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Abstract

For a8 > —1, stable time periodic solutions A(X,T) = A,e®X T are the locally
preferred planform for the complex Ginzburg-Landau equation

OrA=A+ (1 +ia)0%A — (1+iB)A|A]%.

In order to describe the spatial global behavior, an evolution equation for the local wave
number ¢ can be derived formally. The local wave number ¢ satisfies approximately a
conservation law 0,q = 0¢h(q). It is the purpose of this paper to explain the extent to
which the conservation law is valid by proving estimates for this formal approximation.

1 Introduction
The (normalized) complex Ginzburg-Landau equation
OorA=A+ (1+ia)0%A — (1+iB)A|A]?

with X e R, 7 > 0, A(X,T) € C, and coefficients «, 5 € R, is an universal amplitude equa-
tion which is derived by multiple scaling analysis in order to describe bifurcating solutions in
pattern forming systems close to the threshold of the first instability. The amplitude A describes
slow modulations in space and time of the underlying bifurcating spatially periodic pattern.
Examples of such pattern forming systems are reaction-diffusion systems, systems in nonlinear
optics, or hydrodynamical stability problems, for example Rayleigh-Bénard convection or the
Taylor-Couette problem. A mathematical theory of the reduction to the Ginzburg-Landau equa-
tion has been developed by several authors (cf. [CE90, vH91, Schn94, Me98, Me99, Me00]). It
is nowadays a well established mathematical tool which can be used to obtain new mathematical



results (cf. [Schn99]), including global existence results and uppersemicontinuity of attractors.

The complex Ginzburg-Landau equation possesses a family of time-periodic solutions
A(X,T) = ryeltXtiwaivo — A Tq ¢o](X,T)

with ¢, ¢g, 74, w, € R For a3 > —1, these solutions are spectrally stable and hence are
the preferred planform locally in space. In order to describe the global behavior in space an
evolution equation for the local wave number ¢ can be derived. Allowing ¢ to vary slowly in
time and space, we define

X
Apee[0(6X, 6T), 3] (X, T) = rysx.57) XD (z / $(6X",6T))dX" + iwoT + i¢0)
0
with 0 < § < 1 a small perturbation parameter, where 1) satisfies the conservation law

0-p = Och(y) 1)

with 7 = 67, £ = 6X, and h : R — R a smooth function. Note that w, is evaluated at
g = 0, in contrast to r, which is evaluated at ¢ = 1. It is the purpose of this paper to explain
to which extent this formal approximation is valid by proving estimates between the formal
approximation Ape [1(3X, 6T), ¢o](X,T) and exact solutions A = A(X,T) of the complex
Ginzburg-Landau equation.

Although the spatially periodic pattern are only spectrally stable for a5 > —1 the approxima-
tion property also holds in the unstable case, i.e. also for a5 < —1. However, the approximation
property becomes worse for af — —oc.

It turns out that we cannot expect validity uniformly for all X € R. Instead, we show that
the conservation law approximation is uniformly valid for all X € Is where I5 is an interval of
length O(6~"). Here, r > 0 is arbitrary but fixed depending on the chosen rate of approximation.

It is not obvious apriori that an approximation result for the conservation law (1) holds. There
are a number of counterexamples of amplitude equations which are derived formally in a correct
way, but do not describe the dynamics in the original system in a correct way [Schn95].

The difficulty in justifying the conservation law for the Ginzburg-Landau equation is the time
scale O(1/4). Since the solutions in consideration are of order O(1) a simple application of
Gronwall’s inequality would only give a time scale O(1). Since the Ginzburg-Landau equa-
tion in polar coordinates is quasilinear, since the lowest order linear terms do not possess any
smoothing properties, and since the smallness of the lowest order nonlinear terms is due to



derivatives the proof of the approximation property is made in a scale of Banach spaces consist-
ing of functions analytic in a strip of the complex plane.

Our approximation result allows us to find the dynamics of the conservation law in the complex
Ginzburg-Landau equation. Moreover, the Ginzburg-Landau equation approximates more com-
plicated pattern forming systems like the Taylor-Couette problem, close to the first instability,
and so we can find the dynamics of the conservation law in these more complicated systems,
too. The dynamics of scalar conservation laws can be computed explicitly with the help of the
method of characteristics.

Away from the threshold of the first instability, conservation laws for the evolution of the local
wave number can be derived in order to describe spatial and temporal modulations of the fully
developed spatially periodic pattern (cf. [HK77]). It is the purpose of further research to justify
the conservation laws also away from the threshold of the first instability.

Other amplitude equations for the evolution of the local wave number of stable and unstable
planforms in the Ginzburg-Landau equation have been considered in [Ber88, vH95]. For in-
stance, by a different scaling Burgers equation

0rp = (aB +1)0¢¢ + (B — ) 0y* 2

can be derived. For some details see Remark 3.9.

The plan of the paper is as follows. In Section 2 we derive the conservation law by introducing
polar coordinates A = re*® and writing 1 = dx¢. In Section 3 we prove estimates which hold
uniformly in space for the variables (r, ). In Section 4 we go back to the original A-variable
which leads to the result that estimates which hold uniformly in space cannot be expected for
the approximation of A. In Section 5 we explain the consequences of our result for the Taylor-
Couette problem.

We note that the alternative approach of [Me98, Me99], discussed briefly in Remark 3.9, shows
that the derivation of the conservation law (1) and simultaneously the Burgers equation (2) can
be made exact for a certain class of solutions if derivative terms of all orders are included (so
that equations (1) and (2) are combined into a pseudodifferential equation).

Though the situation is formally very similar to that in [MS02], where for o = g = 0 the
associated phase diffusion equation has been justified, the rigorous arguments, especially in
Section 3, are quite different. In [MS02] an optimal regularity argument has been applied.
In the present paper the smoothing properties of the linear operator cannot be used and so a
Cauchy-Kowalevskaya argument has to be used.

