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Abstract

We give sufficient Gordin-type criteria for the iterated (enhanced) weak
invariance principle to hold for deterministic dynamical systems. Such an in-
variance principle is intrinsically related to the interpretation of stochastic inte-
grals. We illustrate this with examples of deterministic fast-slow systems where
our iterated invariance principle yields convergence to a stochastic differential
equation.

1 Introduction

Recently, there has been a great deal of interest in homogenisation of deterministic
systems with multiple timescales [3, 4] 8, 9] 16}, 23] 24} 26, 27, 38]; the aim is to prove
convergence to a stochastic differential equation (SDE) as the separation of timescales
increases. The papers [10], [38] considered some simplified situations where it sufficed
that the fast dynamics satisfies the weak invariance principle (WIP). In general, how-
ever, there are issues regarding the correct interpretation of stochastic integrals (Ito,
Stratonovich, ...) in the limiting SDE that are not resolved by the WIP. According to
rough path theory [10] 11} B1], it is necessary to consider an iterated (or enhanced)
WIP in order to determine the stochastic integrals. Kelly & Melbourne [23, 24] applied
rough path theory in the deterministic setting and reduced homogenisation theorems
to establishing the iterated WIP and suitable moment control. The conditions on
moments were optimized in Chevyrev et al. [3] 4].

The current paper is based on results of the first author in his Ph. D. thesis [12]
and aims to extend the class of dynamical systems for which the iterated WIP holds.
There is already a wealth of literature on the central limit theorem (CLT) and WIP
for large classes of dynamical systems in both the dynamical systems and probability
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theory literature [5l, (13, [I8], 19, 22, 29| 36, 406, [47]. We slightly extend the class of
systems for which the WIP holds, and greatly extend the class of systems for which
the iterated WIP holds.

Our approach is based on Gordin’s method [I3] for proving limit theorems via
martingale approximation. It is well-known that the L*-criterion of Gordin [13] leads
to the CLT and WIP, and it follows from [23] that the iterated WIP holds under this
criterion (see [6, Proposition 2.5]). Proving the same results under the L' version of
this criterion (hypotheses and in this paper) is more delicate. The CLT
was obtained by [14] and much later the WIP was obtained by [5]. The WIP in [5] is
not quite in the right form for dynamical systems; in this paper we modify it so that
it applies to dynamical systems by extending a time-reversal argument from [23].

Previously there were no results on the iterated WIP under LP Gordin criteria
for p < 2 (except where there is additional Young tower structure, see [40] and [23),
Section 10]). Addressing this is the main aim of this work. In the noninvertible
setting (Section , we prove the iterated WIP under the L' Gordin criterion. In the
invertible setting (Section , the validity of the iterated WIP under the L' Gordin
criterion remains unresolved. However, we prove the iterated WIP under a hybrid
L'-L? criterion (3.2)) which is still a significant improvement on existing results.

The remainder of the paper is organised as follows. In Section [2| we present our
main results in the noninvertible setting. Section [3| deals with the invertible setting.
In Section [ we consider some illustrative examples and in Section [ we give an
application to homogenisation of fast-slow systems.

Notation For a,b € R?, we define the outer product a ® b = ab? € R4, For
J € R4 we write |J| = (Zd J-2)1/2.

1,7=1 “ij
For real-valued functions f, g, the integral [ fdg denotes the Itd integral (where
defined). Similarly, for R?-valued functions, | f®dg denotes matrices of It6 integrals.
We use “big O” and < notation interchangeably, writing a,, = O(b,) or a, < b,

if there are constants C' > 0, ng > 1 such that a,, < Cb, for all n > ny.

2 Noninvertible setting

Let (A, F, i) be a probability space and T': A — A be an ergodic measure-preserving
map. Let P: L' — L' be the associated transfer operator (so [, Pvwdu = [, vw o
Tdu for v e L', w € L*™). Also define the Koopman operator Uv = v o T. We recall
that

PU=1 and UP=E(:|T"'F).

Let v € L®(A,R?) with [, vdp = 0. Our underlying hypothesis throughout this
section is the L' Gordin criterion

Z |P"v]; < oo. (2.1)
n=1
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Under this hypothesis, it is well-known that the CLT and WIP hold. We mention [29]
5] for this and related results. Our aim is to prove the iterated (or enhanced) version
of the WIP. Previously, this was proved in [23, Section 4] under the more restrictive
assumption Y>> |P"v]y < 0o.

Define the sequences of cadlag processes

W, € D([0,00), R%), W, € D(]0, 00), R¥*4),

Wat) = — 3 woT, W) =- (WoTH @ woTl). (22)

n
0<j<[nt]—1 0<i<j<[nt]-1

Theorem 2.1 Let v € L>®(A,R?) with Jyvdp = 0, and suppose that ([2.1) holds.
Then

(a) The limit ¥ = lim,,_, . fA Wo(1) @ W, (1) du € R egists.

(b) det> = 0 if and only if there exists ¢ € R? nonzero and h € L' such that
c-v=hoT —h.

(c) Let v be any probability measure on A absolutely continuous with respect to p
and regard (W,, W,,) as a sequence of processes in D([0,00), R% x R¥*4) on the
probability space (A, v).

Then (W, W,,) =, (W, W) as n — oo, where W is a d-dimensional Brownian
motion with covariance ¥ and

t 9]
W(t)_/W®dW+tZ/v®(voTj)du.
0 =

Remark 2.2 A standard calculation using (2.1) and Theorem [2.1fa) yields the
Green-Kubo formula

Z:/v®vdu+2/{v®(voTj)+(voTj)®v}du.
A oA

Remark 2.3 The assumption that 7' is noninvertible is not assumed explicitly in
Theorem [2.1] but hypothesis (2.1)) implies that v = 0 when T is invertible.

Remark 2.4 There are various possible extensions to Theorem [2.1}

(1) Let 1 < p,q < oo with %—l—é = 1. Dedecker & Rio [5] consider unbounded functions
v € LP(A,R) and prove that the ordinary WIP W,, —,, W holds provided the 1-norm
in is replaced by the g-norm. (In fact it suffices that ) >, P"v converges in L?
in [5].) A natural question is to prove the iterated WIP (W,,, W,,) —,, (W, W) under
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such assumptions. However, the main motivation for studying the iterated WIP is its
fundamental role in the theory of fast-slow systems (considered further in Section
where it is standard to consider bounded v. Also, considering unbounded v would

exacerbate the issues regarding hypotheses (3.1) and (3.2) in the invertible setting.
Hence we restrict in this paper to the case of bounded v.

