EXISTENCE AND SMOOTHNESS OF THE STABLE FOLIATION FOR
SECTIONAL HYPERBOLIC ATTRACTORS

V. ARAUJO AND I. MELBOURNE

ABSTRACT. We prove the existence of a contracting invariant topological foliation in a
full neighborhood for sectional hyperbolic attractors. Under certain bunching conditions
it can then be shown that this stable foliation is smooth. In particular, we show that the
stable foliation for the classical Lorenz equation (and nearby vector fields) is better than
C! which is crucial for recent results on exponential decay of correlations. In fact the
foliation is at least C*-25%.

1. INTRODUCTION

The goal of this paper is to establish existence and smoothness of the stable foliation
for sectional hyperbolic flows. In particular, we treat the case of the classical Lorenz equa-
tions [11]
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showing that the stable foliation for the flow is at least C'!-264. This regularity (C'*¢ for
some £ > 0) is a crucial component of the analysis in [1, 2] where we prove exponential
decay of correlations for the Lorenz attractor. An immediate consequence of our result is
that the stable foliation for the associated Poincaré map is also at least C1264. The results
are robust in the sense that we obtain smoothness of the stable foliations and exponential
decay of correlations for smooth vector fields that are sufficiently C'-close to the classical
one.

As far as we know, this is the first complete proof that the stable foliation for the
classical Lorenz equations (or even for the Poincaré map) exists and is better than Holder
continuous. By [12] and [18], the classical Lorenz attractor is a singular hyperbolic attractor.
A consequence is the existence of smooth stable leaves through each point of the attractor.
However, a priori it does not follow that these leaves form a topological foliation in a
full neighborhood of the attractor; nor is there any information about smoothness of such a
foliation. These issues are somewhat controversial, with various false claims in the literature.
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Careful analyses (see for example [9, 14, 15]) require additional conditions to establish
smoothness and do not apply to the classical Lorenz attractor.

Recently [2] gave a verifiable criterion for smoothness of the stable foliation that is easily
seen to hold for the classical Lorenz attractor. However, the argument in [2] presupposes
that the stable leaves topologically foliate a full neighborhood of the attractor — a fact that
is folklore but for which apparently there is no proof available in the literature.

In this paper, we consider the more general case of sectional hyperbolic attractors and
give a complete proof of the existence of an topological foliation {WW?} in a neighborhood
of such attractors. The individual leaves W are smoothly embedded stable manifolds. In
general, the leaves need not vary smoothly, but under a bunching condition [7] the foliation
is smooth. The argument in [2] now applies, and we obtain existence and smoothness of the
stable foliation for the classical Lorenz attractor. Our results hold for the flow, and hence
also for the Poincaré map.

In addition, we extend the verifiable criterion of [2] to the sectional hyperbolic situation,
and we give a lower bound for the smoothness for the classical Lorenz attractor. The
condition is verifiable in the sense that it depends only on the linearised vector field and
the location of the attractor and its equilibria.

In Section 2, we recall the notion of partially hyperbolic and sectional hyperbolic attrac-
tors. Section 3 contains general facts about cone fields for partially hyperbolic attractors,
as well as the crucial step that the stable bundle extends continuously to a contracting
invariant bundle over a neighborhood of the attractor. Section 4 contains general results
about the stable foliation of partially hyperbolic attractors. In particular, the stable leaves
define a topological foliation of a neighborhood of the attractor and is smooth under a
bunching condition. In Section 5, we specialise to sectional hyperbolic attractors. Follow-
ing [2], we give a verifiable condition for smoothness of the stable foliation and apply this
to the classical Lorenz attractor.

2. SECTIONAL HYPERBOLIC ATTRACTORS

In this section, we define what is understood as a sectional hyperbolic attractor; see e.g.
[3] for an extended presentation of this theory,

Let M be a compact Riemannian manifold and X" (M), r > 1, be the set of C" vector
fields defined on M. Let X; denote the flow generated by G € X"(M). Given a compact
invariant set A for G € X" (M), we say that A is isolated if there exists an open set U D A
such that

A= mteR Xi(U).
If U above can be chosen such that X;(U) C U for ¢ > 0, then we say that A is an attracting
set.
Given x € M, we define wg(x) as the set of accumulation points of the set {X;z;t > 0}
and define ag(z) = w_g(x). A subset A C M is transitive if it has a full dense orbit, that
is, there is « € A such that wg(z) = A = ag(z).

Definition 2.1. An attractor is a transitive attracting set, and a repeller is an attractor for
the reversed vector field —G.



Definition 2.2. Let A be a compact invariant set for G € X"(M). We say that A is partially
hyperbolic if the tangent bundle over A can be written as a continuous D X;-invariant sum

T\M = E° @ E*,

where ds = dim E* > 1 and d,,, = dim E* > 2, and there exist constants C' > 0, A € (0,1)
such that for every ¢ > 0 and every x € A, we have

e uniform contraction along E?:

|DX; | EE|| < CN\Y (2.1)
e domination of the splitting:
IDX: | EZ|l - IDX—¢ | ES0ll < CX (2.2)

We refer to E¢ as the stable bundle and to E* as the center-unstable bundle.

Remark 2.3. By [6, Theorem 1], we may suppose without loss that || - || is an adapted metric
so that C' = 1.

Definition 2.4. The center-unstable bundle E<* is volume expanding if there exists K,0 > 0
such that |det(DXy(z) | ES*)| > K e for all z € A and ¢ > 0. More generally, E* is
sectional expanding if for every two-dimensional subspace P, C ES",

|det(DX,(z) | Pp)| > Ke” forall z € A, t > 0.
An invariant set is nontrivial if it is neither a periodic orbit nor an equilibrium.

Definition 2.5. Let A be a compact nontrivial invariant set for G € X"(M). We say that
A is a sectional hyperbolic set if all the equilibria in A are hyperbolic, and A is partially
hyperbolic with sectional expanding center-unstable bundle. A sectional hyperbolic set
which is also an attractor is called a sectional hyperbolic attractor.

In the special case when E is volume expanding, A is called a singular hyperbolic
set/attractor.