Notation. Throughout this paper we assume 0 < § < 1. Many different constants are denoted
with the same symbol C.
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2 Derivation of the conservation law for the complex Ginz-
burg-L andau equation

As already said, the purpose of this paper is to justify the conservation law describing the
evolution of the wave number ¢ of the spatially locally preferred planform for the complex
Ginzburg-Landau equation

OorA=A+ (1+ia)0%A— (1+iB)A|A]? (3)

with o, € R, X € R, T > 0, and A(X,T) € C. This equation possesses a family of
time-periodic solutions
A(X,T) = rettXHli (4)
withr =7, >0, ¢,¢9 € R, and w = w, € R, as spatially locally preferred planform. Inserting
(4) into (3) gives
iwr =1 — (1 4+ia)¢*r — (1 +iB)r?

and so dividing by r and equating real and imaginary parts, we obtain

r=v1-¢%, w=-F+(B-a).

In order to derive the conservation law for the evolution of the local wave number ¢ we again
introduce polar coordinates
A(X,T) =r(X,T)e XD

and obtain

Orr = 0%r +71 — (0x8)?r — 2a(x7)(Oxd) — a(0%)r — r?, -
or¢ = 0%+ %%ﬂ — a(0x¢)? + Ax)Ox0) _ g2,

We are interested in the dynamics close to the family of time-periodic solutions and so we intro-
duce as new origin the time-periodic solution given in polar coordinates by (r, ¢) = (1, —3T).
We introduce the deviations (s, ¢) by setting » = 1 + s and ¢ = —8T + ¢. They satisfy

dOrs = 0%s—2s— (0x9)? — (0x9)%s — 2a(x s)(OxP) — d% b — (9% h)s — 3s% — s°,

2
org = %6+ alafs — a(0xd)? + %ﬁfm — 28s — Bs>.
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We can replace the equation for the phase ¢ by an equation for the local wave number ¢ = dx ¢
to obtain

Ors = 0%s—2s—? — s — 2a(dx s)1

—aldx — a(Ox1h)s — 3s* — 83, \ (6)

1+s 1+s

Oy = 0%+ Oy <aa§s — o2 4 20x8)Y _gg. ﬁs2) .

7

The linearized system

Ors = 0%s—2s — adx1,
ory = 0%¢ + adys —2B0xs

possesses solutions (s, 1)) = (sg,¥y)e**t#®E? For k = 0 we have p;(0) = 0 and py(0) =
—2 < 0. The negative eigenvalue 15(0) = —2 corresponds to the s component and so we
expect s to be slaved by ¢ which will behave diffusively for a5 > —1 (cf. [vH95]). In order to
derive the conservation law we make the long wave ansatz

Y =9y(0X,0T) and s =5(0X,0T)
and obtain
60.5 = 62025 — 25 — % — %5 — 260(¢3)0)
—5adgt) — o Ogah)s — 35% — &2, ’ (7)

2 2~ -\ 7
Orp = 60 + O (=285 — ap? — B5?) + 0, (5 % + 25(6’53)1”)

where 7 = 0T, £ = 6 X. Neglecting terms of order O(§) and higher gives

0 = —25— % — 25— 35 — &, (8)
0,p = 0:(—285 — )’ — B5°). ©)

For small ¢ the first equation (8) can be solved uniquely by the implicit function theorem, so
there exists a smooth function s* : R — R such that 5 = s*(¢)?). Inserting this into the second
equation (9) gives the conservation law

0p1p = 9g(—28s* (V%) — a? — B(s*(¢?))?) = 9¢h(¥) (10)

where A : R — R is smooth.



Remark 2.1 The local existence and uniqueness of solutions of this scalar first order equa-
tion is guaranteed by the method of characteristics or the Cauchy-Kowalevskaya theorem (cf.
[OvT76]).

Remark 2.2 Suppose that instead we start with a general choice of basic periodic solution
r =74 ¢ =qX +wyt+ ¢o, ¢ € (—1,1). Then the corresponding conservation law is given by

0, = O¢h(t, q) (12)

where (1), q) = h(}) + q).
To verify this, note that the deviations v, for (11) are related to the deviations v, for (10) by

Wy + q = . Hence 8,4h, = -y = deh(tho) = Bch(vy + q) = deh(1h,, q) as required.

Remark 2.3 For each g, let £ — u,2(k,q) denote the smooth curves of eigenvalues corre-
sponding to the Fourier wave numbers & for the linearization of (5) around the basic state
(r,¢) = (/1= ¢%¢X + (=B + (B — a)¢®)T). In particular, let z1,(k, q) denote the critical
curve for which 11 (0, ¢) = 0. Then we claim that the conservation law (10) must give at lowest
order a linear conservation law 9,4 = h'(q)d;+ with drift coefficient

B (q) = —i0kp1(0, q)

(which turns out by explicit calculation to be 4'(¢) = 2(8 — a)q).

First note that the linearization L(g) of the right-hand-side dxk (1, ¢) of (11) at (0, ¢) must also
have the eigenvalues y, (k, q) — after taking into account the fact that higher order derivatives
have been neglected in the derivation of (11). But

Oxh(v,q) = xh(g +v) = K (9)xy + O(|[¢[*)

and so L(q) = h'(q)0x. Equating L(q)e** = u,(k, q)e*** modulo higher order derivatives
yields h'(q) = —i0ku1(0, ¢) as required.