(2) Dedecker & Rio [5] prove a nonergodic version of the WIP following Volny [47]. It
seems likely that a nonergodic version of the iterated WIP holds (paying due attention
to the limit of W, (1) — M, (1) in the proof of Theorem [2.1fc)). Again, ergodicity of
i is a standard assumption in the motivating setting of fast-slow systems, and is
assumed throughout this paper.

(3) A third possible extension is to consider limits of (W, (s), W,(¢)) in the space
D([0,00) x [0, 00), RY x R¥*4). This seems to involve a nontrivial extension of [21], 28]
and hence is beyond the scope of this paper.

Hypothesis (2.1)) can be viewed as a slow mixing condition: we recall the following
elementary result.

Proposition 2.5 Let v € L®(A,R) with fAvd,u = 0. Suppose that there exists
a, > 0 such that

’/vaT” d,u‘ < ap|wle  for allw € L*(A,R), n > 1.
A

Then |P™v|, < \U|é§1/pa71/p forall 1 < p < oo. In particular, hypothesis (2.1) holds if
S an < 00.

n=1

Proof See for example [39, Proposition 2.1]. |

Throughout the remainder of this section, L? is shorthand for LP((A, i), R?) unless
stated otherwise.

2.1 Martingales

Let v : A — R? be an L* observable with mean zero satisfying hypothesis (2.1]), and
define

k 0
szzpjv, 1<l<k<o and X:ZPjU.
j=t j=1
It follows from our assumptions that y§ € L for all ¢ < k and x € L'. Moreover,
XY — x in L' as k — co. Following [34], we write
v=m® +xFoT — ¥+ Pro, k>1 and v=m+yxoT —x. (2.3)

Since PU = I, it is easily verified from the definitions in (2.3)) that m, m® € ker P
for all k. It is immediate that m®) € L> for all k, that m € L' and that m® — m
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in L'. A somewhat surprising fact due originally to [25], see also [5] [15], 29] [32], 46],
is that m € L2. We begin by recovering this fact using an elementary argument.

Lemma 2.6 m € L? and m®™ — m in L? as k — 0.

Proof Working componentwise, we can suppose without loss that d = 1. For ¢ < k,

O=(f—=xioT—Pv)—(xi—xioT — P)
= X?H — X?ﬂ oT + Py — Py = Xffl — X§+1 oT. (2.4)

m®

m® = mO = [ — O =k 0 Ty = [ () = m )t

where we used that m® m® € ker P. Continuing and using (2.4) once more,

m® —m |3 = /(X? — Xip o T)X} dp = /{ — Xt Px; ' dp
/{ Xe+1) bdp = /A(Xz_ _Xe+1>(X]Z_1 +X?+1)dﬂ

—/A<Pv—P’f YO 4 k) di

< ([P loo + [PRoloo) (I 4 [XEh) < 4fvloe D 1P™0)1.
n=~{

It follows from . that m® is Cauchy in L?. By uniqueness of limits in L', the L?

limit of m® coincides with m. |
Elements of ker P enjoy the following martingale structure.

Proposition 2.7 Let ¢ € L'Nker P and fitn > 1. Define G; = T-=DF 1< j<n.

Then {¢poT" 7, G;; 1 < j < n} is a sequence of martingale differences. That is,

G C -+ C Gy, poT™ is Gj-measurable for each j, and E(¢p o T"7|G;_1) = 0 for
each j.

Proof Since T7'F C F, it follows that G; C Gj41. Measurability of ¢ o 7"/ with
respect to G; is clear. Finally,

E(6 0 T"9|G;-1) = E($|T ' F) o T = (UPg) o T" 7 =0,

since ¢ € ker P. [



2.2 Second moments

n—1

1
" _o Mo T7 and so on for observables

Throughout, we write v, = > "_jvoT?, m, = 3
v, m, ... defined on A.

Corollary 2.8 Let ¢ € L? Nker P. Then | maxi<¢<y, ]@HQ < 4y/n|d|z for alln > 1.
<n [(m —m®),||, < 4y/nlm —m®|y for all k,n > 1.

Proof Fix n > 1 and let X(j) = ¢ oT™" 7. Since ¢ € ker P, it follows that

| X (1) + -+ + X(n)|2 = v/n|¢l2. By Proposition {X(),G;;1 <j<n}isa
sequence of martingale differences. Hence by Doob’s inequality,

| max [X(1) +--- + X0, < 2X(1) + -+ X(n)]2 = 2v/ng).

1<t<n
Finally, maxi<s<n [¢¢] < 2maxi<i<, [X (1) + -+ + X(£)]. n

Following [37], we have a similar estimate for v,,.
Proposition 2.9 | max;<,<, [v/] ‘i < 128nfvlee 352 [Polr.

Proof Fixn > 1 and define the random variables X (j) = voT" 7, 1 < j < n which
are adapted to the filtration G; = T~ F. The version of Rio’s inequality [44] for
p =2 in [41l Proposition 7] states that

1<i<n

| max [X(1) + -+ X0, <16 bs
where

bjn, = max ZE k)G < |v]oo max

1§j§u<n 1<j<u<n

E:EvoTnﬂ@)

By Proposition , E(mo T”*k|gj) =0 for all £ > j. By (2.3 ,

ZE(U oTn—k|gj) _ ]E(moTn—j + XOTn—i—l—j _ XOTn—u|gj)

k=j
= 00T 4 x0T —~E(x o T"*|G;).
Hence o
bin < [0lso(|vh +2|x1h) < 2lvlo Y [PP0]y
§=0
and so -
: 2 j
[ 1X(1)+ -+ X < 3210l 3 1P
‘]:
Finally, max; << [ve] < 2maxi<<, [X (1) + - + X(£)]. n



Lemma 2.10 lim,, \/iﬁ| maxj<¢<n |(v —m),| ‘2 = 0.

Proof By hypothesis (2.1) and Lemma [2.6], for each € > 0, there exists k > 1 such
that >3°°, [P/v]; < € and [m — m®|, < e
Recall that m, m*) € ker P. By Corollary [2.8]

1
—| max |(m — m(k))gHz < de. (2.5)

V/n'i<e<n
Next, v =m® + ¥ o T — x*¥ 4+ P*y, so
(v =m®)| < 20XF|oo + [(PF0)n] < 2K[0]os + [(P*0)]-

Note that P*uv satisfies our underlying hypotheses, namely P*v € L, i) A Pkvdp =0,
S [P (P*v)]1 < oo. Hence by Proposition ,

~m® .
| masx (v = m®)]|, < 2Kfolc + | mas [(Pro)],

° , 1/2
< 2hfolse + {1280 Proloe (DT 1P7H0l,) }
=0
> A 1/2
< 2k|v| + {128n|v|oo<z |va|1)} < k+evn.
j=k
Combining this with (2.5)), \/Lﬁ‘ maxi<p<n (v — m)], < \/Lﬁk + e. Hence
limsup,, \/Lﬁ’ maxj<y<p [(v—m)| ‘2 < € and the result follows since € is arbitrary. B

Proof of parts (a) and (b) of Theorem Since m € ker P, it holds that
Jymn @ my, dp =n [, m ® mdp for all n. By Proposition , U, ]2 < n'/2. Hence,

’n‘l/vn®vndu—/m®mdu‘:n_l‘/(vnéi)vn—mn@mn)du
A A A

~1/2

< Jvpla 4 |mnl2) [vn — mals < n |V, — M2 — 0

by Lemma [2.10f This proves part (a) and shows in addition that
Zz/m@md,u. (2.6)
A

It follows that ¢'Sc = [, (c-m)?du for all ¢ € R%.