An isolated set A = Ag for a Ci vector field G is robustly transitive if there is an open
set U D A such that Az = (),cg X¢(U) is transitive and nontrivial for any vector field ¢
C'-close to G.

Definition 2.6. An equilibrium ¢ for a 3-dimensional vector field G is Lorenz-like if the
eigenvalues \;, 1 < j < 3, of DG(0) are real and satisfy A1 < Ay <0 < —Xa < A3,

For 3-dimensional vector fields, Morales, Pacifico, and Pujals proved in [12] that any ro-
bustly transitive invariant set A containing an equilibrium is a singular hyperbolic attractor
or repeller. Moreover, every equilibrium in A is Lorenz-like for G or —G, and A is proper,
ie, A# M.

Tucker [18] gave a computer-assisted proof that the classical Lorenz attractor [11] is a
robustly transitive invariant set containing an equilibrium. It then follows from [12] that
the classical Lorenz attractor is singular hyperbolic.



3. CONE FIELDS AND THE STABLE BUNDLE FOR PARTIALLY HYPERBOLIC ATTRACTORS

In this section, we analyse stable and center-unstable cone fields in a neighborhood of
a partially hyperbolic attractor A, and we show that the stable bundle E* extends to a
continuous D X;-invariant contracting bundle over a neighborhood of A.

Throughout, A is a partially hyperbolic attractor for a vector field G € X"(M), r > 1, with
invariant splitting TA M = E° @ E* and contraction rate A € (0,1). Sectional expansion is
not assumed. Write d = dim M = ds + dy.

3.1. Cone fields in a neighborhood of A. Let Uy C M be a forward invariant neigh-
borhood of A such that (), X¢(Up) = A. Choose a continuous (not necessarily invariant)
extension Ty, M = E* & E of the splitting TAM = E* & E“. Given x € Uy and a > 0 we
define the cone fields
Cila) ={v=2v"+v" € Bz & E;* : v < aflv’|},

Cil(a) ={v=20"+v" € Bz & E;" : ||v*| < afv™]]}.
Proposition 3.1. Fiz T so that AT = 1/150. For any a € (0, %] there exists a positively
invariant neighborhood Uy of A, such that for all x € Uy the following hold:

(a) backward invariance of stable cones and forward invariance of center-unstable cones:

DX _4(C%,.(b)) C C3(b), (3.1)
DX, (C5M(b)) C CR4(b), (3.2)

forallb>a, t>1T.
(b) backward expansion of stable cones and domination: there exist constants ¢ > 0,
A € (0,1), such that for all t > 0,

IDX_(Xpz)v|| > eX7Hv||  for allv e Cx,z(a), (3.3)
DXyl . s IDXol)u]
o] i

Proof. If v lies in T, M where = € Uy, then we write v = v* + v € ES @ ES*. If v € C:(a),
then (1 — a)||v*|| < ||v|| < (1 + a)||v*|| where throughout * € {s, cu}.

For z € A, it follows from invariance of the splitting E® @& E° that (DXy(x)v)* =
DX;(x)v* for all v € Ty M and t € R.

We fix the neighborhood Uy as follows. For each x € A, we choose a neighborhood
U, C M of z such that U, is diffeomorphic to R? where d = dim M. Then Ty, M is identified
with U, x R%. Given y1,y2 € Us, a vector v € R? corresponds to vectors vy, € Ty, M via
this identification. Using the smoothness of the flow, we can choose U, so small that
DX (y1)vy, || < 2|DXi(y2)vy,|| for all z € A, y1,y2 € Uy, v € R t € [-T,T]. Using
moreover the continuity of the splitting £° @& E, for a > 0 fixed we can ensure for all
b>a/8,t€[-T,T], that if DXy(y1)vy, € C%,,, (b), then DXy(y2)vy, € C¥,,,(2b).

We now fix Up to be a positively invariant neighborhood of A contained in |J,c5 Uz By
construction, for every y € Uy, there exists x € A such that

(i) DXy(z)vy € CX,,(b) implies that DXy (y)vy € C,,(2D),
(ii) DXi(y)vy € C¥,,(b) implies that DX;(z)v, € CX,,(2b), and

for all nonzero v € C;*(a), u € DX _4(C%,,(a)). (3.4)



(iil) 3[|DX¢(z)vall < [IDXe(y)vyll < 2 DXe(w)vall,
for allv € RY b > a/8, t € [-T,T).

We now proceed with the proof of part (a). By (2.2),

I(DXe(2)v)*[| = | DXe(2)v*|| < [ DX EZN0*]] < MIDX o B, |~ 0*]l
= MDXEZ) T | < N IDXe(@)v) ™ [[lo ]| 7H[v* ],
for all z € A, v € T, M, t > 0. In particular, DX;(C5"(b)) C C§,(bA) for all z € A, b > 0,
t>0.

Now let y € Up, b > a, v € C;*(b). We can pass to a nearby point z € A with correspond-
ing vector v, € C5*(2b) by (ii). Then DXi(x)v, € C§,(2bA") for all ¢ > 0. In particular,
since AT = 1/150 < 1/16,

DXr(z)v, € CK,..(b/8) and DXy(x)v, € C,,(2b) for all £ > 0.
By (i),
DXr(Cy"(b)) C CK,,(b/4) CC,,y(b) and DX, (C,"(b)) C CX,(4D), (3.5)
for all r € [0, T, y € Uy.

By positive invariance of Up, it follows inductively from (3.5) that DX;r(Cj"(b)) C

e, (b/4) c g (b) for all y € Ug, k € N.

For general ¢t > T, write t = kT + r where k > 1 and r € [0,T). Again using positive
invariance of Uy together with (3.5),
DXi(C* (b)) = DXyr - DX, (C (b)) C DXyr(CY.,(4D)) C CX,y ().

This completes the proof of (3.2).

The proof of (3.1) is similar, so we only sketch the details. Using (2.2) as before, we
obtain that DX _4(C%,, (b)) C C3(bA') for all z € A, b > 0, > 0. Let y € Uy, b > a,
v € C%,,(b) where t > 0, and pass to a nearby point z; € A such that vx,s, € C,,,(20).
(The only difference here is the dependence of z; on t.) As before, we obtain that

DX _p(Xrar)vx,e, €C,.(b/8) and DX _y(Xyx¢)vx,e, € Cy,(20)for all t > 0,
from which it follows that
DX_7(Ck, (b)) CCy(b/4) CCy(b) and DX_,(Ck, (b)) CCy(4b),

for all r € [0,T], y € Up. The last formulas are the direct analogy to those in (3.5), and the
remainder of the proof of (3.1) is identical to the proof of (3.2).