Remark 2.4 It is common in the literature to consider generalized versions of the complex
Ginzburg-Landau equation with more complicated nonlinearities. In general, terms of the form
AP Ab2 (9 A)bs (9 A)be are permitted provided by, — by + b3 — by = 1 and bz + by is even. In
this case, writing A = re®, r = 1+ s, p = dx¢, leads to a system of the following form in
place of (6):

Ors = 0%s—a(0xy)(L+s)+ f(s, (Oxs)*, 92 (0xs)¥), 12

Org = 0%+ adx(9%s/(L+ 5)) + Oxg(s, (0x9)* ¥* (Oxs)v)

where f and g are smooth functions.



This structure can be verified as follows. The symmetries X — —X and A — e* A of the com-
plex Ginzburg-Landau equation lead to the symmetries X — —X and ¢ — ¢ + c for the (s, ¢)
equations. Hence, we obtain d7s = 0% s — (0% 6)(14s) + f (s, (Oxs)?, (0x D)%, (Oxs)(0x D)),
Ord = 0%+ a(D%s)/(1+ 5) + g(s, (Ox5)%, (9x D)2, (9x5) (9xd)). Writing v = Ox yields
(12).

Now we can write 7 = §7 and £ = 6.X and neglecting small terms we reduce as before to the
conservation law

0rth = Oeg(s™(1%), 0,4, 0) = Oeh()).

The estimates of this paper can be proved in a similar manner for this more general system, too.

v

We note the symmetry h(—1) = h(s) in equation (10) and in the more general equation above.
This is a consequence of the aforementioned symmetry X — —X for the complex Ginzburg-
Landau equation. However, this evenness property holds only for the case when the basic
periodic solution has ¢ = 0. For general basic periodic solutions, as considered in Remark 2.2,
this symmetry disappears. Instead, we have the relation z(—1, —q) = h(1), ¢).

~

3 Theapproximation theorem for the (s, ¢)-system

In this section we prove that solutions of the (3, ¢)-system (7) can be approximated via the
solutions of the conservation law (10). In order to formulate our result we need a number of

Notations. We denote the space of n-times weakly differentiable local uniformly Sobolev func-
tions with H",. This Banach space is equipped with the norm

lullup, = sup [[u()]|#n@wr1)-
r€ER

For details we refer to [Schn99]. This is the space in which the initial reduction to the complex
Ginzburg-Landau equation is carried out. To study the relationship between solutions of the
complex Ginzburg-Landau equation and the conservation law, we introduce

Lip,m) = {i € LR O illgm = [ [a(k)e?1(1+ [K")dk < oo},

for p > 0and m € N. It is easy to see that for p > 0 the inverse Fourier transform v = F~ 4
is analytic in a strip
S,={2€C||Imz| < p}

in the complex plane C with sup,, , <, [(F~'4)[2]| < [[@llz(p,0) (cf. [Kat76]). Then we define
the Banach space

A ={u:8, = Clue Lp,m), |lullxp = l&]lLpm) < 00}

7



We have ||a * || L(pm) < Cl|0]|Lpm)l|@]|L(pm) TOr @, 0 € L(p, m) and since uv = F (i * 9)
consequently

vl < Cllullzp (o]l (13)
with a constant C' independent of » and ». Thus, A" is an algebra, i.e. closed under multipli-
cation.

We now prove that solutions of the conservation law (10) provide good approximations of the

original system (7) for (3, ) .

Theorem 3.1 Forall o, B € R, m > 1, 79 > 0, and py > 0 there exist C; > 0,Cy > 0,71 > 0,
and & > 0 such that for all § € (0, do) the following holds. Let ¢* € C([0, 7], A3,,) be a
solution of the conservation law (10) with

sup 1" (Dllg, < i
T€[0,70]

and let s* = s*((1/*)?) be defined by the solution of (8). Then there exist solutions (3, ) of the
Ginzburg-Landau equation (7) for all 7 € [0, 1] such that

sup sup |(3,9)(€,7) = (s"((¥(€,7))%), ¥ (€, 7))l

T€[0,71] EER
< sup 5D = (5 (1)), 0 (Dllamss  amiz < Cod.
r€[0,m1] po—roT/T1 " Po—pPoT/T1

Remark 3.2 Since the error of order O(6) is small compared with the approximation and the
solution which are both of order O(1) for § — 0 the dynamics of the conservation law (10) can

be found in the (3, ¥)-system (7), too.

At a first view it seems that our result is not of an optimal form since the approximation time 7,
is smaller than the time 7, of the given solution. It seems that it is also not in an optimal form
in the sense that = = 74 if 7 is any fixed time smaller than the existence time 75 which can be
guaranteed by the Cauchy-Kowalevskaya theorem for the conservation law (10). But since the
time 7, is independent of the fact that the time-periodic solutions are stable or unstable we do
not expect any direct connection between 7, of the Theorem, 71, and 7.

Remark 3.3 We refrain from greatest generality and work here with above definition of X', As
explained in [Ov76] the functional analytic setup used in [Ov76] also applies in other spaces.
Hence our result is also true for

X = fu: R Rl = 323 0" sup 0 7u(@)] < oo}
S

n=0 j=0



Proof of Theorem 3.1. Throughout the proof we assume 7 € [0, 7]. Moreover, possibly
different constants are denoted with the same symbol C, if they can be chosen independent of
0<ikK 1

Let ¢* be a solution of the conservation law (10) and let s* = s*(1) be defined by (8). Then
the approximation is improved by higher order terms so that the residual

Res, = —00,5+ 0%025 — 25 — 0% — °5 — 260(5))
—8adet) — Sa(e))5 — 352 — &,
Res, = —0,%+ 5327»5 + 0 (—2p5 — a)® — 5°)
00?5 26(0:5)
+0¢ ( £ 4 ( gsv)iﬁ
1+38 143

is been made as small as we want. In order to do so we make the ansatz

A

= YT+ 0UT + 0N+ 7Y
= s*+(5s*{+5283+---+5ps;.