Next we prove part (b). If det X = 0, then there exists ¢ € R? nonzero such that
Yc =0 and hence [,(c-m)?dp=c"Sc=0,s0c-m=0. By 23),c-v=hoT —h
where h = c-y € L.



Conversely, suppose that ¢-v = hoT — h for ¢ € R? nonzero and h € L'. Then
¢-Pv=h— Ph. Also, Pv = x — Py, hence ¢- x — h € ker(P — I). By ergodicity,
¢-x = h+ al for some a € R. Substituting into (2.3)),

c-v=c-m+c-xol—c-x=c-m+hoT—h=c-m+c-v,

and so ¢-m = 0. Hence ¢"Y¢ = [, (c-m)*du = 0. It follows that det > = 0. n

2.3 Iterated WIP
In this subsection, we prove Theorem [2.1|(c). First, we prove the ordinary WIP.

Lemma 2.11 W, —,, W in D([0,00),R?%) as n — oo on the probability space (A, p).

Proof It suffices to prove that W, —, W in D([0, K], R?) for each fixed integer
K > 1. Define M, (t) = \/Lﬁ > 0<j<pu_1 © T7. Recall that m € L? Nker P. By the
pointwise ergodic theorem and ([2.6)),

n—1
n’lz{UP(m®m)} 0TI — / UP(m®@m)du = / memdu=5% a.e.
e A A
It follows from [26, Theorem A.1] that M, —,, W in D([0, K], R%). Also,
1

W,(t) — M,(t)| = — — 0
tes[lg};q! (t) O = = max [ =m)d =,
by Lemma [2.10, Hence W,, —,, W in D([0, K], R%). N
Define the sequence of processes
1 ) A
M, € D(0,00) ™), M,()=~ 3 (moT)®(voT’).

n
0<i<j<[nt]-1

Lemma 2.12 (W,,M,,) —, (W,M) in D([0,00),R? x R™?) as n — oo on the
probability space (A, ), where M(t) = fot W ®dW.

Proof It suffices to prove that (W,,M,) —,, (W,M) in D([0, K],R? x R%¥*%) for
each fixed integer K > 1. Define for t € [0, K],

NG > morrE, (2.7)

M;(t)—% Z (Vo T~ ® (m o TET).

1<i<j<[nt]

1 ,
W;(t):—n Z vo T~ M, (t)=
]

1<j<[nt

There are three main steps:



Step 1 Transfer convergence of W, in Lemma to convergence of W, and M,
showing that (W, M) —,, (W, W) in D([0, K], R¢ x R?).

Step 2 Apply [21) 28] to show that (W, , M, , M) —,, (W, W, M) in D([0, K], R? x
RY x RIxd).

Step 3 Transfer convergence of (W, , M, , M ) in Step 2 back to convergence of
(W, M,,), yielding the desired result.

Let D denote caglad functions. Following [23], we define
g: D([O, K]de) — ﬁ([07 K]7Rd>7 g(T)(t) = T<K) - T(K - t)

Then

nkK nK

1 , 1 ,
Walt)=—= D> wol™=—2 3 wol™ R
\/ﬁj:nK—[nt]—&-l \/ﬁj:[n(K—t)Hl

=W, (K) = W, (K —t) = F,(t) = g(W,))(t) = F, (1),

where F(t) is either 0 or n="/2v o TPE-IME=DI=1 n particular,

sup |F7}L(t)] < n_l/Q\v]OO — 0.
t€[0,K]

By Lemma [2.11| and the continuous mapping theorem,

W =g (Wat ) 2w g7 (W) in D([0, K], RY).
Using the fact that the limiting process has continuous sample paths, it fol-
lows (see [23, Proposition 4.9]) that W, —,, ¢ (W) in D([0, K],RY). By [23,
Lemma 4.11], the processes ¢g~'(W) and W are equal in distribution, so W~ —,, W
in D([0, K],R%). By the continuous mapping theorem, (W, , W) —, (W, W) in
D([0, K], R4 x R%). Also,

— (5 AS— < 9p—1/2 _ ]
s W (6) = My ()] < 2077 |0 = m)d (23)

50 | SUPyeio k1 Wi (t) — Mn_(t)H2 — 0 by Lemma m Hence (W, , M, ) —, (W, W)
in D([0, K],R¢ x R?) completing Step 1.

By Proposition , {moT™=J: 1 < j <nK} is a martingale difference sequence
with respect to the filtration G,; = T ~(nK=3)F for each n > 1. Moreover, W,
is adapted (i.e. v o T 77 is G, ;-measurable for all j,n). Also [, |M, (¢t)?du =
n~nt] [, Im[>dp < Klm|3, so condition C2.2(i) in [28, Theorem 2.2] is satisfied.
Applying [28, Theorem 2.2] (or alternatively [21]) we deduce that (W, , M, , M) —,
(W, W,M) in D([0, K],R? x R? x R™?) completing Step 2.
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Adapting [23], we define & : D([0, K], R? x R? x R4} — D([0, K], R¢ x R¥*d),
h(r,u,v)(t) = (T(K) —r(K—t), {v(K)—v(K—t)—r(K—1t)® (u(K) —u(K—t))}*),

where * denotes matrix transpose.
We claim that

(W, M,,) = h(W, -, M M) — F, where SUDye(o, K] |F.(t)] =, 0.

Suppose that the claim is true. By the continuous mapping theorem and |23, Proposi-
tion 4.9], (W,,, ML) =, h(W, W, M) in D([0, K], R x R¥*9). By [23, Lemma 4.11], the
processes h(W, W, M) and (W, M) are equal in distribution so (W,,,M,,) —,, (W, M)
in D([0, K], R? x R4*4),

It remains to prove the claim. Write h = (h', h?) where h' : D([0, K], R¢ x R? x
R4y — D([0, K], RY) and h? : D([0, K],R? x R? x R*™*?) — D(]0, K], R*4).

