Central Limit Theorems and Invariance Principles
for Lorenz Attractors

Mark Holland * Tan Melbourne *
28 February, 2006

Abstract

We prove statistical limit laws for Holder observations of the Lorenz at-
tractor, and more generally for geometric Lorenz attractors. In particular, we
prove the almost sure invariance principle (approximation by Brownian mo-
tion). Standard consequences of this result include the central limit theorem,
the law of the iterated logarithm, and the functional versions of these results.

1 Introduction
The Lorenz equations

=10y —x), y=28r—y—xz, Z=uay— =3z, (1.1)

w00

were introduced in 1963 by Lorenz [8], originally as a simplified nonlinear model
for the weather, but more significantly to emphasise the presence of chaotic dynam-
ics in simple-looking systems. The mathematical study of these equations began
with the geometric Lorenz flows, introduced independently by Afraimovic¢, Bykov &
Sil'nikov [1] and Guckenheimer & Williams [7, 20] as an abstraction of the numerically-
observed features of solutions to (1.1). The geometric flows were shown to possess a
“strange” attractor with sensitive dependence on initial conditions. Moreover, these
attractors admit a “physical” (SRB) measure, namely an ergodic invariant probabil-
ity measure p with the property that time averages and space averages coincide for
Lebesgue almost every solution starting close to the attractor. Further, the measure
1 has a positive Lyapunov exponent.

The main result in this paper is the almost sure invariance principle (ASIP) for
geometric Lorenz attractors.
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Theorem 1.1 (ASIP) Let T; : R* — R® be a geometric Lorenz flow with SRB
measure p. Let 1) : R3 — R be a Holder continuous observable with fR3 Yvdyp = 0.

Then (on a possibly enriched probability space) there is a Brownian motion W (t)
with variance o® > 0, and there exists € > 0 such that ji-a.e.

t
/ YoTsds=WI(t)+ O(t%’e) as t — oo.
0

Remark 1.2 For any geometric Lorenz attractor, the ASIP is nondegenerate
(0% > 0) for typical Holder observables 1. Indeed, the observables for which 02 = 0
lie inside a closed subspace of infinite codimension, see §4.3.

There are a number of consequences of the ASIP [13]. These include the central
limit theorem and law of the iterated logarithm.

Corollary 1.3 Assume the set up of Theorem 1.1. Then
(CLT) \/izf[fqp oT,ds —4 N(0,0?) as t — oo.

(LIL) limsup,_, . m f(f Yo Tsds = o almost everywhere. n

Recently, Tucker [17, 18] obtained a numerically-assisted proof that the Lorenz
equations (1.1) indeed define a geometric Lorenz flow. In particular, the Lorenz
equations possess a strange attractor with an SRB measure with positive Lyapunov
exponent. Moreover, the attractor is robust, so nearby flows also possess a strange
attractor with these properties.

Corollary 1.4 The ASIP, and hence CLT and LIL, are valid for Héolder observables
of the Lorenz equations (1.1) and all nearby flows. |

Remark 1.5 In [9], it is shown that mixing is automatic for Lorenz attractors, but
currently there are no results on the rate of decay of correlations. Oddly, the loga-
rithmic singularity of A is is a crucial part of the proof of mixing in [9], yet is the main
obstruction to proving statistical limit laws or rapid decay of correlations. The tech-
niques in the current paper overcome the obstruction in the case of statistical limit
laws but require further refinement for decay of correlations, see Remark 3.3(iv).

In the remainder of this section, we outline the structure of this paper and describe
how the proof of Theorem 1.1 relates to techniques developed in the uniformly and
nonuniformly hyperbolic settings.

For uniformly hyperbolic flows, the CLT and ASIP were proved by Ratner [14]
and Denker & Philipp [5]. A key step is to view the flow as a suspension (or special
flow) over a uniformly hyperbolic diffecomorphism with Hélder roof function h. Sta-
tistical limit laws proved in the simpler setting of diffeomorphisms then transfer to



the suspension flow under certain conditions. The boundedness of the roof function
was relaxed by Melbourne & Térok [12].

Gouézel [6] (resp. Melbourne & Nicol [11]) used the approach in [12] to prove
the CLT and stable laws (resp. the ASIP) for classes of nonuniformly hyperbolic
flows. The flow is again a suspension over a nonuniformly hyperbolic diffeomorphism
with Holder roof function h, but the diffeomorphism itself is now modelled as a
discrete suspension (Young tower [21, 22]) over a uniformly hyperbolic diffeomorphism
(induced map) with an unbounded integer-valued roof function r. Statistical laws for
the flow are obtained by twice applying the suspension procedure, see [11].

Geometric Lorenz flows are suspension flows over a singular uniformly hyperbolic
diffeomorphism P, where the roof function A has a logarithmic singularity. The dif-
feomorphism P, being singular, has poor distortion properties. It is well-known how
to construct an inducing scheme to model P as a discrete suspension over a diffeomor-
phism P" that inherits the uniform hyperbolicity and in addition has good distortion.
The ASIP for P is then a consequence of [11], but the logarithmic singularity for A
is a nontrivial obstacle to lifting the ASIP to the flow. In this paper, we construct a
more complicated inducing scheme along the lines used by Benedicks & Carleson [2]
and Benedicks & Young [3] for Hénon-like diffeomorphisms. The inducing scheme
is constructed specifically in order to control the growth of h along trajectories and
enables us to prove the ASIP for the underlying flow. (Nevertheless, the construction
is considerably simpler than that required in the Hénon case.)

