth and that F' : R? — L(A,R?), H : R — L(B,RY). Under
suitable regularity assumptions on ', [/, the ODE

X(t) = €+/ dV+/H

has a unique solution X. We call the map ¢ : (V,W) +— X the solution map. In this
subsection, we show how the map ® extends to the space of rough paths €%,

For the moment, we suppose that F' is C! and H is C?%. Recall that 3 > % and v > %
and suppose in addition that 3 + v > 1. For (V,W,W) € %P there is a class of paths
X : [0, T] — R? known as controlled rough paths for which one can define the integrals

/Ot F(X)dV and /OtH(X)dW ,

12



with the shorthand W = (W, W). We call X a controlled rough path if X (s,t) = X(t) —
X (s) has the form '

X'(s,t) = X{(s)W(s,t) + O(|t — s)
foralli =1,...,dand 0 < s <t < T, where X] € C7([0,T], L(B,R)). For a thorough
treatment of controlled rough paths and their use in defining the above integrals, see [FH14,

Section 4].
Since 5 + v > 1, the dV integral is well-defined as a Young integral [You36], namely

t
/0 F(X)dV = lim > FX())V (tn, tasr)
[t tnt1]€EA
where A = {[t,,, t,41] : 0 < n < N — 1} denotes partitions of [0, ¢t]. The integral is defined

pathwise, for each fixed V.
The dW integral is defined as a compensated Riemann sum

t
/ H(X)dW = lim Sa (3.4)
where
d
Sh= S H(XE)W s tass) + > (Xiltn) @ OH (X (82))) Wk, tasr) (3.5)
[tntnt1]EA k=1

with A as above. The dual tensor product X/(t,) ® 0, H'(X (t,)) is defined as in (3.1)). Note
that the integral is defined pathwise, for each fixed path (W, W). In the special case where
W is a Brownian path and W is the iterated 1t6 integral, dW becomes It6 integration.

A controlled rough path X is said to solve the RDE dX = F(X)dV + H(X)dW with
initial condition X (0) = ¢ if it solves the integral equation

X(t) =&+ /Ot F(X)dV + /Ot H(X)dW

for all ¢ € [0,T]. For a thorough treatment of rough differential equations, see [FH14, Sec-
tion 8]. In particular, we have the following basic result which includes existence, uniqueness
and continuous dependence of solutions to RDE:s.

Theorem 3.3. Let v € (3,1 and ' € (1,7). Suppose that F € C'*7(R¢, L(A,R?)),

H € C'%M(Rd,L(B,Rd)), where §,8' > 0,. Then there exists B3, = B.(v,7,0') € (3,1)
such that the solution map ® : €7 — C7' ([0, T],RY) given by

OV, W, W) = X
is continuous for 5 € (b, 1),

The solution map ® is a genuine extension of the classical solution map in the sense
that, if V, W are smooth paths and W is the iterated integral above W (as in (3.3)) then
X = ®(V, W, W) agrees with the solution to the classical ODE dX = F(X)dV + H(X)dW
with the same initial condition.

13



Proof of Theorem 3.3} This is (a slight modification of) a standard result in rough path theory.
Indeed when V' = 0, it follows from [FH14, Theorem 8.5]. The extension to nontrivial V is
a simple exercise in controlled rough paths.

To apply rough path theory in Banach spaces one typically assumes an embedding

L(B,L(B,R)) — L(B® B,R) .

See for instance [FH14, Section 1.5]. We do not assume such an embedding. However,
since we only interested in results concerning RDEs (and not general controlled rough paths)
it is sufficient to assume the tensor product norm used to construct B ® B is admissible. In
particular, the only elements of L(B, L(B,R)) required to satisfy the above embedding are of
product form. That is, they are described by (f, g)x = f(x)g forall x € B, with f € L(B,R)
and g € L(B,R). Specifically, they are described by (f,g) = (X..(t), 0sH(X(t))) where
(X, X”) is the controlled rough path candidate for the solution to the RDE. But clearly we can
always perform such an embedding, by the identification (f, g) ~ f ® g and by admissibility
we have that f ® g € L(B ® B, R) as required. O

In the remainder of the article we will use the following result which is an immediate
consequence of Theorem [3.3]

Corollary 3.4. Suppose that V., W. are smooth paths, and that W is the iterated inte-
gral of W, (as in 33)). Let v € (%,%]. Suppose that F € C'*(R? L(A,R?)) and

372
H e C7*(RY, L(B,RY)), and that X. solves the ODE
dX. = F(X.)dV. + H(X.)dW. X.(0)=¢ . (3.6)

If (Vo,Wo, W) =, (V, W, W) in the €% topology for all 3 € (%, 1), then X, —,, X in
the supnorm topology, where X solves the RDE
dX = F(X)dV+ H(X)dW , X(0)=¢, (3.7)
with W = (W, W).
Next, we list some properties of solutions to RDEs. Since these properties are completely
standard, no proof will be given.

Proposition 3.5. When X solves the RDE (3.) we can always take X},(-) = H*(X (")) in
the definition of the dW integral in (3.4)), (3.5).

Proposition 3.6. Assume the set up of Theoremand suppose moreover that W = (W, W) €
(fg“/. Then the classical chain rule

A(X(0) = X6+ | p(X)FH(X)aV + / (X HE (X)W

is valid for any smooth ¢ : R* — R.

This result is an immediate consequence of the fact that the integrals are limits of smooth
integrals, for which the chain rule holds. (The result fails for general rough paths W € €7.)