¢

Inserting this into (7) gives for s}

0 = —87—8* _ 28; _ 2,(/)?(/}* _ 20!(858*)¢7* _ 2’(/);’(/)*8* _ (¢*)28>{
—afg)* — a0eh*)s* — 6s7s* — 3(s*)%sT,

and similar equations for s, ..., s7; 47, .. ., 1. Since these variables can be obtained by solv-
ing linear equations we have

Lemma 3.4 Forallp € Nandall m € N there exists a constant C.s independent of § € [0, 1]
such that
sup (|[Resy (7)]|xm+> + [[Ress(7)|| xm+s) < Cresd” -

TG[O,TO]

Notation. Here and in the following all constants having to do with the residual which addi-
tionally can be chosen independent of ¢ are denoted with the same symbol Cres.

We denote the new approximation with the symbols ¥* and s*. We write a solution as approxi-
mation plus some error, i.e.

U =0"+Ry, , 5=s"+ "R,
with p € N chosen sufficiently big in the following. We obtain the equations for the error

Ry = 00;Ry+ 0¢(Ly(Ry, R,) + 6" Ny(Ry, Ry)) + 6 PResy, (14

O,R, = O02R, —207'R, + 07 Ly(Ry, R,) + "' Ny(Ry, R,) + 5 ""'Res,

9



Ly(Ry,Rs) = Lyi(Rs)+ Lya(Ry, Rs) + Ly3(Rs) + Ly a(Ry, Rs) + Ly 5(Rs),
Ld),l (Rs) = _26Rs:
Lw’Q(Rw, RS) = —2Q\I/*R¢ - 2BS*RS,
Lys(Rs) = ab’0;R,,
(0gs* )Ry | (OgR,)¥*  (Ogs*) 0" s’
I — 9 — s—ad——— R, |,
vl By, f) 6( Irs s (QtspE T el

Lys(Rs) = 0452(1 Ts 1)3§Rs,
(5p6§N¢(R¢, Rs) = 65(— &DO{Ri - 5PBR§
s (a52a§(s* +0PR,)  20(0e(s* + 6P R,))(T* + (Spr))

1+ (s* +0PR,) 1+ (s* +6PRy)

ad®dis" za(ags*)qf*))

(Lo () + La(Ros R) + Lus(R) — 570 (S5 - 20068

LS(Rw’ RS) = LS,I(R¢) + LS,Q(RS) + LS,?:(RS) + Ls,4(Rw) + Ls,5(R¢)a
Li1(Ry) = —2U*R, —2U*'s* R,
Lio(Rs) = —(¥*)°R, — 6s*R, — 3(s*)*R;,
Lis(Rs) = —2a0(0:Rs)¥* — ad(9:¥*)R,
Lsa(Ry) = —ad0cRy,
Lis(Ry) = —2a6(0s*)Ry — ad(0gRy)s",
8’Ny(Ry,R,) = —0"R;, —20°V*RyR, — 6’ R.s* — 6’ R, R,

—2045p+1 (agRs)qu - ()!(5p+1(8§R¢)R3
— 30" R — 36Ps*R2 — 6P R?.

Since the Ginzburg-Landau equation in polar coordinates is quasilinear, since the lowest order
linear terms do not possess any smoothing properties, and since the smallness of the lowest
order nonlinear terms is due to derivatives, the proof of the approximation property is made in
the scale of Banach spaces X7 consisting of functions analytic in a strip of the complex plane
which were defined above. The width p of the strip is made smaller with a linear rate as time
evolves, i.e. p(t) = po — C,t. More or less the linear decay of p can be interpreted as an
additional linear operator B in the equations for the error defined by its symbol B(k) = —C,|k|
generating a linear semigroup e2®)’,

Remark 3.5 Note that an artificial decay faster than e=#I*' in Fourier space is not possible due
to the nonlinear terms. In a space with a decay faster than exponential the relation (13) no
longer holds.

10



We take this semigroup as a basis for an operator M (t) defined by its symbol M (£) = e(Po=Cot)lkl,
We introduce the new variables

Ry(t) = M(t)Ry(t) and  R,(t) = M(t)Rs(t)-
We have for instance that R,,(0) € Ag™ is equivalent to R,,(0) € X7". We define

Lya(Rs) = M)Lpa(M(t) "Ry),

PN (Ry, Rs) = P 'M(t)N;(M(t) 'Ry, M(t)'Ry).
We use the abbreviation X™ for x;".

For R = (Ry, R,) we obtain
;R = AR + Ni(R) + Res, (15)

where

AR = (5627?4/, + BR¢ + ag(ﬁq/,,l(Rs) + £¢,3(Rs))

(56?723 - 25_1Rs + BR, + 5_1£5,4(R¢)

contains the autonomous linear terms, where

O0c(Ly2(Ry, Rs) + Lypa(Ruy, Rs) + Los(Rs) + 0PNy (Ry, Rs
Ni(R) = e(Ly2(Ry, Rs) + Ly a(Ry, Rs) + Ly 5(Rs) w(Rys Rs))

§HLs1(Ry) + Ls2(Rs) + Ls3(Rs) + Ls5(Ry) + 0PN;(Ry, Rs))

contains the nonautonomous linear terms and the nonlinear terms, and where

0 PRes
Res = v

5P~ 1Res,
contains the residual terms.

By construction we have

sup |[07PM (t)Resy || xm+
T€[0,70]

sup ||07PM (t)Ress||xm+s < C.