Next we turn to part (b). The choices of T' and Uy are unchanged. Recall that a €
(0,1 is fixed. First we prove (3.3). Suppose that z € A and v € Cx,(2a). By (3.1),
DX_¢(Xrz)v € Ci(2a), so using (2.1),

IDX_r(Xra)v]| 2 (1 - 2a)|(DX_7(X72)v)*|| = (1 - 2a)[|(DX1(2)) " *|
> (1= 2a)A7 "o’ = (1 +2a) 71 (1 = 2a)A7 " Jlo]| = 50]fv]l > 8|J].

Now let y € Uy, v € C%Ty(a). As in part (a), we can pass to a nearby point x € A with
corresponding vector v, € C,,(2a) and so ||DX_7(Xrz)vy| > 8||vz|. Using (iii) together
with positive invariance of Up, we have that | DX_p(Xry)v| = 2[jv[| for all v € C%_ (a).
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By positive invariance of Uy and (3.1), it follows inductively that
I DX _kr(Xiry)vl| > 2%||v|| for y € Uy, v € Cx,,,(a), k > 0. (3.6)

Finally, we consider the case of general t = kT'+r where k € N, r € [0, T). Let v € C%,,(a).
Then DX_(Xiy)v = DX_,(X,y) DX_pr(Xey)v so it follows from positive invariance
and (3.6) that

IDX_e(Xey)o|| = el DX_pr (X (Xpy))vll = e2¥|oll,
where ¢ = inf,.cpo ) infyev, infoer, ar, v0 | DX (y)v||/|lv]] > 0. This completes the proof
of (3.3).
To prove (3.4), we start from (2.2) so for z € A, u,v € T, M,
[ DX (x)u’|
[l
Let u € DX_7(C%,,(2a)), v € Cg"(2a). By (3.1) and (3.2),
IDX7(2)o™||  (1+2a)|DX7(z)o] . [DXz(@)u] 1+ 2a)[| DX7(2)u’|
loce = (I=2a)lloll lul = (A =2a)[w]]

and so

_iy— [ DX (@)
e L N R

IDX7(@)ull _ g 7 [DXr(@)v]] 3 [DXr(z)v]
[l o] 50 ]l
for all v € C{*(2a), u € DX _7(C%,,(2a)). Using (iii), it follows that

[DX7(y)ull _ 24 [|DX7(y)v]

ful 725 lol]
for all v € Cj(a), u € DX_7(C%,,(a)). For general t > 0, we write ¢t = kT +r, k > 0,
r € [0,T") and proceed as in the proof of (3.3). O

3.2. Stable bundle over a neighborhood of A. Whereas the original splitting ThM =
Es® Eis D X-invariant, in general the extension E“ of the center-unstable bundle cannot
be assumed to be invariant. However the extension E* of the stable bundle may be chosen
to be D X;-invariant:

Proposition 3.2. The continuous bundle E* over Uy can be chosen to be DX-invariant
and uniformly contracting: |[DX; | ES|| < ¢ A for all t > 0, x € Uy, where ¢ > 0,
A € (0,1) are the constants in Proposition 3.1.

Proof. We begin with the original choice of continuous splitting Ty, M = E° @ E°“. Let
a € (0, %] and choose T and Uy as in Proposition 3.1. For x € Uy, define

Fu = Moo DX ().
We show that {F}} is the desired stable bundle. That is, we show that for all ¢ > 0,

(i) z — F, is a continuous map from Uy to the Grassmannian bundle G = {G,, = € Up}
where G, is the space of ds-dimensional subspaces of T, M,
(ii) Fp = E2 for z € A,
(iii) {Fy, z € Up} is DX -invariant and uniformly contracting.



Now {DX_4(C%,.(a)), t > 0} is a nested family of closed cones, and by (3.1) the cones
are contained in C2(a) for t > T'. In particular, F,, C Ci(a).

We can also regard {DX_4(C%,,(a)), t > 0} as a nested family of closed subsets of G,
so F, is a closed subset of G,. By compactness of G,, the elements DX_tE§(tx € G,
have a convergent subsequence DX,tnEi(tnx with limit ﬁ’z € G;. Since DX,tEg(tx €
DX_4(C%,,(a)) and F; is closed, it follows that F, € F,.

To summarise, we have shown that there exists a ds-dimensional subspace Fj, such that
F, C Fy and F, = limy,_o0 DX_y, E%tnx (in G;). Without loss we may suppose that ¢, > T
for all n.

Next we show that F, = F,. Choose vectors u,, € EX, o suchthat [[DX_y, (Xp, z)un| = 1.
Suppose for contradiction that F, # F,. Then F} is a nontrivial cone containing F,, and
so there exists v € ES* nonzero such that w,, = DX_,, (X, x)u, +v € Fy for n sufficiently
large. It follows from the definition of F, that DXy, (z)wy = uy + DXy, (z)v € C, ,(a).
Hence

(DX, (2)0)* | < allun + (DX, (2)v)°]]. (3.7)

Since v € ES, it follows from (3.2) that DX (x)v € C¢*(a) and hence ||[(DXy, (x)v)®|| <
al[(DXy, (x)v)] and ||DXy, (x)v|| < (14 a)|[(DXy, (x)v)"]|. Substituting into (3.7) yields
(1= @)(DX,, (2)0)*"| < allun | and then

DXy, (@)l < (14 a)(1 —a®) " allun|.
On the other hand, u,, € EY, ., v € Eg*, so by (3.4),

IDXe, @0l o 5ol

> = A7y |
o] DX 4, (X, x)un|

Letting n — oo yields the desired contradiction, and so F, and F, coincide. In particular,
F, € G, for all x € U,.