The last result is an extension of the standard Kolmogorov continuity criterion to (smooth)
rough paths, taking values in R. A proof can be found in [Gub0O4, Corollary 4]. The one
dimensional case turns out to be sufficient for our needs, even in the Banach space setting.
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Lemma 3.7. Let T > 0 and let W., W. : [0,7] — R be smooth paths. Define I.(s,t) =

f; We(s, T)dWE(T). Let p > 1 and v € (0, % — zip), and suppose that M, M are constants.

(a) If (E|W.(s, 1))/ @) < M|t —s|*/? foralle > 0, s,t € [0,T), then there is a constant
C depending only on T, d, p, v such that

W.(s,t 2p\ 1/(2p)
(E( sup M) ) <CM, foralle>0.

stejor] |t — 8|

(b) If
(E[W.(s, 1))/ < M|t — s|'? and (E[W.(s,t)|>)/ < M|t — 5|/

and 3
(E|L(s,t)[")"/? < MM]|t — s|

foralle >0, s,t € [0,T), then there is a constant C depending only on T, d, p, ~y such

that y
I{-; t p p 5
@(S@ |@”>) <CMM ., foralle>0.
$,6€[0,T]

|t — s[>

4 The localized convergence result

In this section, we state the localized version of Theorem [2.3]

Theorem 4.1. Suppose that Assumptions and hold with some p € (3, 00| and k > 0.
Suppose that a € C1TO(RIx M, R?) and b € C5" (R x M, R?) for some o« > 2 + p%l + %.
Moreover, suppose that a,b have compact support in the sense that there exists E/ > 0 such
that a(x,y) = b(z,y) = 0 for any |x| > E and y € M. Then the conclusions from Theo-
rem[2.3 hold.

The proof is split into several steps:

1. In the remainder of this section, we reformulate z. into a rough path framework and
show that x. solves a ODE of the form (3.6).

2. In Section [5] we use the theory from Section [3] to show that z. —,, X where X is
defined by an RDE of the form (3.7).

3. In Section[6] we show that the RDE in step 2 can be re-written as the desired 1td SDE.

The proof of Theorem @, which is a simple combination of the above facts, can be found
at the end of Section [6l Then in Section[7, we show how Theorem [2.3] follows from Theo-
rem 4. 11
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4.1 The rough path reformulation of the fast-slow system

We define C%(R%,RY) to be the vector space of continuous functions u : RY — R¢ with
components u', ..., u? € C°(R%). This is a Banach space with norm [|u| e = 320, [|4/]| -

Since & > 2+2/(p—1) + d/p, we can choose § > 2 +2/(p — 1) such that & > 6 + d/p.
For the reformulation described in step 1 above, we take A and B to be the Holder spaces
A = CH (R RY), B = C?(R? R?). For ¢ > 0, we define the smooth paths

Vg(t):/o a(-,y-(r))dr and Ws(t)zal/o b(-,y(r))dr, te€[0,T].

Proposition 4.2. If a and b are as in Theorem then V. and W take values in A and B
respectively for each e > 0, t € [0, T].

Proof. By definition, |[W.(t)|5 = 0, le* [ b (-, y=(r))dr|co. But

t
sup | [ DA, y.r))dr] < tsupsup |DE (2,0)
T 0

z ye
and similarly
t i t i i i
| Jo D3V (, ye(r))dr — [y DIV (2, ye(r))dr| | Db (x, y) — Db’ (2, y)|
sup < tsupsup
& — 2|07 v ye o — @[

By definition of the Holder norm, it follows that

d
IW(t)llg <et> sup [t 9)|| o = 1Bl oo
i—1 Ve

which is finite by the assumption on b. Similarly, ||V()|| ; < t[|a||c1+0 < 00. O

For z € RY, we define the multidimensional Dirac distribution operator H : R? —
L(C?(RY, RY), R?) by setting H (z)(u) = u(z). It is easily shown that

Proposition 4.3. H € C°(R4, L(C’ (R4, RY), RY)) for all 0 > 0.

In this way, we obtain operators F' : R — L(A,RY) and H : RY — L(B,R%). The
following result states that the above definitions are sufficient to reformulate (1.1]) in the
rough path framework of Corollary

Lemma 4.4. Suppose that a and b are as in Theorem and define F', H, V., W. as above.
Then the solution x. to the ODE (1.1)) satisfies the ODE

dz. = F(x:)dV. + H(z)dW. | z.(0)=¢. 4.1)
Moreover;, F' € C'*(RY L(A,R?)) and H € C°(R% L(B,R?)) where 0 > 2 + 2.

Proof. The regularity of F' and H follows immediately from Proposition 4.3|and the choice
of A, B.
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For each fixed y, the function z — a(z,y) is by assumption in .4 and so the operation
F(z)a(-,y) = a(z,y) is well-defined. Hence for fixed x, ¢,

d‘fﬁ( ) _ F(l‘)(l(',ys(t)) = a(ﬂf,ys(t)) :

Similarly, H () 2= — c=1p(z, y.(t)). It follows that

F(z)

dz.(t _ dV_(t dW_(t
o) _ a1,y (t)) + 0 (1), 9 (0)) = Flao () D 4 b (1) D)

dt dt dt
In the incremental form, we have precisely {@.1)). N

4.2 Tensor product of Holder spaces

As preparation for the application of rough path theory in Section [5) we define the tensor
product B ® B for the Holder space B = C?(R?, RY).

First we consider the scalar situation. Define C%?(R? x R?) to be the space of continuous
functions % : RY x R? — R with bounded norm

lullgos = D sup|[Dyulz, )|+ D supHé“'D %’&”CQ, (4.2)
k<lo] © kI=10) © Skl

with the shorthand 0, . u(x, z) = u(z, z) — u(z’, ), where the second summation is omitted
if 6 is an integer. Expanding the inner norm, we obtain

5:car’Dle )
oo = 3= swplDiDlue )+ Y sup P PeDT)
kI<|6]lt<lo] ©* k|=16],|1|<|0]
]527Z/D'§Diu(x, 2)| ]§m7x/(52,z/D’;Diu(x, 2)|
- Z_ e R P R Z_ v (@ — ']z — 21T
k| <10, /11=10] =

Here, we use the shorthand 0, . u(x, 2) = u(z, 2) —u(x, 2’) and §, 10, u(z, 2) = u(z, 2) —
u(z',z) —u(z, 2") +u(a’, 2'). It follows that we could equally define the norm in (4.2) with
the roles of x and z reversed.