By Step 1,

Wo(t) = h* (W, M7, M;)(t) — FX(t) where sup |[F1(t)| < n Y?v|e — 0.
te[0,K]

(m o TnK—i) ® (U ° TnK—j)

(]

3
=

I
Sl 3= 3=

—[nt]l<j<i<nK

{(vo T"Kﬁi) ® (mo T"Kﬁj)}*

nK—[nt]<i<j<nK

{(wo T ™) @ (mo T )} — F(t)'
(K1)
= {M, (K) = M, (K —t) = W, (K =) ® (M, (K) = M, (K —))} — F(t)"

= WA(Wo, Mo, M:)(t) — F2()",

N

1<j<nK

where F2(t) is either 0 or n™! Z[n(K_t)ijSnK(v o TnE-InK=0-1) @ (m o T7K~7). In

particular, |F2(t)| < n™!|v]o maxi<i<ni |my|, so by Corollary [2.8

| sup ]Ff(t)HQ < n V2| Imly — 0.
te[0,K]

This completes the proof of the claim. |

Proof of Theorem [2.1)(c) First we consider the case v = p. It follows from the
definition of y that



By Lemma [2.12] it suffices to show for all K > 0 that

sup (Wn(t) — M, (t) — t/

X®vdu>‘—>p0 as n — oo.
t€[0,K] A

Now,

3
Q
,_.

n

oT2)®(voTj):Z(XoTj—X)®(voTj)

1§
o

7j=1 1

7j=1
i(x@v)oT]—XQ@ZvoTj

j=1 7j=1

Since v € L™, y € L*, and f A vdp =0, it follows from the pointwise ergodic theorem
that

W, (1) — M —n_lzz v—m)oT")® (voT) —>/X®vdu a.e.

as n — 0o. Hence for any K > 0,

sup (Wn(t) — M, () —t//\x@vd,u)’ —0 ae.

te[0,K]

The iterated WIP on (A, i) follows.

Now we consider the case where v is a general probability measure absolutely
continuous with respect to p. Since p is ergodic, it suffices by [52, Theorem 1] to
show that

lim M( sup [Wo(t) o T — W,(t)| > 6) ~0 (2.9)

n—00 te[0,K]

for all € > 0, where W,, = (W,,, W,,).
Now, W, (t) o T — W, (t) = n~2(v o TIM — ) s0

Walt) o T = W (t)] < 2072 max oo T < 207 2Ju]o

0<k<n
for all ¢t € [0, K]. Similarly,

_ < 91
[Wa(t) o T = Wy(t)] < 207 foloe mmax o

for all ¢t € [0,K]. By Proposition and (1), |maxicenx|vell, <

NV
(n!v|oo > >0 ]PJv\l) < n2. Hence |supyep g [Wa(t) o T — W, (1)]|, < n™'/2,
and ([2.9) follows. |

11



3 Invertible setting

Let (A, F, i) be a probability space and T': A — A be an invertible ergodic measure-
preserving map. We suppose that there is a sub-sigma-algebra Fy C F such that
T-'Fy C Fo. Then F; = T’ Fy defines a nondecreasing filtration {F; : j € Z}.

Fix d > 1 and let v € L®(A,R?) with [, vdp = 0. The L' Gordin criterion now
takes the form

Z|EO(UOT_")|1+Z\EO(UOT")—UOT”|1 < 00, (3.1)
n=1 n=0
where E; = E( - |F)).

Under hypotheses similar to , the CLT and WIP have been proved by var-
ious authors, including [5], 42, 46]. In Subsection , we recover the WIP under
hypothesis using techniques similar to those in Section [2| combined with ideas
from [5].

The iterated WIP holds under the L? Gordin criterion Y > [Eq(v o T7")|s +
> o Eg(voT") —voT"|y < oo by [23, Section 4] (see [6, Proposition 2.5]). An
interesting open question is to prove the iterated WIP under the L' criterion ,
but this seems currently out of reach. In Subsection |3.2 we prove the iterated WIP
under a hybrid L'-L? Gordin criterion

> [Eo(woT ™|+ Y |Bo(voT™) —voT"|; < oo. (3.2)
n=1

n=0

The same argument works if the roles of | |; and | |2 are reversed in (3.2)).

We note that the existence of a suitable sub-sigma-algebra F is very natural in
the dynamical setting. Indeed it is often the case that A is covered by a collection
W? of disjoint measurable sets, called “stable leaves”, such that T'W; C W73, for all
x € A, where W is the stable leaf containing x. In this situation, let F, denote
the sigma-algebra generated by W*. Then T'F, C Fy. The following result gives
sufficient conditions for hypotheses and to hold.

Proposition 3.1 Let p > 1 and let v € L®(A,R) with [, vdu = 0.
(a) Suppose that there exists C' > 0, € > 0 such that

’/vaT"du‘ < Clw|oen~ P+
A

for all Fo-measurable w € L¥(A,R), n > 1. Then Y - [Eo(voT™™)|, < cc.

(b) Suppose that there ezists C' > 0, € > 0 such that
/ diam (v(T"W*)) dp < Clw]ee n~ P9
A
forallm > 1. Then > >~ |Eg(voT™) —voT"|, < cc.
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Proof The arguments are standard. See for example [6], Theorem 3.1]. |

Throughout the remainder of this section, L? is shorthand for LP((A, 1), R?) unless
stated otherwise.

3.1 WIP in the invertible setting
Define W,, € D([0,),R%) as in (2.2). Let v be any probability measure on A

absolutely continuous with respect to p. In this subsection, we prove:

Theorem 3.2 Let v € L™ with fAvd,u = 0, and suppose that (3.1) holds. Then
conclusions (a) and (b) of Theorem hold, and W, —, W in D(|0,00),R?) as
n — oo on (A,v), where W is a d-dimensional Brownian motion with covariance X.

For —oo < ¢ < k < 00, define

k ; :
Eo(v o T9) j<—1
k 0 <
= E a;, aj = , o :
e ™ ! Eo(voT?)—voT? j>0
j=L

Also define x = Y222 __a;. It follows from our assumptions that x5 € L> for all

j=—o0

¢ <k and y € L'. Moreover, x*, — y in L as k — oo.
Proposition 3.3 (a) E_(x_%) = x_t 2 o T for all k > ¢ > 0.
(b) E(X];ill(xlg ol — X’Zill)) =0 forallk>¢>0.