To prove continuity of the map z — Iy, fix x € Uy and let U C G be a neighborhood of
Fy. There exists tg > 0 such that ()., DX_+(C%,,(a)) C U. By smoothness of the flow,
Fy C Mi<yy DX-1(C%,, (@) C U for y sufficiently close to z. This completes the proof of (i).

It is immediate from invariance of the bundle E*|A that ES C F, for all + € A. Hence
E$ = F, for all z € A establishing (ii).

For » > 0,

DX, Fy = mtzo DXT—t(Cgct,T(X,,x) (a)) = ntZT DXT—t(C}gQ,T(X,.x)(a))
= Mo DX—t<C§<t(XTz)(a)) = Fx,a;
so the bundle {F;} is D Xi-invariant. Finally, if v € Fy, t > 0, then DX (x)v € C%,,(a) so
by (3.3), |v]| > eA7Y|DX(z)v||. Hence |[DX; | Fyl| < ¢ A so (iii) holds. O

From now on, we suppose that the continuous extension Ty,M = E°* @ E of TAM =
E* @ E is chosen so that E* is invariant and uniformly contracted.



Remark 3.3. In the definition of partial hyperbolicity, we assumed uniform contraction along
E* and dominated splitting. However the uniform contraction assumption (2.1) was used
only to ensure that the extended stable bundle is uniformly contracting.

For attracting sets satisfying just the dominated splitting assumption (2.2), it still follows
from the arguments above that the bundle F® over A extends to a continuous invariant
bundle over a neighborhood of A.

4. THE STABLE FOLIATION FOR PARTIALLY HYPERBOLIC ATTRACTORS

In this section, we discuss the existence and regularity properties of the stable foliation
associated with a partially hyperbolic attractor A satisfying the conditions in Definition 2.2.
Sectional expansion is not assumed. In Subsection 4.1, we prove that the stable bundle E*
integrates to a contracting invariant topological foliation of a neighborhood of A with smooth
leaves. In Subsection 4.2, we obtain smoothness of the foliation under a suitable bunching
condition.

Remark 4.1. The results in this section follow entirely from standard arguments. However
the proof that the extended stable bundle E° in Section 3.2 integrates to a topological
foliation is complicated by the noninvariance of the complementary bundle E“*. Since we
have been unable to find a formulation in the literature that does not assume invariance of
both £¥ and E*, we present below the details of the standard arguments suitably modified.

4.1. Stable foliation in a neighborhood of A. Let D* denote the k-dimensional open
unit disk and let Emb”(ID*, M) denote the set of C" embeddings ¢ : D — M endowed with
the C" distance.

Theorem 4.2. There exists a positively invariant neighborhood Uy of A, and a constant
v € (0,1), such that the following are true.

(a) For every point x € Uy there is a C" embedded ds-dimensional disk W3 C M, with
x € W3, such that

(1) T,W: = E2.

(2) Xy (W) C W, forallt > 0.

(3) d(Xyx, Xpy) < vid(z,y) for ally € W5, >0,

(b) The disks W3 depend continuously on x in the C° topology: there is a continuous map
v : Uy — Emb?(D% M) such that v(x)(0) = = and v(z)(D%) = W.

(c) The family of disks {W2 :x € Uy} defines a topological foliation of Uy.

To prove Theorem 4.2, we begin by following the exposition in [10, Section 6.4(b)].

Let T>0,¢>0,\e (0,1) be the constants in Propositions 3.1 and 3.2. Increase T' > 0
if necessary so that A=c 1\ ¢ (0,1). Define the diffeomorphism f = Xp : Uy — Uy.

For each z € Uy, we consider the exponential map exp, : T,M — M. This trans-
forms a small enough neighborhood of 0 diffeomorphically onto a neighborhood of =, and
Dexp,(0) =1I.

Choose orthonormal bases on R%, R%u . Also for each & € Uy, choose orthonormal bases
on E$ and ESt. Let P: : RY% — E3 P : Rdew — E be the corresponding isometric



isomorphisms. The splitting £° @& E* is continuous so we can arrange that x — P, and
x — P& are continuous families of isomorphisms.

Define P, = P]?nx + Df"(x) P - R — TynyM. Note that x — P, is a continu-
ous family of isomorphisms for each n. In general P, , is not an isometric isomorphism
since D f"ES" is not necessarily orthogonal to E%,,. However, it follows from (3.2) that

Df"ES C C?,ﬁw(a) for some a € (0, %], and so the angle between the subspaces Ej.,
and Df"ES" is bounded away from zero. Hence there is a constant C; > 1 such that
Ot < ||Penll < Cy for all 2 € Uy, n > 0.

Next, Qun = €xppng 0Py ¢ R? — M maps a neighborhood of 0 in R? diffeomorphically
onto a neighborhood of f"x. Again, z — Q. is a continuous family of diffeomorphisms
for each n.

Let D, C R? denote the p-neighborhood of 0. Using boundedness of ||P,|| and compact-
ness of A, and shrinking Uy if necessary, we can choose p > 0 so that Q. , : D, =+ M is a

diffeomorphism onto its range for all n. Moreover, there is a constant Cy > 1 such that
C3 M lpll < d(f", Qun(p)) < Collp| for all @ € Uy, n > 0, p € D,

Now define the family of maps f;, = :;,LH o foQun:D,— R?. By construction,
D fy »(0) is identified with D f(f"x). Also, the maps f, , are uniformly C” close to D f; »(0)
on D,. Hence for any § > 0 there exists p > 0 and a family of (surjective) C" diffeomor-
phisms gz, : R? — R? n > 0, such that |gz,n — Dfzn(0)||cr < 6 and gz pn = fon on D,.
(See for example [10, Lemma 6.2.7].)

Proposition 4.3. For alln > 0,
IDgen(0) | R%[| < A, [|Dgen(0) | R - [ Dgam(0)~ [ R < A.