Let . : CY(RY) ®, C?(R?) — C?%?(R? x RY) denote the embedding

(Zunm) 59 = el

Define the tensor product norm ||| oo by setting |30, tn @ Ul cogee = 1622, n @ vn)ll o
and take the completion to obtain the tensor product space (C?(R%) @ C?(R?), || || cogco)-

Proposition 4.5. The tensor product norm ||-|| co o is admissible.

Proof. By an obvious factorization we have that [[u ® v||cogce = [Juf/ce [|v]|ce for every
u,v € C?(R?). Tt remains to check that || f @ gl ogcom) < I1fllLicom 19110 gy for all
f,g € L(C? R). Notice that

(@)D un@va| =D flun)gvn)| = [F (D ung(vn))] (4.3)
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<o gy 1D wng(@n)]] o

But

H Zung(vn)HCe = Z sup | ZDkun Un | + Z SU_I/) |Zn 5$,J:’Dzun_(:fig(vn)| )

. |J; _ :E’|9 0
|k|<[6] |k|=16]

For each fixed z,

’ZDﬁun(@g(%)‘ = |9(ZDiun($)0n)| < ||g||L(09,R) H ZD];U%(I)UHHCG
< ||g||L(C9,]R) Z |D];Un($)| lvnllce

and similarly | > 8, . Dku,(z)g(v,)| < 191l Loy 2om 192, 2 DFuy ()] ||on ]| go. Substitut-
ing this back into (4.3]), we obtain

‘(f ® g) Zun ® Un| < ||f”L(C’9,[R) HQHL(CG,R) HL(Zun ® Un) lce.o -

Hence || f ® g/l cowco gy < 1l ncomy 191 1o g)- 0

Next, we define the tensor product B ® B = C?(R4, R?) @ C%(R¢, RY) to be the space of
d x d “matrices” with entries in C*(RY) ® C?(R?), endowed with the norm
||Zn Up & Un||09®09 = Zijzl ||Zn U’;L ® U%HCG(@CG-
Corollary 4.6. C°(R? R?) @ C?(R?, RY) is a Banach space with admissible tensor product
norm ||| gogco-

Proof. Completeness is an immediate consequence of the completeness of CY(R?) @ CY(RY).
Admissibility of ||-|| .0 is proved by a calculation similar to the one in Proposition O

5 Convergence to the RDE

The objective of this section is to use Corollary [3.4] to characterize the ¢ — 0 limit of the
solution z. for the fast-slow ODE (I.1)) as the solution to an RDE.

We suppose throughout that Assumptions 2.1 and [2.2] are valid with p > 3 and x > 0,
and that a, b are as in Theorem Define V. : [0,7] - Aand W, : [0,7] — B asin
Section 4.1} in particular, A = CTF(R?, R?) and B = C?(R%,R?) where § > 2 +2/(p — 1)
and o > +d/p. Define B®B as in Section[4.2] and the iterated integral W, : [0, 7] — B&B

b
y /W ®dW, =¢~ // S Ye(uw)) @ b(-, ye(r))dudr .

The integral is well defined by Remark 3.2}
Let W, = (W, W.) : [0,T] = B x (B ® B). Define a € A by

a= [ at.u)duto). 5.1)
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We now state the main result of this section.

Theorem 5.1. The family {x.}.~¢ is tight in C([0,T];R?). Moreover, every limit point X
satisfies an RDE of the form

dX = F(X)adt + H(X)dW , X(0)=¢, (5.2)
where W is a limit point of {W.}eso in €7 forall v € (3,5 — 3).

2p

1
2p°

By Lemma 4.4, H is C’ where § > 2 + %1 = L. Hence 6 > % for «y close to v* ensuring

that A has the regularity required in Corollary 3.4

Remark 5.2. Evidently it suffices to prove Theoremfor «y arbitrarily close to v* = %

The second aim of this section is to characterise the finite-dimensional distributions of the
limit points of W.. This is done in Lemma [5.12]

To control the tightness of W, we make use of Besov spaces described in Subsection 5.1}
In Subsection we prove tightness of (72, W.) and deduce tightness of z.. In Subsec-
tion we complete the proof of Theorem|[5.1|and characterize the limit points of (V2, W.).

5.1 Besov spaces

Let s > 0 and fix (arbitrarily) an integer m > s. The classical Besov space B; = B5(R?) can
be defined (for all p > 1) as the set of all L, functions u : R¢ — R such that

1/p
fullg = (Il + [ la Az, ir) " <0
o<1
where
Agu(r) =u(r +0) —u(r) and AL =A,0AL

and ||| 1, 1s the standard L;, norm on R?. For more details, see [Tri83, Tri06].
Remark 5.3. The classical Besov spaces B, , typically come with two indices of integrability

1/q

and norm ||u| By, = [ul|7,, + f\o\gl |o| =59~ [AFul|7 do ) . Inthis article, we always

take p = ¢. Hence our Besov spaces B, are really the same as the Slobodeckij spaces,
when s # N. The norm we employ is not the most standard choice but is well known to be
equivalent to the usual Besov norm [T1185, Section 2.5.12].