Proof (a)Since E_jEy=E_; and E_1(goT) = (Eyg)oT,

E_ (x4 = _Z E_1(voT9) = _Z (Eog(vo T 1)) oT = x4t oT.

j=—k j=—k

(b) Note that

k

XboT —xift =) {Eo(voTY) o T — Eg(vo TV},
=t

so x§ o T — xji| is Fo-measurable. Also Eqx}] = 0. Hence

E(xi (o T —xED) = EEy (XM (xf o T — X))
=E((x{ o T — x;i)Eoxs{1) =0

as required. |
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Write
v:m(k)+xljkoT—X’ik+a_k—ak+1, k>1 and v=m+yxoT —x. (3.3)

It is immediate from the definitions that m®* € L™ for all k, that m € L' and that
m®*) — m in L'. Moreover, we have the following result corresponding to Lemma :

Lemma 3.4 m € L? and m"® — m in L? as k — oo.

Proof For k> (>0,

= (ka - Xﬂe) - (ka - XlZ z) ol + (akJrl - a#c) - (ae+1 - a,g)

e 1+X]€€+1) ( R

®)
= (XZ XTk X)o7+ (angr — ack) = (g1 — a)
= (X FX0) — (X0 X)) o T

Hence [m® —m® |2 < A+ B where

= |x2; k+1 X:k_ o T, B = |X§j—r21 - X?H o T

Now,
A? = E((X:i+1)2 - 2X:£+1 X: PoT + (X7 P ) )
By Proposition [3.3|(a),

E(X k+1 X_i ! oT)=EE_ (X k+1X i IOT) E(X 1oTE_1(X:£+1))

=E((T o)) =E((C 1))
Hence

42 = B(0 k) = 00 ) = B0k~ )0 + 005 )

:E(( o= a_) (X k+1+X_€ 1)) <|a—s — a_gloo|X_ k+1+X_e ih
—¢
< 4ol Y [Eo(v o TY)s.
j=—00
Next,

B* = E((X?IQI) - QXIZS X]Z+1 ol + (X§+1)2)-
By Proposition |3.3|(b),
E(xiis Xt o T) = B(xils (i o T = xifs) + (xifa)?) = E((xi2)?)-
Hence

B = E((XZA)Q (Xﬁb ) - E(<X?+l Xﬁgl)(Xul + X’gigl))

= E(<a€+1 ak+l)(X€+1 + X?igl)) <ags1 — CLk+1|<>o|Xe+1 + Xe+1|1
< 8ol Y [Eo(vo ) —vo Tl
j=t+1

14



It follows from hypothesis (3.1 together with these estimates for A and B that
m®) is Cauchy in L?. By uniqueness of limits in L', the L? limit of m®) coincides
with m. |

Standard calculations (see for example [I8, [47] or [6l Proposition 2.2]) show that
m is Fo-measurable and that E_;m = 0. Hence {m o T~ : n € Z} is a martingale
with respect to the filtration F;. The same is true for

k+1 k
Z Eo(v o TY) Z(EO(UoTj))oT.
j=—k+1 Jj=-k

Maximal inequality for a_;

Proposition 3.5 Let w € L and suppose that w is Fy-measurable.  Then
2 o -
‘ maxi<s<pn |ng||2 < 128 njw|so ijo |Eo(w o T77)|;.

Proof Fixn > 1 and define the random variables X (j) = woT™ 7 which are adapted
to the filtration F,_,. Using Rio’s inequality as in the proof of Proposition [2.9]

| maxicpen [X(1) + -+ X (O[5 <1637 by, where

bj, = max ZE k)| Fi—n)|li < |w]oeo max

1§j§u<n 1<j<u<n

> (w7
Define m_, x_ € L,
_:E Eo(w o T™7), w=m_+yx_oT —x_.

Using that w is Fp-measurable, it is easily verified that m_ is Fy-measurable and
E_ym_ = 0. Hence E(m_ o T"*|F,_,) =0 for all k > j. It follows that

> E(wo " HF) = E(m- o T 4+ x_ o T —x_ o T" " F_,).
k=j

Now continue as in the proof of Proposition [2.9] |

Corollary 3.6 ‘ maxj<p<n [(a_g)e 128 n|v|oo 3272 [Eo(v 0 T=9);.

)l <

Proof Recall that a_j, = Eg(voT7*), 50 |a_1|oo < |V]|ee and a_j is Fy-measurable.
By Proposition 3.5),

‘ max |(a_x)e Hz < 128n|U|OOZ|]EO a_yo T/

1<4<n
7=0

15



Setting g = vo T,

Eo(a_y 0 T77) = Eo((Eog) 0 T77) = (E_;Eog) o T
= (E_jg) o T =Ey(goT™7) =Ey(voT Uth),

The result follows. |

Maximal inequality for a

Here we rely heavily on ideas from [5]. In particular, we require the following maximal
inequality [5, Equation (3.4)]:

Lemma 3.7 Let S, = Y 7, X(j) be a sum of L* random variables. Then
E(S,”) < 4B(S;) 4> E(X(})S,)
j=1

where S = max{0, S1,...,S,}. |

The following elementary estimate is useful:

Proposition 3.8 Define h: R™ — R, h(b) = max{0,by,b; + b, ..., Z?zl b;}. Then
|7(b) = h()] < 320y [bi — bil. u

Proposition 3.9 Let w € L*™ with Egw = 0. Then

max |w||;, < 96 n|w]e Y [Eo(w o T9) — w o T7],.

1<¢<n 4
Jj=0

Proof Define X(j) =woT 7 and S, = 3°7_| X(j). Then

n—1 n—1
E(S2) = 3 E(wo T woT) = nE(w?) +23 (n—j)E(wwoT9),
i,j=0 j=1

Also, E(w Eg(w 0 T9)) = E(Eo(w o T7) Eqw) = 0 and so

E(S?) = nE(w?) + 2 i(n — HE(w (woT? — Eg(w o T7)))

j=1

< 2n|w|oo<|w|1 + 3 [Eo(woT9) —wo Tj|1>

j=1

= 2n|w|OOZ|E0(onj) —wo T7];.

J=0

16



Next, define

J

p
}/i,j = E](’U} (0] Tﬁi), Zp,j = Z }/i,ja Z*—l = maX{O, ZL]', ey Zj*Lj}'
i=1

Note that Y;; is Fj-measurable for all ¢ < j, so in particular Z7_; is F;-measurable.
Hence E(X(j)Z;_,) = E(Z;_,E;X(j)) = 0. It follows that

Z |E(X(j)S;_1)| = Z |E(X(j)(5;—1 - Z;—l))l < fwle Z]E|S;—1 - Z;—1|-
= j=1 i=1
By Proposition [3.8]

7—1 7—1
1S5y = 2] < S IXG) ~ Yigl = S wo T — (Byyw) o T
=1 =1

and hence
n n—1
S EXGS; )< e D> w—Eiwh = wle > _(n— j)lw—Euwl
J=1 1<i<j<n j=1

< nlwloe 3 (B = wls = nlwlse S [(Bow o T9)) 0 7 — wl,

j=1 j=1

= n|w| Z |Eo(w o T7) —w o TY|;.