Proof. Choose a as in Proposition 3.1. By construction, D¢, »(0) = D f;,(0) is identified
with D f(f™x) and moreover,

1Dg2n(0) | R™|| = |Df | Efngll = |DX7 | DX_7EX, o,
1D g2 (0) ™ | R%[| = ||Df~ | D™ EZ*|| < | DX | DX7(Cfiy(a)),

where we have used invariance of E® and forward invariance of C®(a). The second estimate
follows from (3.4). The first estimate is immediate from Proposition 3.2. O

We require a slightly modified version of the Hadamard-Perron Invariant Manifold The-
orem from [10, Theorem 6.2.8, pp 242-257]:

Lemma 4.4. Let r > 1. Fix Apin > 0, 0 € (0,1). Then there exists v, § > 0 arbitrarily
small so that the following holds:
For each n let g, : R — R? be a C" diffeomorphism such that

gn(u,v) = (Apu + an(u,v), Bpv + Br(u,v)), (u,v) € R% @ Rdcu, (4.1)

for linear maps A,, : R% — R% B, : Rlw — R and C™ maps oy, : RE — R%, G, : R —
Reu with 0, (0,0) = 0, B, (0,0) = 0 and ||an||cr < 6, ||Ballcr < 6.
Define Ay = || Anll, ptn = |B; 2|7t and suppose that A\ > Amin and Ap/pn < 0. Set

A= 1+7)An+06(1+7)), pp, = 17 — 6 and suppose that X}, < vy < py, for alln € Z.



Then there exists a unique family of ds-dimensional C* manifolds Z, = {(z, on(x)) : x €
R}, where @, : R% — Réeu satisfies ¢,(0,0) = 0, D, (0,0) = 0, and ||Dpyl|co < v for
all n € Z, and the following properties hold for all n € Z.:

(1) 9n(Zn) = Znt1,

(2) llgn(@l < Xollall for q € Zn,

(3) If lgntk—-1 00 gn(Q)]] < Cvpgi—1-.-vnllql| for all k > 0 and some C > 0, then
q € Zy.

If sup,, A, < 1, then the manifolds Z,, are C".
Proof. The only difference from [10, Theorem 6.2.8, pp 242-257] is that the rates A, up
may depend on n. However, the ratios A, /uy, are controlled uniformly, and it is easy to

check that the proof in pp 242-257 of [10] is valid in this slightly more general setting with
no change in the arguments. g

Remark 4.5. The constraints on v and § can be made explicit:

| +0'_1—(1+’}/)2}
Y+ +2 0 2404+

y<min{l,oe Y2~ 1}, 6 < Amin min{

Remark 4.6. In Lemma 4.4, there exists also a unique family of d,-dimensional C' mani-
folds Z, = {(x,1n(x)) : & € R} satisfying analogous properties to the family Z,,. This
leads to a family of center-unstable manifolds {W£*, = € A} each of which is tangent at
x to ES*. These manifolds do not play a role in this paper. (Unlike the case for stable
manifolds, there is no useful notion of W for z ¢ A.)

Next, we verify the hypotheses of Lemma 4.4. Fix x € Uy. The sequence of diffeomor-
phisms gz : R? — R? is defined for n > 0. For n < 0, we set 9z = gz,0- The diffeomor-
phisms g, , have the structure in (4.1). Take 0 = A € (0,1) and Apin = infeep, |DX7 |
E?|| > 0. By Proposition 4.3, the linear maps A,, B, satisfy the constraints A\pin < A, < o
and A, /p, < 0. Choose v, 6 > 0 so small that sup,, A}, < 1 and sup,, A, /ul, < 1. Choose
vn € (A, uh,) such that v = sup,, v, < 1. Finally, shrink p so that ||ay|c1 < 0, ||Bnllcr < 9.

We have shown that the hypotheses of Lemma 4.4 are satisfied, with v, < v < 1 for all
n. Let Z,, denote the family of ds-dimensional C" manifolds in Lemma 4.4 and define

W; = Qm,O(Zm,O N Dp).

Repeating the construction for every = € Up, we obtain a family {W3 x € Uy} of ds-
dimensional C" manifolds covering Uy. We claim that this is the desired family of stable
manifolds.

Lemma 4.7. Let x,y € Uy.
(a) If d(z,y) < Cy'p and y € W2 then d(f"x, f*y) < Cav™d(x,y) for all n > 0.
(b) Let C > 0. If d(x,y) < Cy*C~p and d(f"z, f*y) < Cv"d(z,y) for all n >0, then
ye W;.
(c) There exists € > 0 such that if d(z,y) < & and y € W then fy C W} .
Proof. Let
Fx,n = fx,nfl O"'Of:p,Oa G:):,n = Y9znm—1©° " 9Gz0-
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Note that if F} ,(q) € D, for all 0 < n < Ny, or if G4, (q) € D, for all 0 < n < Ny, then
Fyn(q) = Gun(q) for all 0 < n < Nj.

(a) Let y € W2 with d(x,y) < C’;lp. Then g = Q;%(y) € Zy 0, so by Lemma 4.4(1,2),

1Gan(@)] < V"l = v"1Q 0 (W)l < v"Cad(z,y) < p,
for all n > 0. Now f™ = Q0 Fyp o Qy, 50
J" = Qe 0 Frn(q) = Qen o Genlq).

Hence
d(f "z, fy) = d(f"2, Qe © Gan(q)) < Caol|Gan(a)|| < C3v"d(,y).

(b) Suppose that d(z,y) < C;'C~'p and d(f"z, f*y) < Cv"d(z,y) for all n > 0. Let
q= Qx_,(l)(y) S0 d(x7y) < CQ”QH Now Fz,n = ;}L © fn o Qm,O: S0

1Fen (@)l = 1Qzm © [" W) < Cad(f™, fTy) < C2CV™d(x,y) < p.
Hence
1Gen (@] = [ Fen(@)l] < C20v"™d(x,y) < CFCV|g]|.

By Lemma 4.4(3), ¢ € Zz 0N D, and so y = Q. 0(q) C W.
(c) Let 2’ = fx, v = fy and choose E > 1 such that d(z,y) < Ed(2,y") for all z,y € Uy.