For x € [0, 1), we also introduce a norm on functions u = u(x,y) that are B in the x
variable and C* in the y variable:

1/p
o= ([ lute et [ ot [lazute e i)
" ol<1

with A" acting only in the x component.

ul

Lemma 5.4. We have the embeddings

[ullco S Nlull gosare
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and

1/p
||u|\ceew( / (e, I i+ / |or| P02 / AT u(z, )| g+d/pda:da) :
o<1

Proof. The first estimate can be found in [Tri85, Section 2.7.1]. The second estimate is
obtained by applying the first estimate in the x coordinate (for each fixed z) and then in the 2
coordinate (for each fixed x). ]

Lemma 5.5. [fu € C**(R? x M) and has compact support (in the sense of Theorem
then ||ul| 5.0 < 00 forany s < a.
p7

Proof. Since m > s is arbitrary, it suffices to take m = [s]. The ||ul|, part is obviously
finite for any p > 1, since u is bounded and has compact support. Hence it suffices to bound
the semi-norm part of the Besov norm. We claim that

sup [[A7u(z,)llex < [ull gan [o]* - (5.3)
r€R4

In this case

/|U e / |Am uz, )%

as required, since o > s.
All that is left is to prove the inequality (5.3). By the chain rule, we have that

. dzrdo < ||ul? a,n/ o] P70 |*Pdo < oo
lo|<1

u(e + 0,) — u(z,y) /Du Qo y)dC o
Repeating this identity, and writing 0, ,yu(z,y) = u(z,y) — u(x,y’) we obtain
Ay u(w,y) — Ay u(z,y)
- / DI Yoy yule +((m—1) = (G + -+ Cuoa)o,y)dC - o™
[0,1]m~1

It follows easily that
|A™u(z,y) — Alu(z, )| < sup |D™1S, yu(z + o,y) — D™ 16, pu(x, y)|lo|™
< Nullgmorsen o™=y =y
This proves (5.3). O

5.2 Tightness of (V., W.)..o and (z.).~0
Firstly, we estimate ||VZ(s, )| 4.

Lemma 5.6. We have that sup, ||Vz(s,t)|| 4 S ||allcao [t — s| uniformly over .
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Proof. Without loss, we suppose that a is real-valued. Write V.(s,¢; ) = fst a(x,y.(r))dr.
We have

|Dk (S tx ’ < HDk 7')H00 |t - 5|7 ‘5$,$'D];‘/€(37t7‘r>| < H(S%IE'D’;ai(x7 ')”00 |t - 5|

and hence
8y DFV.(s,t;
[Ve(s, )]l 4 = Z SUP‘Dk (s,t; )] + Z sup’ |a/: —xx’E\EISMJx)’
kl<[n) * Jkl=Ln) ©
(Sxa;/D CL
< ( Z SUP}|D§G(9C7')H00+ Z SUup | |x |- Ln||co>|t d
k|<[n) * |k|=[n) "
= llallgno [t — s,
as required. [

We now obtain an analogous estimate for W.. Again, we may suppose without loss that b
is real-valued. First, we introduce the notation

t
AT (s, 7) = =) / ATb(a, g (r))dr |

for m > 0, where the operator A" is omitted when m = 0. Similarly, we write

ATAYW (st x, 2) / / ATb(z, ye (w)) AT bz ye (1)) dudr .
AW (s, ;)]\ 7
Proposition 5.7. (a) E#<sup | “;V (S’|7’x)|) < JJAT(z, )Hchm
s,t - S
AT, Am o We(s, bz, ')\ . ) RENIE
(b) Eu(sut PR > S llambla, L, a6

Proof. Recall from the introduction that y.(t) = y(te™2) = ¢.-2(yo) where ¢ is the underly-
ing fast flow and y, € (2 is the initial condition. Hence by change of variables,

te—2

ATW. (s, t:2)(y) = ¢ / ATb(z, ¢yy)dr

se—2

But Ab(z,-) € C§(Q,R) for each z, o, so by Proposition 2.7}
(B AT W (s, t;2) )V AT, ) on [t — s['2,

uniformly in s, ¢, z, 0, . Hence part (a) follows from the Kolmogorov criterion, Lemma(3.7)(a).
Part (b) is proved almost identically using Lemma [3.7|b). O

Lemma 5.8. We have that sup,., E,[|W. H] < oo forany y € (%, % — %)
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Proof. By Lemma [We(s,0)llg < [[We(s, )] go+as» and hence

We(s,t
o 5.
s7t |t - S|'Y

1 1/p
§sup—</|W£(s,t;x)|pdx+/ |<7|_9p_2d/|A?WE(s,t;x)|pd:vda) :
jol<1

s,t S — t"y

Taking the supremum inside the integrals and using the inequality (z + y)'/? < 2'/P 4 y1/7,

. P 1/p
Sup ||W5<S7t)||8 S / Sup |W5(S?t?$)| dCL’ (5.4)
st |t — S|'y st |t — S|7

A™m . p 1/p 2 1/p
+ (/ |O_|—9p—2d/ (Sup ’ o WE<S7t7x)|) d,:ljdo') — Z (/Cde) 5
o<1 st ‘t - Sl’y k=1

where dz = dx or dz = |o|~%~*dxdo respectively and ¢} denotes the corresponding inte-
grands. Applying the triangle inequality, first for Lo, and then for Lo,

1/p 1/p 2\ 1/(2p)
£(fa)"| =Sl (/o))
k Lap(dp) k Lap(dp) k
1/p 1/p 1/2 1/p
(el ) S (i) £ () )
k La(dp) k k

Substituting into (5.4) and applying Proposition[5.7]to each term, we obtain

1/2 l/p
W (s, 8)[[,5 ) 7\ /7 / (We(s, t; )|\ ™
E - ' /5 < E - .
(= (e B2 AVANAN N =)oY
1/2 l/p
‘A?WS(S,t; $)| 2
*(/(m(%° t—sp e