76[077-0}

IA

C,

Next we diagonalize the linear operator A. In Fourier space it is given by

. —6k2 — C,lk|  —iad®k® — 2ipk
A(k) = (FAF (k) =

—iok  —0k?— 2071 —C,|k|

11



For given o, 3 we can always find a C), such that the eigenvalues A; and A, except of A;(0) =0
possess a strictly negative real part. This choice of C, defines the possible approximation time
71. For this value C, there exists a C' such that the eigenvalues \; (k) of A(k) satisfy

Rel (k) < —C|k| — 0k?,
Redo(k) < —07' — C|k| — 6k

The semigroups associated to the eigenvalues satisfy

sup |ez\1(k)'rkn‘ < sup |e(—C|k\—5k2)Tkn‘

keR keR
< sup |670\k|rknfﬁ| sup |676k27kﬁ|
keR keR
< suple ¥I(2)" " sup e (—=)")
T seR T s€R v OoT
< O ()R

and similarly

sup |€/\2(k)7'kn‘ < sup |6(—(5_1—C’\k|—5k2)7'k.n|
keR keR

< 6’67‘57177';‘7”(7'(5)771/2
for 0 < 7 < n. Hence we have

leMul| pmer < CTF_T(Té)_Fﬂ”u”,wn, (16)

X2 u||pmer < Ce™0 7 (76) 72| xm, (17)

foro<r<r.

Since the nonlinear terms contain as many derivatives as the linear ones we need an optimal
regularity result. We choose functions which are Holder-continuous in time with values in X™.
For j =1, 2 we consider

Orcj = A\jcj + g; (18)

with ¢;(0) = 0 and define

Cm,j(T) = ||(Cj(TI))T'e[0,r]||cﬂ([o,f],xm)
and similarly Cy,, ,. (1) fora # € (0,1).
Lemma3.6 For r € [0, 2] the solutions ¢, of (18) satisfy

Crnira (1) < C™MOI=NC (1) and  Cryra(7) < O3 Cryg, (7).

12



Proof. The proof follows by direct calculation based on a classical optimal regularity result (cf.
[Am95]) using the estimates on the linear semigroup e?” = diag(e7, e**7) from above. In
detail we have: With (16) we estimate

I [ O i e

sn/’ 9= (g (") — <>wwmw+n/ O e g(7) | ms

IA

C/ 7_!7‘ 7'(7'5) 7/2 ’9d7' C’m.‘h( )+||T‘ql( )||Xm+r
1

0
= 81 + S9.

In order to estimate s, we proceed as follows

< |1_ew)T(1 k") |7 Cing (7)
S sup | ————~—(1 4 |k]") |77 Chq, (T
2= keg Ai(k) 7
k| 9
< 01+Sup77'0m,17'
k"
< 1+ sup AT
( |k|>1‘ 5|k|‘) m,g ( )

< Cémm(ol 7"7_ C ,91( )

The first term s; is estimated by

1
F/2—r+60+1
S C&min(O,I—T)TH Cm,gl (7_)’

05—17/2

IN

s T G, (7)

where we have chosen 7/2 = r — 1 for r € [1,2] and 7/2 = 0 for r € [0, 1]. Since the sum
cannot be estimated in a better way than s, we have not optimized the last estimate in terms of
0.

In a similar way we obtain

||/ D) g (7Y | s

/0 —61 /T/r T(’T 5) 7/2 ladT Cmg2( )+||

< C§t 0 Crnyg (1),

1— eAz(k)'r
Ao (k)

IN

92(7) ||Xm+7“

where we used the following two variants of estimates.

a) For r € [1,2] we estimate e=0"'™ < 1 and the integral by C77/2="+1+05-7/2  As above we
choose 7/2 — r + 1 = 0 which gives §'~".

13



b) For r € [0, 1] we introduce 617/ = 7 and estimate the integral by
C / F(67) 2052547

which gives again §'-7.

These two estimates additionally show the Holder-continuity with exponent § for 7 = 0. In
a very similar fashion the Holder-continuity for 7 > 0 is obtained with the same estimates in
terms of § (cf. [Am95]). O

Now we come to the estimates for the nonlinear terms. We denote the eigenfunctions associated
to A; with f;. These eigenfunctions are collected in the matrix S(k) = (fi(k), f2(k)). We
introduce new coordinates ¢ = (c1, ¢o) by R(k) = S(k)c(k). We define
D(k) = diag(Ai(k), A2(k)) = S_l(k)A(k)S(k) and N (c) = STV (Sc)

such that the new variable ¢ satisfies the system

d,¢ = De+ Na(c). (19)
In order to bound the solutions of this system independent of 0 < ¢ < 1 we need estimates on
the nonlinear terms.

First we estimate the original nonlinear terms N/;.

Lemma 3.7 There exists a C; > 0 such that for all R, and R, and all 6 € (0, 1]

1£p2(Ry, Rs)l[xmtr < Cill[Ryllamss + [ Ryl emer),
1£44(Ryps Rs) | s W([Ryllgmsr 4 [[Rs|m+2),
1£45(Ro)llamer < CL8*[[Rs]laomss,

)
)
)
1£s,1 (Rl em+s Crl[Replaeme,
)
)
)

ININ IN DA

S ||Xm+1

IN

1Ls2(R C1]|Rs|| am1,
(R

1£s.5 C16[|Rs| a2,
||£s,5(R¢ ||Xm+1 015||R1/,||Xm+2.

S ||Xm+1

VAN

The constant C; can be chosen to satisfy C; — 0 for ||¢*||Xg,, — 0.
0

For all M > 0 there exist 6o, C > 0 such that for all § € (0, p) and all p € (0, py) and R, and
R with
5P Ryllamsa + 8 PRyl aomss < M

we have

16PNy (R, Rs)llamsr < COP(IRyllZmsr + IRl mes),
1677 NG (R, R aoms CO IRyl ms> + Rl Zomsa)-

N
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Proof. Follows by direct calculation. O

Next we estimate the transformation S.