Suppose that y € W2 and d(x,y) < Cy°E~'p. Then certainly, d(x,y) < C;'p, so by
part (a),

d(fra', fry') = d(f" e, fr ) < C3vt (. y) < CIEVM(y') = Cutd(ay),

where C' = C3E. Also, d(z',y') < C3d(z,y) < Cy2E~p = C;'C~1p, so the result follows
from part (b). O

Lemma 4.8. The C" embedded disks W depend continuously on x in the C° topology: there
is a continuous map v : Uy — Emb® (D%, M) such that v(z)(0) = x and v(z)(D%) = W2,
Moreover, there exists L > 1 such that Lipvy(x) < L for all x € Uy, where Lipy(z) =
Supy d(Y(2)(w), y(2)(W))/[lu — [

Proof. Fix x € Up and recall that W3 = Qy.0(Zz0ND,). For y close to z, let A, = Q;%)(W;)
Let p, = Q;})(y) = Q;})on’O(O) € Ay. In particular A, = Z, 9N D, and p, = 0. Moreover,
Y — Py is continuous.

Now T, A, = DQ;(I)(y)TyW; = DQ;é(y)E;, so it follows from smoothness of @, o and
continuity of E® that A, can be viewed as a graph over D% c R% for y close to z. In
particular, A, = {(u,dy(u)) : u € D%} where ¢, : D% — R see Figure 1. Hence
Wy = {Qz0(u, py(u)) : u € D9}, The family of functions ¢, are C” with uniform Lipschitz
constant. Since p, € A, there exists u, € D% such that p, = (uy, ¢, (uy)).

Define the family of embeddings v : Uy — Emb” (D%, M) given by

V(y) (u) = Qx,O(u7 ¢y(u))

We claim that y — ¢, is continuous at x in the C° topology, and hence the embedding v is
continuous at z in the C° topology.

11



FIGURE 1. A, as the graph of ¢, near A;.

It remains to verify the claim. Suppose that y, — x. By Arzela-Ascoli, we can pass to
a further subsequence such that lim,,_,oc Sup,epds @y, (v) — ¥ (u)|| = 0 for some continuous
function v : R% — Reu,

Since py, — 0, for n large enough we have that p,, € D%Cfp' Now fix u € D% (see
Figure 1). Shrinking the disk D%, we can ensure that g, = (u, ¢y, (u)) € Dices, for n
sufficiently large. Hence i

A(Qr.0(an), yn) < d(Qu0(an), ) + d(z,y,) < Cy%p < Cy'p.
By construction, Q:0(¢n) € W, , so by Lemma 4.7(a),

d(fk o Qm,O(Qn)a fkyn) é CQQde(Qx,O(qn)y yn) for all k 2 0.

Letting n — oo, we obtain that

d(f* 0 Quolu,(u)), fz) < C27d(Qupo(u, ¥ (u)),z) for all k > 0.

By Lemma 4.7(b), Qz0(u,¥(u)) € W5 so (u,¥(u)) € A,. It follows that ¢(u) = ¢y (u).
Hence all subsequential limits of ¢, (as y — x) coincide with ¢, so lim,_,, ¢, = ¢, in the
CP topology as required. O

Lemma 4.9. The family of disks {W? : x € Up} defines a topological foliation.

Proof. Let x € Uy and choose an embedded d““-dimensional disk Y C M containing = and
transverse to W;. By continuity of E*®, we can shrink Y so that Y is transverse to W7 at
yforally e Y. Let ¢ : D — Y be a choice of embedding.

Now define x : D® x D — Uy by setting x(u,v) = v(¢(v))(u). Note that x maps
horizontal lines {v = const.} homeomorphically onto stable disks; see Figure 2.

Y
DCU W :1
x1
X e
i)

DS

FicURrE 2. Topological foliation chart
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By Lemma 4.8, each of these embeddings is Lipschitz with uniform Lipschitz constant L.
Using this together with the continuity statement in Lemma 4.8,

d(x(u,v), x(u0,v0)) < d((1h(v))(w), ¥(¥(v))(u0)) + d(7(¥h(v))(uo), ¥(¢(v0)) (uo))
< Llu = uol| + [y (¥(v)) = v(¥(v0))llco = 0,

as (u,v) — (ugp,vp), establishing continuity of .

Suppose that x(u1,v1) = x(u2,v2) with common value y € Up. Then y € W7 N W,
where z; = ¥(vj). We claim that 1 = z2 with common value . In particular v; = vs.
But now (Z)(u1) = v(&)(u2) and so u; = ug. It follows that x is injective and hence is a
homeomorphism onto a neighborhood of x as required.

It remains to prove the claim. Note that W, can be viewed as a graph over W . Let
A=Wy NnW; . We show that A is open and closed in W . Since y € A and W is
connected, A = W} and in particular, o = 71 as required.

It is clear that A is closed in W . To prove that A is open, suppose that z € A. Since
W3, are tangent to E7  with uniform Lipschitz constant, there exists C' > 0 such that
d(x1,22) < Cd(z,1;5). Let 2 € W, be such that d(z,2") < (1/2C)d(x1,22). (This implies
that d(z1,z2) < 20d(2',z2).) We must show that 2’ € A. Now

d(f"2, ) < (S, fra) + d(fher, £72) + d(f"z, fas)

< C3v™{d(2',x1) + d(x1, 2) + d(z,22)}

< C3v™{d(2', m2) + d(x9, 1) + d(21,22) +d(22,2") +d(2/,2) + d(2,2') +d(2',32)}
= C3"™{3d(2', 29) + 2d(21,22) + 2d(z,2")} < Cov™{3d(2, x2) + 4d(x1, x2)}

< (3+8C)C2v™d(2, x9).

We can arrange that y takes values in Be(x) where € is as small as required. By Lemma 4.7(b),
2! € W#(x9) and hence 2’ € A completing the proof. O

Corollary 4.10. There exists € > 0 such that X;(W; N Be(x)) C Wx,, for all t > 0,
z € Up.

Proof. Choose ng > 1 such that C2v™ < 1. Shrinking ¢, it follows from Lemma 4.7(a,c)
that f"(WiNB:(z)) C Wing,NB:(f"x) and inductively that fEo(WenB.(z)) C W 2iing 1

B(fkmox) for all k > 0.