1/p 1/p
< fonzas) ([ 1Azl d) S Bl < oo

where the last inequality follows from Lemma (since 0 + d/p < )
We now use the same method to estimate the W. term. Just as above, via Lemma[5.4] we
have

W_(s, ¢t W.o(s, t:z,2)|\" "
up—” (5 Dllses = sup [|[W.(s,t; -, )|l cos < (/ (Sup| : 7x7$)|) dz>
s,t

st ’t — S|27 st |t — 8‘27

|IA™ W_(s,t;z, 2 )\ \* AT W (s, t;z, )| \P O\ P
(=) ) (=) )
|A;TUA;’}70/WE(3, tyx, ")\ P 1/p
([ =) )
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where dz is variously dzdz’, |o|~%~*dzdz'do, |o'| ="~ *dxdz’do’ or |oo’ |~ dzda’dodo’.
We apply E,, to the left hand side, using the triangle inequality to take the L, norm inside the
sums and integrals. Applying Proposition[5.7(b) to each term, we obtain

[W_(s,1)]] "
Bsup spf@B [l e >0
/ » 1/p
xz, )’ Z’N ”b(.ﬁlj/, )Hp * dZ) + (/ Hb(ﬂf, )Hp K A;rfp/b(x/, )‘ cr dz)
, b(x' )\p i 1/p
o’ ? lol

1/p
dxda) }
1/p
de'da’) }

where the last inequality follows from Lemma(5.5] Combining (5.5) and (5.6), we obtain the
required estimate for W.. ]

([0 ||%dx) p+(/g<1|a| vt [ Az, b
(/ub ”p“dx)l/p+</|a|<l o' Qd/HN’ b(z

~ |’bHBz+d/p;CK <00,

+(f1e
# ([ hamote
-
3

Finally, we have the claimed tightness result.
Corollary 5.9. (a) The family (V, W.).s is tight in €7 forany 5 € (3,1),7 € (3,5 — 3,)-
(b) The family (x.).~q is tight in C([0, T], RY).

Proof. We first show that W, = (W., W, ) is tight in 67. Let R > 2,~' € (v, 3 — Qip), and let
Bpr C € be the ball of radius R in the p., metric. By a standard Arzela-Ascoli argument (for
instance, see [FV10, Chapter 5]) one can show that By is sequentially compact with respect
to p, and hence compact in €”. Since p,/(W.,0) < [[W_[l,. + [W.|2,, and R > 2,

(W & Br) < p(IWellr = (R/2)'7%)
Hence by Markov’s inequality and Lemma/5.§]
W(W. & By) < 2'E,|W.|2, /R S R

This proves tightness of W.. An analogous, but simpler, argument using Lemma [5.6] shows
that V is tight in €%, concluding the proof of part (a).

For part (b), let z., be a subsequence. By part (a), we can apply Prokhorov’s theorem
to (V.,, W_,). Hence passing to a subsubsequence, there exists (V, W) € %?7 such that
(Veo, We,) = (V, W) in the €7 topology. By Lemma and Corollary Tep, —w X
in C([0, T, R?) where X satisfies the RDE (@.1)) driven by (V, W). It follows that {z.}.~¢ is
weakly precompact in C([0, T'], R%). Since C([0, T], R?) is Polish, we can apply Prokhorov’s
theorem to deduce that {x.}.~ is tight. O
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5.3 Characterization of limits of (1., W. ). and (z.).>¢
We begin by describing the limit of V..

Lemma 5.10. Define the deterministic element V€ C*([0,T],.A) given by V (t) = at where
a € Alis defined in B.1). Then V. — V in probability in €° for any 3 € (3,1),

Proof. Letm € L(B,R). Then wV.(t) = &2 fOtE 2(7ra) o ¢4 ds. By ergodicity of p, it follows
from the ergodic theorem that 7V.(1) — 7V/(1) almost surely. By Lemma Ve =V
almost surely, and hence in probability, in C([0, 7], R).

Suppose for contradiction that V. fails to converge weakly to V in 6. By Corollary
the family V. is tight in €, so there is a subsequence such that V., —, Z in ¢° where
the random process Z differs from V. In particular, 7V, (tg) —» 7Z(to) in R for any
m € L(A,R) and any ¢, € [0,T]. Hence 7Z(t,) has the same distribution as 7V (t,) and so
P(7Z(ty) = maty) = 1. Since  is arbitrary, it follows that P (Z(ty) = aty) = 1. But Z is
continuous, so Z = V with probability one, giving the desired contradiction. [

Proof of Theorem[5.1] We have shown in Corollary [5.9|that {xz. }.~ is tight. Let X be a limit
point, with z., —,, X in C([0,7]; R¢). By Lemma|5.8| we can pass to a subsubsequence for
which (V,,, W, ) converges weakly in ¥°7. Denote the limit by (V, W). By Lemma
and Corollary X solves an RDE of the form (.1)) driven by (V, W). By Lemma|5.10}
V(t) = at completing the proof. O

Finally, we obtain a partial (see Remark[5.14)) characterization of the limit points of W in
terms of their finite dimensional distributions. For each fixed 7 € L(B,R™), let (P™,Q", G™)
be a probability space endowed with a filtration {G/ };> rich enough to support Brownian
motion. We define a stochastic process (B, B,) : [0,7] — R™ x R™*™ on the probability
space (P™,Q", G7), where B, is a R"-valued GJ - Brownian motion with covariance

E"B.(1)B.(1) = B(x'b, 7'b) + B(7'b, 7'b) (5.7)

and B is defined by
BY(t) = / t BLdBI + B (n'b, w'b)t (5.8)
where the integral is of It6 type. The ﬁl(t)ration G does not appear in the sequel and is present

only to ensure that the 1t6 integral can indeed be constructed.) Notice that this is precisely
the structure that arises under Assumption [2.1]

Remark 5.11. Here 7'b denotes the observable y ~— 7'b(-,y), with 7° acting on b as a
function of x. By the regularity assumptions on b, it is easy to check that 7'b € C§(£,R)
and lies in the domain of ‘B (this calculation is done explicitly in Lemma [5.12)). Moreover,
by Proposition[2.8] the covariance matrix of B is a symmetric, positive semi-definite matrix.
This guarantees existence of the Brownian motion B, and hence the pair (B, B,).