Lemma3.8 a) Let R = Scwith S = S + S = (8i5) + (54). Then there exists a C > 0 such
that for all § € (0, 1) we have

1511 || xm = am + ||S12]| am - am < C,
1311 ]| gt am + ||B12]| xmt1m < C6,
1521 || xm— am + ||S22]| am—am < C,

891 = 50 = 0.
b) For the inverse S~ = @ = (¢;;) we have
i3 (k)| < C'min(|gi;(k)], a5 (k) |az; (k)])

with

Gij| <1,

lgi7| < 1/(3k),

g5 <1,

||+ laz| < 1,

|aRe| + 21| < Ok
Proof. This follows from the asymptotic behavior of the eigenvalues and eigenfunctions for

k — 0and |k| — co. For |[k| — oo the eigenvalues behave as \; (k) ~ —d(1 =+ i)k* and the
eigenfunctions as

ok
fi(k) ~
+1
This asymptotics lead to the coefficients 3;; and qiy. For |k| — 0 the eigenvalues behave as
A1 (k) = O(|k]) and Ay (k) = O(|67|) and the eigenfunctions as

1 (9((5k)
fl(k) ~ ) fz(k) ~
O(8k) 1

This asymptotics lead to the coefficients q?j. The finite values for k lead to the coefficients 5;;
and g;;. O
Finally we have

Cm+2,Res (T) S CResa (20)
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due to the fact that the approximation ¢* is arbitrary smooth compared with the error, where
Crm+2,res () 1S defined similar to C,, ;.
Using (20), Lemma 3.6, Lemma 3.7, and Lemma 3.8 gives finally the estimate

Criz2n < Ci(Cryoq + Crsaz) + Cs6*%(Crian + Crny2.2)? + CRes, (21)
Ctoo < Ci(Cryor + Crmioz) + Cs0P7?(Crnvon + Crmi2.2)” + Cres (22)

with C, a constant satisfying C;, — 0 for ||o*|| X, 0 together with the constant C5, both
independent of 4. Since Ry|,—0 = Rs|lr=0 = 0 we have Ly|,—¢ = L|;—0 = Nyl|r=0 =
Ns|,—o = 0, such that Lemma 3.6 is applicable. The derivation of the inequalities (21) and (22)
is explained now.

Proof of (21) and (22). i) With Lemma 3.7 and Lemma 3.8 a) we have

L"/’UQ E¢,2 + iq/),2’

VAN

||éw,2||xm+1 Ci|cj| ame,

IN

015||Cj||xm+2,

016(||Cj||Xm+l + 6||Cj||Xm+2 + ||Cj||Xm+2)

1L,z e

IN

[ Ll e

IN

016||Cj||2\f'm+2a

0162||cj||Xm+37

IN

([ Lop 5| em 1

where 0 is applied to these terms. Moreover, we have

Ls,l Es,l + Z5,17

IA

||I~zs,1||xm+1 Cl||cj||Xm+1a

IA

|| Lo, || 1 C10][cj]| xm+,

IN

|| Ls 2| xm1 Cillej | am+1,

IN

L5 3| mes

Ls,5 = is,5+zs,5a

015||Cj||Xm+2;

IN

015||Cj||;\gm+2,

C18%||cjl|m+s,

1Ly ] ms

IN

Lol
where § ! is applied to these terms. Finally,
167 N[ em+1 < COP(([lejl|amsa + dllejllames)® + llejl[Zmes) < COlles]Fmes,
where 0, is applied to this term and
1677 Nyl om+1 < CP7 (el mez + Sllejllams)” + llejllzmea) < COP7H el Femera-

16



i) With Lemma 3.6 and Lemma 3.8 b) in the inequality (21) for ¢; we have to estimate the
following terms .
13110 Ly 2| xm < CC16]|¢s]| xms2,

where the application of the linear semigroup loses 6 ¢,
1110 Ly 2| 2+ < CCles | mez,
where the application of the linear semigroup loses 6°,
1G110¢ Ly || xm < CC16|cjl] om+e,
where the application of the linear semigroup loses 51,
16550 Ly,s | xm < COH|O Ly gl am-1 < CC10][cj]| ame2,
where the application of the linear semigroup loses 61,
126~ Ly 2| gm1 < OO0 Ly ol ms2 < CCillcj| xme,
where the application of the linear semigroup loses 6°,
141207 Ly gl xms1 < CCLGT || me2,
where the application of the linear semigroup loses 4°,
9220~ Ly pl| xmt1 < C8]|7* Ly 1| xmsz < CCLlej| xms2,
where the application of the linear semigroup loses 6°,
la%26™" Lt llaem < COlI67" L llms < CC18llcsllmsa,
where the application of the linear semigroup loses 51,
G126 Ly || xmsr < CC1816]|c | xmee,
where the application of the linear semigroup loses 49,
11267 Losllaem < CC18718%]lcs | men,
where the application of the linear semigroup loses 61,
1455070 Ny || xm < CEPH|OeNy || om-1 < CP7l¢j|Zmee,
where the application of the linear semigroup loses § 1,
G120 Nyl am < CO7 ¢ | 5me2,
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where the application of the linear semigroup loses 6 1.

iii) With Lemma 3.6 and Lemma 3.8 b) in the inequality (22) for ¢, we have to estimate the
following terms 3
1210 L | om < CC16 || ame2,

where the application of the linear semigroup loses § 1,

1G210e Ly 2| 41 < CChlles | amea,
where the application of the linear semigroup loses 6°,

12106 Ly al| xm < CC16]| | xme2,
where the application of the linear semigroup loses § 1,

14530 Ly 5[l xm < CO |0 Ly 5| xm-1 < CC18][¢j | me2,
where the application of the linear semigroup loses 51,
G220 " Ly o|| xm+z < CC18 || cj]| xmete,

where the application of the linear semigroup gains d,

|Gaad ™" L 3| am+1 < CC1llej| xm+2,
where the application of the linear semigroup loses 4°,