Next choose C' > 1 such that d(X,z, X,y) < Cd(x,y) for all z,y € Uy, r € [—noT, noT].
Suppose that y € W2 and let 2/ = X,z, ¥ = X,y. By Lemma 4.7(a), for y sufficiently close
to z,

A" fy) = d(X [, X fhy) < Cd(f, fy) < CO3vd(a,y) < C2CRM (),

for all n > 0. By Lemma 4.7(b), X,y € W%, for y sufliciently close to z. Hence there
exists ¢ > 0 such that X,.(W; N B.(x)) C W§  for all r € [0,n0T7], z € Up.
The result for general ¢ follows by writing ¢t = knoT + r where k > 0, r € [0,n0T). O

Recall that f = Xp. Choose C such that sup,cp ) d(Xrz, X;y) < Cd(z,y) for all
x,y € U. Write t =nT +r,n >0, r € [0,T). By Lemma 4.7(a), if d(z,y) < C’;lp and
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y € W, then
d(tha Xty) = d(XnT+T':Z:7 XnTJrTy) < CgC’ynd(:ﬂ, y) < C/l;td($, y)a

where C’ = C3Cv~" and v = /7.

Passing to an adapted metric, we can arrange that there are constants ¢ > 0, v € (0,1)
such that if d(z,y) < ¢ and y € W2, then d(X;z, Xry) < vid(x,y) for all ¢ > 0. From
now on, we write W instead of W32 N B.(z). With this notation, Corollary 4.10 states that
Xi(W;) C Wg,, forall z € Up, t > 0.

This completes the proof of Theorem 4.2.

4.2. Regularity of the stable foliation. In this subsection, we prove results on the
regularity of the stable foliation {3} in a neighborhood of A under an appropriate bunching
condition. We follow [8, Theorem 6.5], adapting and applying the results of [7] in our setting.

We continue to suppose that X; is the flow generated by a C" vector field G where r > 1.
Let g € [0,7]. We suppose that there exists ¢ > 0 such that the following bunching condition
holds:

IDX, | B3| - | DXy | B, || - | DXy | ES|9 <1 for all z € A. (4.2)

Choose t as in (4.2) and let f = X;. Increasing ¢ and shrinking Up if necessary, we can
ensure that

IDf | B -IIDFH | EFll < IDF | EZN - IDFH ] Bl - |IDf | TeM|[* < 1, (4.3)

for all z € Uy.

Let Ty, M = E°® E“ be the continuous splitting with £ invariant as in Proposition 3.2.
Let Ty,M = F?* ® F* be a C" approximation of this splitting. For each z € Uy, let
L(FZ, FS") denote the space of linear maps from F to F$*, and let D, denote the unit disk
in L(F%, F$*). Define the corresponding disk bundle Dy = {D,, x € Up}.

Let Uy = f(Up) C Uy and set Dy = {D,, x € U}. Let h = f~ Yy, : Uy — Up. Since
h(Ur) = Uy D Uy, the C" diffeomorphism h is overflowing in the sense of [7, p. 30].

Represent Dh(z) : TyM — Ty, M using the splitting F'* @ F* by writing

Al‘ Bw S cu S cu
Dh(z) = <Cx Dx) CEFP X FY— Fp o x Fpe, xelU.

We define the graph transform I' : Dy — Dy,
T.(0) = (Cp + Dol)(Ay + Bot)™', (€D, x €U,

Lemma 4.11. The neighborhood Uy of A and the C" splitting F* @ F° can be chosen so
that T : Dy — Dy is well-defined and Lip(Ty) - | DAY T M||? < 1 for all x € Uy.

Proof. By (4.3), we can choose A, € (0, 1) such that
IDf|ES| - IDFY | ESS < A and A, ||Df | T,M||? <1 for all = € Up.

Since f is C! and Uy is compact, there exists § € (0,1) such that (A, +28)(1 —0)"2 < 1
and

(Mg +26)(1 = 6) 72| DR~ | Th,, M||? < 1 for all 2 € U;. (4.4)
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Since F* is close to the D f-invariant contracting bundle E*, we can arrange that ||C,|| < 1
and ||A;Y|| < 1 for all € Uy. Also, F is close to E* which is invariant when restricted
to A so we can arrange that || Bg|| < §. Moreover, A7! is close to Df | Ej and D, is close
to Df~!1 | ES* so we can ensure that |AY||[|D.|| < Ape for all z € Uy.

Let £,¢' € D,. Note that ||A;1B.l|| < 4§, so |[|[(I + Ay B.¢)7t| < (1 —4)~L. Similarly,
(I + A B.0")7Y < (1 —6)~L. Tt follows that

||(A:r: + B:L‘E)_l - (A:L‘ + BIE')_IH = H(A:c + B:cg)_l(Bx(fl - g))(Ax + Bxﬁ/)_lll
< AZHPO(1 = 8) 2l — £ < AT 61— 6)7||¢ — ¢]].
Hence
T2 (6) = Ta ()]l < D2 (€ = O)[1(Aw + Bot) |
+[1(Ca + Dal)|(Az + Bol) ™ = (Au + Bxl) ||
<N ANTHIDLI (1 =) 7HIE = £l + (L + DDA 61— 8) (1€ = €]
< (1= 0) 1€ =] + 201 = 6) 2|l = 1],

and so Lip(I'z) < (Ape + 26)(1 — 6)72 for all € Uy. In particular, Lip(I';) < 1 so
I';(Dy) C Dpy, and hence I is well-defined. The result follows from this estimate combined
with (4.4). O

Theorem 4.12. Let g € [0,[r]]. If condition (4.2) holds for some t > 0, then the bundle
E? is C1 over Uy. That is, the map x — EJ is a C1 map from Uy to D;.

Proof. Recall that we can regard E? as the graph of an element w € L(F3, FS") with |lw]| as
close to zero as desired. In particular, |w|| < 1, and hence E? is identified with a continuous
D f-invariant section of Dj.

Note that Dh(z)graph(¢) = graph(I';(¢)) for £ € D,. Since h = df !, it follows that
E?% : Uy — Di is a continuous I'-invariant section.

By Lemma 4.11, the graph transform I' : Dy — Dy defines a fiber contraction over
the overflowing diffeomorphism h : Uy — Uy, and this fiber contraction is g-sharp in the
terminology of [7]. When ¢ is an integer, we have verified the hypotheses of the “C" section
theorem” [7, Theorem 3.5] (with ¢ playing the role of r, and vector bundles replaced by
disk bundles as in [7, Remark, p. 36]). It follows from [7, Theorem 3.5] that E® : Uy — D;
is the unique continuous I'-invariant section and moreover that this section is C1.