For 7w € L(B,R™) we define 7 @ 7 € L(B,R™™) by (@)Y = 7' @ 7/, where ¢ @ 7/
is (as usual) the dual tensor product.
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Lemma 5.12. Let 7 € L(B,R™) for some m € N. Ase — 0,
(7We, (r @ )W) — (B, B,)
in the sense of finite dimensional distributions of stochastic processes.

Proof. we have

im0 = (= [ in=? [ [ @) @o)ur).
Now

|(mb)(y) = (w0)(2)| = [w(b(-, y) = b(, 2)) < |7/l 5.m) [16C5 ) = b, 2) I
<7l s my 1l o [y = 217 -

Similarly, [(7b)(y)| < |7l rm) [0l coo- Hence b € C (2, R™) and the desired conver-
gence follows from Proposition @ O

Remark 5.13. Clearly, we can equally characterize the distribution of (W, (12 ® 73)W)
using this result, where each ; : B — R™i. Simply set m = (71, m2, 73) and then project out
the unnecessary components.

Remark 5.14. It would be natural to combine the tightness of { W_}.~, with the convergence
of finite dimensional distributions of W, obtained in Lemma[5.12]to obtain a weak limit the-
orem for {W_}.~o. We avoid this here since showing that the finite dimensional distributions
from Lemma 5.12|actually separate measures on % is a non-trivial task. Moreover, we gain
nothing by doing so since, as shown in Lemma 6.1 below, all limit points X agree.

6 Characterizing the RDE as a Diffusion

In this section we complete the proof of Theorem[4.1] The final ingredient is the following.

Lemma 6.1. Let W be any limit point of {W_}.~ and let X be the solution to the RDE (5.2)
driven by W. Then X is a weak solution to the SDE (1.5).

Before proceeding with the proof of Lemmal6.1], we need two technical results concerning
the following filtration. For each 7 € L(B,R), let { F] },>0 be the filtration generated by the
stochastic process mIV(t) and let F; = \/_ _r 5 ) F- Note that {F; };> is indeed a filtration
due to the properties of the sigma-algebra join.

Lemma 6.2. Let W = (W, W) be any limit point of {W¢}.~o. For each 0 < s < t and
71, T, T3 € L(B,R), we have that m{W (s,t) and (1o ® w3)W (s, t) are independent of F.

Proof. Let A? = {pW (s) € '} for p € L(B,R) and some Borel measurable I' C R. Define
the system

P, = {ﬂAgi L pi € L(B,R),m > 1} .
=1
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It is easy to see that this is a pi-system [Wil91] with Py C F; and hence that F; = o(Py).
Thus, it suffices to show that W (s, t) and (72 ® 73)W(s, t) are independent from sets of
the form N>, A?%.

From Lemma(5.12| we see that ;W (s, t) is independent of N7, A%, Indeed, one can sim-
ply take m = (71, p1, - . ., pm) and deduce that (71, p1, .. ., pr )W (¢) is a Brownian motion in
R™*!, and certainly m W (s, t) is independent of (p; W (s), ..., p, W (s)) and hence indepen-
dent of N}, A%. The result for (my ® m3)W(s, ) follows similarly, using the independence
properties of It6 integral increments. 0

Lemma 6.3. The solution X to the RDE (5.2)) is adapted to the filtration { F; }1>o.

Proof. We will show that X (¢) is J;-measurable for some arbitrary ¢. We proceed by ap-
proximating X with a Euler-type discretization. To this end, define the partition 0 = ¢; <
t9 <---<ty=twitht,,; —t, =t/N.Let X,, € R? satisfy the recurrence relation

X =X, + /Qai(Xn,y)du(y)(th —tn) + H'(Xo)W (b0, tni1)

d
+> (HYX,) @ 0cH' (X)) Wty tnsa)
k=1
forn=0,...,N,i=1,...,dwith X} = X?(0). By an inductive argument on n, we see that
X, is F; measurable for each n, since all terms appearing on the RHS of the recursion are
either F, measurable or are of the form 7W (¢, t,,+1) where 7 € L(B,R) is F; measurable.
Moreover, by [Dav07, Theorem 3.3], we have that Xy — X(¢) as N — oo where the
convergence is pathwise. As pathwise limits preserve measurability, it follows that X (¢) is
F, measurable. O

Remark 6.4. Note that [Dav07, Theorem 3.3] assumes the rough paths take values in fi-
nite dimensional spaces, but as with Theorem (of this article) the proof carries through
verbatim for Banach spaces, provided the tensor product is admissible.