1Gag0 L 1 || xmt2 < CCLE|cj]| aome2,

where the application of the linear semigroup gains 61,

G226~ Lot llmss < CCile s,
where the application of the linear semigroup loses 6°,

||67225_ll~/5,5||xm+1 < CCy|cj| ame2,
where the application of the linear semigroup loses 6°,

G226~ Losllm < CC18llcsamse,
where the application of the linear semigroup loses § 1,

1455070 Ny || m < CEPH|OgNy || om-1 < C7Hlej|Zmee,
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where the application of the linear semigroup loses 61,
132207~ Ny [|xm < CP 7 lejl| 2t
J

where the application of the linear semigroup loses § 1. O

From (21) and (22) for ||¢*||Xgp0 > 0 and § > 0 both sufficiently small we have
Cm+2,1 S 2C’Res and Cm+2,2 S QCRes-
Therefore, we are done. O

Remark 3.9 An alternative approach [Me98, Me99] to justify the conservation law (10) for
the Ginzburg-Landau equation (6) is to consider spaces of functions s(X,T), ¥(X, T) that lie
in the Banach space X of Fourier transforms of Borel measures with bounded total variation
norm. We briefly describe the results of this approach, referring to [Me98, Me99] for details.
The starting point is the (s, 1) system (6) or more generally the system (12) obtained by includ-
ing higher order terms in the complex Ginzburg-Landau equation. It can be shown that locally
in Banach space there is a one-to-one correspondence between “essential solutions” for (12)
and essential solutions for a pseudodifferential (in time and space) equation of the form

Orp = OxH(¥) = 0x{(aB + 1)0x¢ + (8 — a)¢” + - -}

where Ox H is a constant coefficient pseudodifferential operator that respects the symmetry
(X — —X,v — —). Thescaling 7 = 6T, & = 6X, ¢ = &1 leads to the Burgers equation
0: = (aB +1)8%) + (B — a)deth + O(62) whereas the scaling 7 = 6T, £ = 6.X leads to the
conservation law 0,9 = J¢h(1) + O(6) in which we are interested in this paper.

4 Theapproximation theorem for the complex Ginzburg-
L andau equation

In this section, we transfer the approximation result of Theorem 3.1, i.e. that the (3, &)-system
(7) can be approximated via solutions of the conservation law (10), back to the complex Ginzburg-
Landau equation (3). It turns out that we cannot expect validity uniformly for all X € R, but
validity only uniformly for all X € I with I; an interval of length O(5~") with arbitrary but
fixed > 0, depending on the chosen rate of approximation.

Our starting point is the relation

b
AX,T) = (14 5(6X,6T)) exp z/ (6X',6T) dX'+zw0T>
0
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which defines the solution A of the complex Ginzburg-Landau equation (3) in terms of solutions
(3,) of (7). These solutions are approximated by

X
Aapp (X, T) = (1 +8"(6X,0T)) exp z/\If* (6X',6T) dX'—i—zon)
0

where we have to use the improved approximations (s*, ¥*) constructed in the proof of Theorem
3.1 from the solution v* of the conservation law (10). Then we obtain

JA(X, T) = Aapp(X, T

< (14 3(5X,8T)) exp (2 B(6X",0T) dX' + ion)

St~

X
—(1+5*(6X,0T)) exp / U (5X',6T) dX'—i—zon)‘
0
X
< [(1+3(6X,0T)) exp z/ (6X',6T) dX'—I—szT)
0
X
—(143(6X,0T)) exp z/\Il* (6X',6T) dX'—l—zon)‘
0

X
(1 + 306X, (5T eXp i / U (0X',6T) dX'—i—szT)
0

X
—(1 45" (0X,8T)) exp (s / U (6X',6T) dX' -i-lon)‘
0

X X

< 1+ 3(5X,6T)) exp B(6X",6T) dX’ —exp / U (5X",6T) dX')
0 0
5X

+[s*(6X,0T)) - 5(0X, 0T))|

X
< / B(OX,0T) — (X7, 6T)| dX" + C'57
0

< /capdx'+05p < O5P(1+ | X|)
0

using the approximation result of Theorem 3.1. Thus, we have proved
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Theorem 4.1 Forallm > 1,p € N, 75 > 0, and p, > 0 there exist C; > 0, Cy > 0, 77 > 0,
and & > 0 such that for all § € (0, do) the following holds. Let ¢* € C([0, 7], X3,,) be a
solution of the conservation law (10) associated to the complex Ginzburg-Landau equation (3)
with

sup.[[4°(7)llag,, < o

T€[0,70]
and let (s*, U*) be the improved approximation constructed in the proof of Theorem 3.1 with
approximation rate O(6?). Then there exist solutions of the complex Ginzburg-Landau equation
(3) such that for all r € (0, p) we have

X
A(X,T) — (1 +s*(¢*)(6X,0T)) exp /\Il* (6X',0T) dX’ —I—zon)‘ < ChdP .
0

sup sup
Tef0,m1 /6] | X|<6-T

Hence the approximation result holds uniformly on intervals larger than the natural spatial scale
(r = 1) of the conservation law. Due to the translation invariance of the original system this
holds for all intervals of length O(6~") with » > 0 arbitrary, but fixed, using redefined approxi-
mations.

By taking ¢ = ¢” and ¢* = 0 we have to compare ¢**X with 1 which shows that estimates
uniformly valid for all X € R cannot be expected. A uniform estimate can only be expected
for 4 and ¢* spatially localized.

5 Application: Theweakly unstable Taylor-Couette problem

In the remainder of the paper, we explain how the dynamics of the conservation law can also
be found in classical pattern forming systems. As an example of such a system we consider the
weakly unstable Taylor-Couette problem. The proof is based on the fact that the Taylor-Couette
problem close to the first instability can be approximated by the Ginzburg-Landau equation.