This completes the proof in the case that ¢ is an integer. The general case follows from |7,
Remark 2, p. 38]. O

Remark 4.13. (a) It is immediate from domination (2.2) that condition (4.2) holds with
g = 0. By smoothness of the flow and compactness of A, condition (4.2) holds for some
g > 0 and hence the stable bundle E? is at least Holder over Uj.

(b) When ¢ > 1 in Theorem 4.12, it follows by Frobenius that the family of stable manifolds
{W?} obtained in Theorem 4.2 forms a C? foliation of U; in the sense that the foliation
charts are C'?. Moreover the holonomy maps along the stable leaves are C? smooth. (See [13,
Section 6] for more details.)

For q € (0,1), it remains true that the holonomy maps are C'? [13], but the stable foliation
{W?} need not be Hélder continuous.
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5. STRONG DISSIPATIVITY

In this section, we define strong dissipativity for sectional hyperbolic attractors. This is
a verifiable condition for smoothness of stable foliations, extending [2] who proved strong
dissipativity and hence smoothness of the stable foliation for the classical Lorenz attractor.
We recover the result of [2] and moreover obtain an estimate for the smoothness.
Recall that d = dim Ej. Given A = {a;;} € R, let | All2 = (3,; aZ))"/%.
Definition 5.1. Let ¢ > 1/ds. A partially hyperbolic attractor A is g-strongly dissipative if
(a) For every equilibrium o € A (if any), the eigenvalues \; of DG(0), ordered so that
AL <RI < --- <Ry, satisfy R(A1 — Ag+1 + ¢\g) < 0.
(b) sup,ep{div G(z) + (dsg — D)I[(DG)(z)]]2} < 0.

Theorem 5.2. Let A be a sectional hyperbolic attractor. Suppose that A is q-strongly
dissipative for some q € (1/ds,[r]]. Then there exists a neighborhood Uy of A such that the
stable manifolds {W3, x € Uy} define a C? foliation of Up.

Proof. For each t € R, we define 1, : A — R,
m(x) = log {|DXe| B3 || - | DX | BR[| - | DX | B5* (|7}

Note that {n:, ¢t € R} is a continuous family of continuous functions each of which is
subadditive, that is, ns+¢(z) < ns(z) + m(Xsz).

Let M denote the set of flow-invariant ergodic probability measures on A. We claim that
for each m € M, the limit lim; ., ¢~ !n(x) exists and is negative for m-almost every = € A.
It then follows from [4, Proposition 3.4] that there exists constants C,5 > 0 such that
expni(x) < Ce P for all t > 0, x € A. In particular, for ¢ sufficiently large, expn;(z) < 1
for all z € A. Hence condition (4.2) is satisfied for such ¢ and the result follows from
Theorem 4.12 and Remark 4.13.

It remains to verify the claim. For each m € M, we label the Lyapunov exponents

x1(m) < xa(m) < -+ < xa(m).

Since A is partially hyperbolic, the Lyapunov exponents x;(m), j = 1,...,d, are associated
with £* and are negative, while the remaining exponents are associated with E.
For m-a.e. x € A we have

lim ¢~ log [ DX| B[ = xa(m),  lim ¢~ log || DX | ES., || = —Xa,+1(m),
t—o0 t—o0
lim ¢t 'log | DX;|E|| = lim t'log ||DX; | T, M|| = xq(m).
t—o0 t—o0
Hence, m-almost everywhere,

lim t_lnt(x) = x1(m) — Xd,+1(m) + gxa(m).

t—00
If m is a Dirac delta at an equilibrium o € A, then x;(m) = R\; for j = 1,...,d,
where \; are the eigenvalues of DG(0). Hence, it is immediate from Definition 5.1(a) that
limg o0 t ™' (0) < 0.
If m is not supported on an equilibrium, then there is a zero Lyapunov exponent in
the flow direction. Sectional expansion ensures that xg,41(m) = 0 and x;(m) > 0 for
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j=ds+2,...,d. Hence, m-almost everywhere,
Jlim 7t (@) = xa(m) + gxa(m) < d* 3252, x5(m) + gxa(m)
= (05 x5 (m) + dsgxa(m)) < d (3252, x5(m) + (dsg — 1)xa(m))
= d; ! limy—o0 t ! (log | det DXy()| 4 (dsq — 1) log | DX¢(z)]])
< d; M limy oot [ (div DG(Xsz) + (dsg — 1)||DG(Xsz)||2) ds
< d;tsup,ep { div DG(z) + (dsq — 1)[| DG(x) |2}

By Definition 5.1(b), we again have that lim;_,. t~1n:(z) < 0 for m-almost every z € A.
This completes the proof of the claim. ]

Remark 5.3. If sup, div G < 0, then condition (b) holds for ¢ = d;! + ¢ for e sufficiently
small. When dim M = 3, we have d; = 1 and hence we recover the result in [2, Lemma 2.2].
For the classical Lorenz equations [11], we have

divG = -5 Al = —22.83, Ao = /\3 ~ 1183,

_8

3 )
so the Lorenz attractor is (1 + 6)—strongly dissipative for € > 0 sufficiently small. Hence,
the stable foliation is C11¢ for the classical Lorenz attractor.

In fact, we have:
Corollary 5.4. The stable foliation for the classical Lorenz attractor is at least C1-264.

Proof. By definition, g-strong dissipativity holds for any ¢ < min{qi, g2} where
A — A divG 41 1
2 1%1.704, qul—L: 4+ -
A3 sup | DG 3 sup | DG

q1 =

Now
|IDG(z)|13 = 201 + & + 222 + 23 + (23 — 28)% ~ 208.11 4V,

where

V =222 + 23 + (z3 — 28)%
By [5], a trapping region is given by ellipsoids of the form

— 28

£ o+ 23+ (x5 — 28)% = R,

10

provided R > 4(b 21) where b = 8/3. (See in particular [5 equation (20) and Fig 10]. See

also [16, 17] for related results.) Taking ¢ = 48 we obtain 4(b 1) = 2457.6. Hence V' < 2457.6
and so qo > 1.264 as required. O
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