Proof of Lemmal6.1} Let ¢ : RY — R be a smooth function and let £ be the generator of the
SDE (1.3), given by

d

Loa) = S @)ap(n) + Y 5(00") ()% p(x)

i=1 i,j=1

with
d

a'(r) = /Qai(x, y)du(y) + Z BV (x,-), b (z,-))

k=1
(00")(z) = B (z,-),V(z,)) + B (2, ), b'(z,)) -

By Proposition b), ool (x) is symmetric positive semidefinite, for each x € R, We show

that X solves the martingale problem associated with L.
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To this end, let { F; };>¢ be the filtration defined above. Note that, in order to apply [EK86,
Theorem 5.3.3] we require that X C JF; where {F;* };>0 is the filtration generated by
X. This inclusion is guaranteed by Lemma Thus, by [SV06, Theorem 4.5.2] (or more
precisely, [EK86, Theorem 5.3.3]) it suffices to show that

P(X (1) — p(X(s)) — / Lo(X(r)dr

is an JF;-martingale.
Since W ¢ (557 it follows from the chain rule for RDEs, Proposition that

PX) =X () + 3 [ 90D [ (X mdut)ir 6D

d t
+§; / Do (X)H (X )dW

with the equality holding pathwise, where we have used the identity F'(z)a = [, a(x, y)du(y).
Using (6.1)) together with the “divergence-form” of L,

zz/ﬂai(;@,y>du(y)am(x)+z B (0 (x,), 0u{b (2, ) Dip()}) |

we reduce to showing that foreachi =1,...,d,
d
E(S| F.) ZE(/ Ga(X ))dr}fs> (6.2)
k=1 s

forall s < ¢ < T, where

si= [ 0 (X)H(X)aW |
Guul) = B (. ), 0, (b (2, )up(2)])

Since we prove this for each fixed: = 1, ..., d, we will from here on drop ¢ from the notation,
instead working with S and Gy,.

By definition of the rough integral in (3.5), using Proposition [3.5] we see that S =
lima_,0 Sa where the limit is defined pathwise and

Sa = Z 0ip(X () H' (X ()W (tn; ts)

[tn,tn+1]€A

+> (H )) ® {0 (X (1)) H (X (1)) ) Wt b))

k=1

and A = {[t,, t,11] : 0 < n < N — 1} denotes partitions of [s, ¢].
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Next, we define

Ma=Sx— > Y Gu(X(tn)At,

[tn tns1]€A k=1
where At,, = t,.1 — t,. It follows directly from the regularity of b, X, i that the map
t = (BH(X (1), ), 0 {b'(X (1), )ip(X(t))}) , [0,T] = C™(Q) x C*(Q)
is continuous. By Proposition 2.8{c), ¢ — G (X (¢)) is continuous and hence Riemann
integrable. In particular, lima_,o(Sa — Ma) = [ " Gr(X (r))dr almost surely. Hence,
B(S|.) = B(lim Ma|7.) + B(lim (Sa — Ma)| )

lim
A—0
d ¢
:E(iiinoMM}"s)—k;E(/s Gk(X(r))dr|]-"s) .

Thus proving (6.2) reduces to showing that E(lima g Ma|Fs) = 0. We claim that My is
square integrable uniformly in |[A| < 1 and that E(Ma|F,) = 0 for each |A| < 1. Then by
convergence of first moments, E(limaj0 Ma|Fs) = limaj0 E(Ma|F,) = 0, completing
the proof.

It remains to verify the claim. For each x € R? let us define the projections 7% (z) =
(m1(2), 73 (x), w5 (x)) : B — R? by

mi(z) = Oup(x) H'(x),  m3(x) = H'(x), m5(x) = Ou{Oip(a) H' (2)}.

Recall that 7 is fixed; hence we omit it from the notation. As in (5.7) (5.8), we also introduce

the R? valued Brownian motion B« = (BL,, B%,, B2,) and the corresponding R**? valued

It6 integral B, .» = (IBﬂj ’ )j=12,3-

ok

We can therefore write
Mp = Z (MxT — MR)
[tn7tn+1}€A

where

d
M = MEAm (X ()W (bns tsn)+ Y (75X (E) ST (X (82))) W(tns b)) =Gr(X (t)) Aty
k=1

Note that

sup [|m1(2)bllon S [0llcon + sup || ()bl o S 8l on (6.3)
sup || (2)b]] o < Nbllcrn -

Define the discrete time filtration F,, = F; forn =0,..., N. Observe that

E(MZH — MQ|F,) = E(WI(X@n))W(tm tny1) + Z (WS(X(tn)) ® Wg(X(tn)))W(tm tn+1)|Fn)
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But since X (,,) is F;, measurable, and m; (x)W(tn, th) is independent of F,, for each fixed
x by Lemma

E(ﬂ'l(X(tn))W(tnv tn+1)|Fn) = E(W1<x)W(tnv tn+1)|Fn) ’sz(tn)
= E(ﬂl( W (tn, tn—H)) |93=X(tn)
E(Bwk (tm tn+1>) ’w:X(tn) =0

where we have used Lemma to characterize the distribution of 7 (x)W (t,,, t,,+1). Like-
wise, we have that

B(r5(X (t2)) © Th(X (62))) Wt tnss) Fo)
= E (B2 (tn, tns1)) lo=x () + B (2)b, 75 (2)) lo=x (1)
= B (1w, ), DV (2, )00 (@) D) om0 = Gl X (1))

Thus M} is an F),-martingale. Moreover, due to the independence of the increments from
F,,, we have

E((M3™ — MR)*|F,)

= E((wl(X(t DWW (tn, thi1) + Zd: (75 (X (tn)) ® 75 (X ()W (tn, tngr) — Gk(X(tn))Atn>2 \ Fn>

=1

—E ( (m ()W (tn, tnsr) + zd: (5 () @ 75 (2) )W (t, tni) — Gk(fﬁ)Atn> 2) le=X(t.)

=1

§E<<7r1( W (tn,tn+1) o= X () +ZE( mh(z) @ Tz ))W(tn,tn+1)—Gk(x)Atn)2|xX(tn).