J=1

Combining this with the estimate for ES? it follows from Lemma [3.7] that

o0

E(S;%) < 12nfw| > [Eo(w 0 T7) — w o T7);.
=0
The transformation w — —w sends S} — S, , = max{0,—51,...,—S5,}. Hence

E(Sg*) < 12n|w|s Z;io |Eo(w o T7) —w o Ty, and so
max |S,|* = max{Sf,Sg’*} <S4 Se. < 24n|w|s Z |Eo(wo T9) —wo T7|;.

1<t<n -
Jj=0

Finally, wy = (S, — Sp—¢) o T™, so ‘maxlggn \wg||2 < 2’ maxj<y<p ]Sg\|2 and the
result follows. |

Corollary 3.10 | max;<i<; |(a)(| |§ < 192nfv|o0 352, [Bo(v o T7) —v o T7|,.
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Proof Recall that a, = Eq(v o T*) — v o T*, 50 |ai]e < 2|v|se and Egar, = 0. By
Proposition [3.9]

2 o ' .
’ 1%%);“&1@)8”2 < 192n\v|oozo Eo(ax 0 T9) — ay, o TY);.
J:

Setting g = v o T*, a, = Eog — g,

Eo(ar 0 T7) — ax o T? = Eo((Eog) 0 T7) — Eo(g 0 T7) — (Eog) 0 T7 + g o T7
= (EjE09> 0TV — IE0(9 © Tj) - (Eog) o TV + go 17
= —EolgoT) +goT? = —Eo(voT9™) + voTITF,

The result follows. [ ]

Lemma 3.11 lim, \/Lﬁ| maxi <s<n |(v — m)fH2 =0.

Proof By Lemma and hypothesis (3.1]), for each € > 0, there exists k > 1 such
that

im —m®|, < e, Z |Eo(voT )|, < €, Z |Eo(voTV) —voTi| < é.
j=k j=k+1

Since E_ym = E_;m® = 0, it follows from Doob’s inequality as in Corollary
that
| max |(m — m(k))gH2 < 4y/ne. (3.4)

1<t<n

By (3.3)),

(v = m™),| < 2IxF oo + [(a—i)n] + [(@r+1)n
< (6 + 2)|v]oo + [(a—p)n| + [(ars1)nl- (3.5)

Substituting the estimates from Corollaries and into (3.9)),
m®),| ’2 < k + en'/?, and combining this with (3.4)),

maxi<<n |(V—

1
—| max [(v—m)], < knY? 4.

V/n'i<e<n

Hence limsup,,_, \/Lﬁ} max<¢<p |(v — m)g|‘2 < € and the result follows since € is
arbitrary. [

We require the following standard result from probability theory.

Proposition 3.12 Let Y1,Y5.... be identically distributed random variables with fi-
nite second moment. Then | maxj</<p |YgH2 = o(y/n) as n — oc. |
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Proof of Theorem Conclusions (a) and (b) hold by the same arguments in
the proof of Theorem (using Lemma in place of Lemma .

Fix K > 1 to be an integer and define W, (¢) and M, (t) for ¢ € [0, K] as in (2.7)).
Also, for t > 0 define

—~

[nt]

1 :

M, (t) = 7n E moT™.
i=1

Note that {m o T~™; n € Z} is a martingale difference sequence with respect to the
filtration F,,. By Proposition |3.12] \/Lﬁ‘ maxi<j<p |m o T_jH2 — 0. Also, by the

ergodic theorem %Z;;l(m @m)o T — [, m®mdu = ¥ almost everywhere.
Hence we have verified the hypotheses of [48, Theorem 2.1], yielding MJ — W in
D[0,0),R%). Since M, = M. o T™ it follows that M, —, W in D[0, K], R%).

By (2.8) and Lemma [3.11} W, —,, W in D[0, K], R%) on (A, u).
Defining ¢ as in Step 1 of the proof of Lemma [2.12] we obtain

W, (t) = g(W, (t)) — FX(t) fort €0, K],

n n

where sup, o g |1 F ()] < n7'2[v]s. Applying [23, Proposition 4.9 and Lemma 4.11],
W, =0 g(W) =, W in D[0, K],R%) on (A, p).

Finally, the case where v is a general probability measure absolutely continuous
with respect to p follows from [52, Corollary 3]. |

3.2 Iterated WIP in the invertible setting
Define W,, € D([0,00),R%), W,, € D([0,00), R**?) as in (2.2)). Let v be any proba-

bility measure on A absolutely continuous with respect to p. In this subsection, we
prove:

Theorem 3.13 Let v € L™ with fAvdu = 0, and suppose that (3.2) holds. Assume
also that T is mizing. Then (W, W,,) —, (W, W) in D([0, 00), R?x R™*9) as n — oo
on (A,v), where W is as in Theorem 3.4 and

t 9]
W(t)_/W®dW+tZ/v®(voTj)du.
0 =

Write
X = X-+ X+ X- :ZE0<UOT_j)7 X+ :Z(EO(UOTj)—UOTj)-
j=1 Jj=0

By (8.2), x_ € L and x, € L% Define © € L* by
v=0+x+0T — x+.

19



Then -
0= Z {Eo(voT’)— (Eo(voT7)) 0T}

is Fp-measurable.
Define
~ ~ 1 . .
M, € D(0,00), R™Y), W, (t) = ~ (mo T & (5 0T7),

n -
0<i<j<[nt]—1

where m is as in (3.3). (This differs from the definition of M, in Section [2} we use 9
instead of v since v is not Fy-measurable.)

Lemma 3.14 (W,,,M,) —, (W,M) in D([0,00), R? x R} as n — oo on (A, ),
where M(t) = [ W @ dW.

Proof Fix K > 1 an integer and define W, M, as in (2.7). As shown in the proof
of Theorem 3.2 M,; —,, W in D([0, [0, K], R?). By the continuous mapping theorem,
(M-, M) —o (W, W) in D([0, K]),R? x RY).

Define

e 1 . — 1 .
Wat)== Y doT, W () = > bormi

n
0<j<[nt] 1 1<j<[nt]

By Lemma [3.11} \/Lﬁ‘ maxi<p<n (v — m)l|, = 0. Also, \/Lﬁ‘ maxi<p<p |(V — 0)l|, <

| maxi<o<, x+0T*|2 — 0 by Proposition(3.12 Hence \/iﬁ‘ maxj<p<p |(0—m)y| |2 — 0.
It follows that

(W, M) = (W,W)  in D(0, K], R* x RY).