The Taylor-Couette problem consists of finding the velocity field for a viscous incompressible
fluid filling the domain 2 = R x X between two concentric rotating infinite cylinders, where
¥ C R? denotes the bounded cross section. The flow in between the rotating cylinders is
described by the Navier-Stokes equations on 2 with no-slip boundary conditions. We denote
the inner and outer radii of the cylinders by R; and R, and the angular velocities of the inner
and outer cylinders by w; and wy. In cylindrical coordinates (z,r, ©), the cross section X is
defined by R; < r < Ry and © € Sy, = R/27Z. The cartesian coordinates in the bounded
cross section are denoted with z = (21,2) C ¥ C R2. We have the non-dimensionalized
parameters
w=wy/wi, n = Ry/Ry, R = Rywid/v,

where d = Ry, — Ry, v is the kinetic viscosity, and R is called the Reynolds number.
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This physical system possesses a steady state solution, called Couette flow, having a purely
azimuthal form (streamlines are concentric circles). For small Reynolds number R this solution
is asymptotically stable with some exponential rate. The deviation (U, p) from the Couette flow
Ucou Satisfies the Navier-Stokes equations

U = AU = R[(Ucon V)U + (U - V)Ucou + (U - V)U] — Vp, 23)

V.U = 0,

with boundary conditions U = 0 at r = n/(1 —n) and r = 1/(1 — ). In order to solve
this problem uniquely for the velocity U and pressure gradient Vp we add the flux condition
Uls = éﬁfzez Uiy (z, 2)dz = 0, where Uy, stands for the velocity component along the
x-axis. We refer to [C194] for more details.

The trivial branch of solutions, the Couette flow, U = 0 in (23), becomes unstable if the
Reynolds number R goes beyond a certain threshold of instability R.. Due to the transla-
tion invariance of (23) the linearized system possesses solutions e**?¢,, (k, y)e*»*)t with k € R,
n € Nand p,(k,y) € C3. Without loss of generality we assume Re )\, > Re )\, for all
n €N

For n = R; /R, close to 1 there exists an wy, such that for w > w, at R = R, the real-valued
curve k — )\ (k) touches the imaginary axis and that for w < w, the two complex conjugate
curves k — A (k) and k — Ay(k) with Ao (k) = Ay (k) touch the imaginary axis at some wave
number k£ = k. # 0. In both cases all other curves are strictly bounded away from the imaginary
axis. The first case is called PRI and the second case PRII in the following. (These bifurcations
are often referred to as steady-state bifurcation with nonzero critical wavenumber and Hopf
bifurcation with nonzero critical wave number [Me00].)

In the parameter region PRI, the Taylor-Couette problem can be approximated by the real
Ginzburg-Landau equation which can in turn be approximated by a phase diffusion equa-
tion [MS02]. We concentrate on the parameter region PRII, where the Taylor-Couette problem
can be approximated by a system of two coupled complex Ginzburg-Landau equations for am-
plitudes A;, A, corresponding to the curve of eigenvalues \;, \y. These equations decouple for
Ay = 0 and also for A; = A,. Thus this problem possesses two distinct families of solutions
which can be described by a single complex Ginzburg-Landau equation (cf. [Schn99]). These
families are modulations of axially spatially periodic traveling wave and standing wave solu-
tions whose existence can be deduced by the implicit function theorem (“Hopf bifurcation with
O(2) symmetry” [CI94, GSS88]). The complex Ginzburg-Landau equations can now each be
approximated by a conservation law of the form

0: = 0gh(1)) (24)

(for two different functions ).
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To be more precise, we introduce the small bifurcation parameter e2 = R — R.. The ansatz

U = eA(e(x — vt),e2t)e*emTel . 1+ cc. (25)

dk

with v = (M)‘ , We = IM Ay|g=k,, and ¢, = ¢1(k.) € C* leads to the complex
k=kc
Ginzburg-Landau equation

OrA = ci A+ cyd% A — cyA|A? (26)
X

with coefficients ¢; € C and complex-valued amplitude A = A(X,T). It has been shown
rigorously [Schn99] that certain aspects of the Taylor-Couette problem can be approximated by
the complex Ginzburg-Landau equation.

Theorem 5.1 Forall Cy, Ty > 0there exist Cy, €9 > 0suchthatfor all e € (0, £¢) the following
istrue. Let A € C([0, Ty], Hp,) with
sup [ A(T)g, < O

TE[O,T()]
be a solution of the complex Ginzburg-Landau equation (26). Then there exist solutions U of
the Taylor-Couette problem (23) with
sup [[U(t) = Y(O)lp, < Coc?

t€[0,73]
where Y(t) is defined by the right hand side of (25).
Proof. See [Schn99] O

Combining Theorem 4.1 with Theorem 5.1 gives

Theorem 52 Forallm > 1,p € N, 7y > 0, and py > 0 there exist C; > 0, Cy > 0,
7 > 0, and d, > 0 such that for all § € (0, do) the following holds. Let ¢ € C([0, 7], A7,,) be
a solution of the conservation law (24) associated to the complex Ginzburg-Landau equation
(26) with

sup [[4(7)lag,, < O

T€[0,70]
and let (s*, U*) be the improved approximation constructed in the proof of Theorem 3.1 with
approximation rate O(67). Then there exist e, > 0 and C3 > 0 such that for all € € (0, () we
have solutions U = U(7) of the Taylor-Couette problem in PRII such that for all » € (0, p)

Uz, t) — (1 +s*(0)(e6(x — vt), £251))

sup sup
t€[0, 5] €[~ (e0)77,(e0) 7]

eb(z—vt)

X exp / *(6X', 25t) dX' + ie2wot + iwt + ik m) c.c.‘
0
<C

b6 4+ Cye”.
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It is the purpose of further research to prove such an approximation result also for € > 0 not
small.
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