Using Lemma [S5.12] combined with the identity Gy (z) = B (7 (x)b, 7% (x)b), the above for-
mula simplifies to

2 2
E((Mgﬂ _ Mg)2|pn) < E(B}Tk(tn,tnﬂ)) |ls=X (1) + ZE(IB%Wk tn,tnﬂ)) |ls=X (tn) -
But by Lemma [5.12] Proposition [2.8|c) and (6.3)), we have
2
E <B71rk (tn, tn-H)) |x=X(tn) = 22(m1 (X (L5))b, m1 (X (15))0) Aty
< sup H7Tl<x>b||20~(Q,R) Atn, S HbH?ﬂ,n At, < Aty

T

where we use the shorthand 2(v, w) = (B (v, w) + B(w,v)). Also, by the Itd isometry,
again using Proposition 2.§|c),

2
E (Bfrg(tm tn+1)> |la=x (t)
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= (A(ma(X (1))b, 73(X (ta))D))” /t - tdr g lbllEnn (Ata)* < [AJAL, .

It follows that for |A| < 1,
E((MAT — MR)?|F,) S At, .

In particular, { M2}~ _, is an L2-martingale, with L? norm bounded uniformly in |A] < 1.
Moreover M = M ]AV , so this completes the verification of the claim. OJ

Proof of Theorem By Theorem[5.1] we see that z. —,, X along subsubsequences where
X solves the RDE (5.2)). By Lemmal6.1] X is a weak solution to the SDE (L.5). In particular
all subsequences converge to the same limit. The formula for 2B (v, w) follows easily by
taking E,, in Assumption [2.T) and applying Assumption [2.2] to obtain convergence of the
mean. This completes the proof. [

7 Localization

In this section, we lift the localized convergence result Theorem [4.] to the full convergence
result Theorem
Let ng : RY — [0, 1] be a smooth cutoff function with

(2) = 1 for |z] < R
=0 for |z| > 2R

Let a, b satisfy the assumptions of Theorem[2.3|and define ag(z,y) = a(z, y)nr(z), br(z,y) =
b(z,y)nr(z). Clearly ag, by satisfy all the requirements of Theorem [4.1] In particular, if we
let z. p denote the solution to (L.T)) with a, b replaced by ag, by then Theorem states that
Te p —w X g Where Xp, satisfies the SDE (1.5) with a, b replaced with ap, br. The following
result is the final ingredient required to complete the localization argument.

Lemma 7.1. Let Xy be the It6 diffusion defined by
dXR = ELR(XR)dt—I—O'R(XR)dB s XR(O) = 5 s

where the drift and diffusion coefficients ar : R¢ — R% and o : R? — R gre given by

d

() = / aly(w,y)dp(y) + 3 B, ), Abi(x, ), i=1....d,

k=1
(O-R(x)ag(x))ij = %(b%(x,),bﬁ(x,)) —|—%(bjR(l">,b§%(£C’)) ;] = 17-"7d-
Then X —,, X in the supnorm topology, as R — oc.

Proof. Firstly, it is clear that the martingale problem associated with X is well posed. Indeed,
from [SVO06, Theorem 6.3.4], it is sufficient to obtain the Lipschitz estimate

ja(x) —a(z)] +[(o0" ) (@) — (00" )(2)| S o — 2] . (7.1)
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But this is immediate from Proposition 2.8(c) and the regularity of a and b.

By [SVO06, Theorem 11.1.4], to prove convergence it is sufficient to show that the coef-
ficients ap and ook converge uniformly on compact sets to @ and oo’ respectively. But
ap(z) = a(x) and ook (x) = oo’ (x) for all |z| < R. Hence, by taking R sufficiently large,
convergence on compact sets is immediate. [

Proof of Theorem[2.3] We now show that z. —,, X in the supnorm topology, as ¢ — 0. Fix
aclosed set U C C([0, T],R). By the portmanteau lemma, it suffices to show that

limsuppu(z. e U) < P(X €U). (7.2)

e—0

For R > [¢], we let x.  be the solution to (I.1I)) with a, b replaced by ag, br. By uniqueness
and continuity of solutions to ODEs, for each fixed ¢, either z.(t) = x. g(t) forall0 < ¢ < T
or sup,<p |7 r(t)| > R. Thus we have

p(ze € U) < p(zep € U) +u(sgg |72 r(t)] > R) .
t<

But, since ag, bg satisfy the requirements of Theorem for each fixed R we have that
Te,r —+w Xg in the supnorm topology as ¢ — 0. Since &+ sup, |z(+)| is a continuous
function in the supnorm topology, it follows from the portmanteau lemma that

limsup p(z. € U) < limsup pu(z-z € U) + limsup p(sup |z. ()| > R)
e—0 e—0 t<T

e—0

<P(Xp e U)+P(sup|Xg(t)| > R) .
t<T

Taking lim supp_, . on both sides and using Lemma(/.1|(and again the portmanteau lemma),

limsup pu(z. € U) < P(X € U) + limsup P(sup | Xg(t)| > R) .
R—o0 t<T

e—0

But Xy, solves the SDE (1.5)) with coefficients ar and o, that are, by an argument identical
to ((7.1]), Lipschitz and bounded. It follows from [Mao07, Theorem 2.4.4] that

Esup [Xp(t) < K . (7.3)

t<T

where K depends only on T\, £ and sup,cga(|ar(z)| V |or(x)]). By Proposition2.§|c),

d
o) <) 2B (b, -,), b, )]

ij=1

d

ij=1

o 1R, ) | S MoRN G0 S 1B

and we can similarly bound sup, |ag(z)| uniformly in R. It follows that the constant K
in (7.3) can be chosen uniformly in . Thus

limsup P (sup | Xz(¢)] > R) < limsup Esup |[Xg(t)|/R=0,
R—o0 t<T R—o0 t<T
which proves (7.2)). [
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