Define
M (t) = 1 > (poT )@ (moT™).
1<j<i<[nt]
We apply [21), 28] as in Step 2 of the proof of Lemma M, is a martingale
and W\n_ is adapted with respect to the filtration F;. Moreover, [, |M, (t)]*dp =
n~tnt] [, |m?dp < K|ml3 for all t € [0, K] so condition C2.2(i) in [28, Theorem 2.2]
is satisfied. Hence

(W, M M) =, (W,W,M) in D(]0, K], R% x R? x R4,

Next, define h : D([0, K],R? x R? x R™*?) — 5([0,K],Rd x R¥4) "as in Step 3
of the proof of Lemma [2.12] Then

(/I/I?n,I\A/JIn) = h(/Wn_, M;,I\Aﬂ;) — I, where  sup;cp g |F.(t)| =, 0,
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and we deduce that
(W, M) = (W,M) in D([0, K], R? x R¥*4).

Using once again that \/Lﬁ‘ maxi <<y | (v — )| ‘2 — 0, we obtain the desired result. B

Proposition 3.15 Y [[v® (voTV)du= [, (x®v—m® (x4 oT)) dpu.
Proof Write

v@WoT!)=(m+xoT —x)® (voTY)
=m@@WoT +xyoT ™ —x, 0T+ (xoT —x)® (voT?).

Then 377, [Lv® (voT?)dpu = I, + I + I3 where
IIZZ/m@)(@OTj)dMa f2=/m®(X+oTn+l—X+oT)d/~%

b= [ Yo -y @uaT)du
AT

Now,
E(m® (6 0T7)) =EE_;(m ® (9 0 T9)) = E((E_ym) ® (¢ 0 T7)) = 0,

so Iy = 0. Since T is mixing, Iy — — fA m® (x4+ o T) dp. Finally,

13:/Z(XOT‘”‘”—xoT‘j)®vdu=/(x—xoT‘”)®vdu—>/X®vdﬂ
A A A

since 1" is mixing. |
Proof of Theorem [3.13] Write
(VoTH®@(WoT!)=(moT)®woT)+ (xo T —xoT") ® (voTV)
=(moT )@ oT")+ (moT)® (x0T — x4 0T
T+ (o T™ — x0T @ (voT).

Then
~ 1 . .
W) = ML) =~ > (moT)® (x0T —x; 0T
" 0<i<[nt]—2
1 : ; 1
— J 7y = —
o D (o =)@ @eTY) = —(Au(t) + Ba(1))
1<j<[nt]-1
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where

A= ) (moT)® (xyoTM)

0<i<[nt] -2
B,(t) = — Z (m® (xy0T))oT" + Z (x®@v)oT! —x® Z vol’.
0<i<[nt]—2 1<j<nt]—1 1<j<[nt]-1

Recall that v € L, x € L' and x4, m € L?. By the ergodic theorem, £ B, (1) —
Jilx®v—m® (x4 oT))du a.e. and hence

1
— sup ’B —t/(X®v—m®(X+OT))d,u‘—>O a.e.
T 1e0,K) A
Also,
1 d ¢
al 2 A0 \lgng\ZmoT 7l o T 0

< 2\/?|my2 -0

‘ max x4 o T*

V/n'i<e<nk ’2

by Doob’s inequality and Proposition [3.12] Hence
sup ‘Wn(t) —Mn(t) —t/ (x®@v-—m® (x4+0T)) du‘ —, 0
t€[0,K] A

By this combined with Lemma and Proposition [3.15, (W, W,,) —,, (W, W) on
(A, ).

Finally, we consider the case where v is a general probability measure absolutely
continuous with respect to pu. As in the proof of Theorem it suffices to estab-

lish (2.9)) for all € > 0. The estimates
Wa(t) o T — W,(t)] < 2n Y?v|o, (W, (t) o T — W, (t)| < 2n 'v|s  max vk

hold as before for all ¢ € [0, K]. Hence it suffices to show that | maxi<p<nr [Ux]|, <
nl/2

Write v = w + w’ where w = Equ, w’ = v — Egv. By Propositions [3.5] and [3.9

) 1/2 ) 1/2
| max ]wk]]2<<(n\v|wZ\Eo(w0T’J)\1) :(n|v\ooZ]E0(voT’9)\1)

1<k<nK
Jj=0 Jj=0
and
| max_fupll, < (nlole 32 [Eo(w 0 T9) — w' o 79],)
1;1}3&;;(}( wil |, n|v| o o(w w 1
j=0
A CN1/2
= (nlvlew 3 [Eo(wo T%) ~vo T3} )
j=0
Hence the required estimate for max;<p<,x |vk| follows from (3.1)). |
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4 Examples

In this section, we consider examples consisting of time-one maps of nonuniformly
expanding semiflows and nonuniformly hyperbolic flows to which our theory applies
and gives new results.

4.1 Noninvertible setting

We begin by revisiting nonuniformly expanding maps modelled by one-sided Young
towers [51]. Optimal results for the iterated WIP were obtained by [23] and we
recover their result. In particular, [51] proved results on decay of correlations; Theo-
rem applies whenever the decay of correlations is summable by Proposition [2.5]
As described below, we are moreover able to treat time-one maps of nonuniformly
expanding semiflows, significantly improving on existing results.

It is convenient to mention a specific family of dynamical systems. Prototypical
examples of nonuniformly expanding map are given by intermittent maps of Pomeau-
Manneville type [43]. For definiteness, we consider the example considered by [30],
namely

F:00,1 = 10,1,  f(z)= {x(l +227) z< (4.1)

2 — 1 T >

N N

Here 7 € [0, 1) is a parameter and there is a unique absolutely continuous invariant
probability measure i for each ~.

Let v : [0,1] — R? be Holder with fol vduy = 0. By [20, 1], there is a constant
C > 0 such that |folvw o T™dyg| < Cn~0" "Djwl|y, for all w € L>([0,1],R). By
Proposition , hypothesis holds for v < % Hence we obtain the iterated WIP,
Theorem , for all v < % This recovers a result of [23, Example 10.3] and it is
sharp since even the CLT fails for v € [3,1) when v(0) # 0 by [17].

Now we consider suspension semiflows and their time-one maps to obtain new
examples where the iterated WIP holds. Again we consider the specific example (4.1))
for definiteness, but f could be replaced by any nonuniformly expanding map mod-
elled by a Young tower. Let h : [0,1] — (0,00) be a Hélder roof function and define
the suspension semiflow f; : A — A where

A={(z,u) € [0,1] xR:0<u<h(x)}/ ~, (x,h(x)) ~ (fz,0),

and f;(x,u) = (x,u +t) computed modulo identifications. The probability measure
i = (o x Leb)/ fol hdug is fi-invariant and ergodic. At the level of the semiflow
fi, when v < % the iterated WIP holds for Holder mean zero observables v by [23]
Theorem 6.1].

Now consider the time-one map 7" = f; : A — A. In general, even the CLT is
not known for such maps. By [33, 35], typically (under a non-approximate eigen-
function condition due to [7]) T" has decay of correlations at the same rate as f for
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sufficiently smooth observables. (We refer to [35, Section 3] for details regarding the
class of observables v and [35], Section 5] for details regarding the word “typical”.)
A consequence [23, Theorem 4.3 and Proposition 4.4] is that the iterated WIP holds

for v < % Previously, the range v € [£, 1) remained open. But Proposition again

379

implies that the L' Gordin criterion (2.1]) holds for all v < % Hence, by Theorem ,
the iterated WIP holds in the optimal range v < %

4.2 Invertible setting

We begin by revisiting nonuniformly hyperbolic maps modelled by two-sided Young
towers [50, [51]. Optimal results in this setting were obtained by [40] (see also [23]
Section 10.2]). (Unlike in the noninvertible setting, Theorem does not recover
this result since the iterated WIP is not known under the L' Gordin criterion ({3.1]).)

Examples of nonuniformly hyperbolic maps include intermittent solenoids [2 Sec-
tion 5] and [40, Example 4.2]. These are invertible analogues of the intermittent
maps in Subsection and are obtained by adapting the classical Smale-Williams
solenoid construction 45, [49]. There is an invariant contracting stable foliation W?* as
in Proposition [3.1f and the dynamics modulo the stable leaves is given by an intermit-
tent map. In particular, condition (a) in Proposition is satisfied for p < 771 — 1
where 7 is the parameter for the intermittent map. The examples in [2] and some
of the examples in [40] have exponential contraction along stable leaves. For these
examples and v Hélder, condition (b) in Proposition [3.1]is satisfied for all p € [1, 00)
and hence Theorem applies for all v < 1. The remaining examples in [40] have
contraction along stable leaves which is as slow as the expansion of the underlying
intermittent map, and condition (b) in Proposition is satisfied for p < y~' — 1;
hence Theorem applies for v < %

As in Subsection (1.1, we consider intermittent solenoidal flows given by suspen-
sions over intermittent solenoids. Optimal results on the iterated WIP for such flows
follow by combining [40] and [23, Theorem 6.1]. Again we focus on time-one maps of
intermittent solenoid flows, restricting to typical flows and sufficiently smooth observ-
ables. Previous results on the iterated WIP in this context apply only for v < %; we
considerably relax this restriction. By the arguments in [6], the conditions of Proposi-
tion hold for the same values of p as in the case of intermittent solenoids described
above. Hence for the examples with exponential contraction along stable leaves, we
obtain the iterated WIP for all v < % Exponential contraction can be relaxed to
moderately fast polynomial contraction as discussed in [I]. Explicit examples with
v € [3,3) and condition (b) of Proposition 3.1/ holding for p = 2 can be found in [12].
For such examples, the iterated WIP follows from Theorem [3.13} this is far beyond
the scope of previous methods.
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5 Application to homogenisation

Let (A, F, u) be a probability space and T': A — A be an ergodic measure-preserving
map. Consider the fast-slow system

miy =2+ faal) + bl olm), 2 =€ R
Yn+1 = Tyn,
where @ : R* — R?%, b : R? — R*>? and v € L>(A,R?) with [, vdu = 0.
Define z(t) = xft?g] and

We(t) =€ Z v(y)), W(t) =€ Z v(yi) @ v(y;)-

0<j<[t/e?]-1 0<i<j<[t/e?]-1

The aim is to prove homogenisation to a stochastic differential equation (SDE) of

the type

dX =a(X)dt +b(X)dW, X(0)=¢,
where @ : R? — R? is to be determined; i.e. to show that &, —, X in D[0,00), R?) as
e — 0.

In the special case where a and b are Lipschitz, and b satisfies an exactness con-
dition of the form b = (dh)~! for some h : R? — R?, this problem was completely
solved by [I6]: It is necessary and sufficient that v satisfies the WIP. Hence the L'
Gordin criterion suffices by Theorems [2.1] and

When the exactness condition for b fails, [23], 27] proved homogenisation for a €
C* and b € C*" under an L* Gordin criterion on v (see [6, Theorem 2.9]). Moreover,
a(X) =a(X)+3 23,5,7:1 E"P9,b°%(X)b*(X) where E is the matrix in the iterated
WIP[

In certain special cases, our results yield homogenisation theorems where the pre-
vious papers do not. One such example is the following:

Proposition 5.1 Let d =2 and write x = (x',2%). Let

= (4o ) =g 2 )

where g : R? — R is Lipschitz. Suppose that v satisfies either the L' Gordin crite-
rion in the noninvertible setting or the hybrid L'~L* Gordin criterion (3.2)) in
the invertible setting. In particular, W?(1) —,, W2(1) + ¢ for some c € R.

Then T — X in D([0,00),R?) as € — 0 where X is the solution to the SDE

dX = a(X)dt + b(X)dW, X(0)=¢,

with a(X) = ( g(X()’+C )

!There is a typo in [23] and subsequent papers; the matrix entry EBY should be replaced by E78
as written here.
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Proof We have #!(t) = ¢' + Wl(¢) and
[te=2]—1 [te=2]—1
B =€+ Y g te Y )y

j=0 J=0
t t
=2+/mmmﬁ+/d®MW@+¢@
0 0
t t
&4 [ glade)ds+ [ (€ + W) AW + A
0 0
t
= 52 + / g(zc(s))ds + €1W€2(z€) + Wiz(t) + Ac(t)
0
where
< 2 (e) 1
A < gl + el e, [(27)!
2 1 1
<e€ ‘g‘oo + E‘Uloog + 6|v|oo 52?%% |We (S>|
In other words,
t
@@=5+/auw»m+mw
0
where
T/Ve1
Vs ( SWE+WE + A, ) |

The resulting solution map &, = G(U,) is continuous on C([0, K], R?) for all K > 0
since a is Lipschitz. By the iterated WIP, U, —,, U where

Wt ) 12 /t 1 2 12 12
U = ) W(t) = WdW= +tE**, E*=c¢,
( flnrQ WlZ ( ) 0

so the continuous mapping theorem shows that z. —, G(U) = X where
dX =a(X)dt+dU, X(0)=¢.
But U! = W' and

t t t
U?(t) = / (& + W dw? +tE"? :/ Xtdw? +tE"? :/ X' dW? +te,
0 0 0
ielding a(X) = 0 as required |
VICAHe A= g(x) + ¢ amreds

Acknowledgements We are grateful to the referee for helpful comments and sug-
gestions.
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