In §2, we collect some background material on geometric Lorenz attractors. In
83, we describe the inducing scheme constructed in this paper. In §4, we use the
inducing scheme to prove Theorem 1.1. The remainder of the paper is concerned
with the proof of the inducing scheme. The inducing scheme is explained in §5. For
completeness, all proofs are given. However, some of the lengthier (though standard)
arguments are included as appendices.

2 Background on geometric Lorenz attractors

In this section, we describe some of the structure associated with geometric Lorenz
attractors. Let 0 be an equilibrium for a smooth (at least C1*) flow T} on R®. Denote
the corresponding vector field Z : R — R3. We suppose that the eigenvalues of (dZ)g
are real and satisfy

Ass < As <0< A, and A, > | (2.1)

Choose coordinates (x1,xq,x3) so that (d7)y = diag{ ., Ass; As}. We suppose that
the flow T} is C''*<-linearisable in a neighbourhood of 0.

Remark 2.1 By Sternberg [16], the flow for the actual Lorenz equations is C'*-
linearisable near 0. Moreover, the flow for all nearby sufficiently smooth vector fields
is C%-linearisable (see for example [15]).



After rescaling, we may suppose that the flow is linearised in a neighbourhood
of the unit cube. Define the cross-sections X = {(z1,22,1) : |xq|,|z2| < 1},
X" = {(1,z9,23) : |zaf,|xs] < 1}. The Poincaré map P : X — X (where de-
fined) decomposes into P = Py o P; where P, : X — X' and P, : X' — X. Write
Pz = Tyx where h: X — R™ is the first return time to X.

Proposition 2.2 Let § = |Xs|/ A\ € (0,1), ' = |Ass|/Au > 8. Then Py(x1,29,1) =
(1,27 29, 27), and h(z) = =\ 'log |z1| + ho(x) where hy € CP(X).

Proof Note that h(x) = 7 (z) + 2(Pix) where 4 : X — RT and 7 : X' — R*
are the first-hit times for P; and P, respectively. A standard calculation using the
linearised flow between X and X' yields the required formula for P; and shows that
7i(z) = —A;'log|xy|. Moreover, P, is a diffeomorphism so 7, is smooth. This
combined with the formula for P, implies that hy = 7, 0 P, € C?(X). |

Definition 2.3 The flow T} has a stable foliation if there is a compact neighbourhood
N C X satisfying P(N —{z; = 0}) C X with a C'*¢ P-invariant foliation into stable
leaves (including the “singular” leaf {z; = 0}), and a constant Ay € (0,1) such that
for all x,y in the same leaf and all n > 1,

[P — Py| < CAL. (2.2)

Remark 2.4 Throughout this paper, C' denotes a generic constant C' > 1 that de-
pends only on the geometric Lorenz flow 7; and which may vary from line to line.

We assume that T; has a stable foliation. For notational convenience, suppose that
each stable leaf intersects X; = {(21,0,1) : |z1] < 1} = [-1,1] in a single point.
Let 7: X — X denote the C'*¢ projection along leaves. Quotienting along stable
leaves, we obtain a C'**¢ one-dimensional map 7T : X; — X, with a singularity at 0.
In symbols, Txy = {P(21,0,1)}"

Remark 2.5 We can view X as a subset or quotient of X. The interpretation should
be clear from the context. In later sections we often write X instead of Xj.

Proposition 2.6 (a) T'z, = || 1g(x1) where g € CP(X,), g > 0.
(b) h = hy + hy where hy(z) = =\ log|Z| and hy € C¢(X).

(¢) h=hy + hy where hy(z) = A\, 2 (1 — 8) " log T'Z and hy € CP(X).
Proof Part (c) is immediate from (a) and (b). By Proposition 2.2, Tz, =
{Py(1,0,27)}". Part (a) follows since ~and P, are C''**.

Note that = has the same sign as x; and in particular, ¥ = 0 if and only if z; = 0.
Define v(z) = log |z| —log |z1| when 1 # 0 and v(z) = 0 when z; = 0. We show that
v: X — R is Holder.



Let p(x) = 7 be the projection along stable leaves. Since p is C*¢ and p(0, z5) = 0,
we can write p(x) = z1¢(x) where ¢ is C° and positive. Hence

v(z) = log |p(z)| — log |z1| = log(|z1]q(x)) — log|z1| = log g(x),
which is Holder provided that ¢(x) = Z/x; is bounded below.

Let uz be the graph of the stable leaf containing . Then x1 = uz(x2) = uz(xs) —
up(z2) so |z1| < C|z| (since the foliation is Lipschitz). Hence ¢(z) is bounded below
proving part (b). |

In addition, we assume that 7" is uniformly expanding: there are constants A\; > 1
and ¢ > 0 such that for all ;1 € X; and n > 1,

(T™) (x1) > e, (2.3)

For our purposes, a geometric Lorenz flow is a three-dimensional flow with an
equilibrium satisfying the eigenvalue conditions (2.1), possessing a stable foliation as
in Definition 2.3 with quotient map 7" satisfying (2.3).

Proposition 2.7 Let v = max{\o,\['} € (0,1). If z,y € Y satisfy sgnT’'Z =
senT7y for j =0,1...,n, then |P™x — P"y| < Cy™™™ form =0,1,...,n.

Proof By assumption, 7™/ restricts to a bijection on an interval containing T'%
and TVy. By (2.3), we have 2 > |[T" Tz — T Ty > A}/ |T7Z — T73]. Hence

T — TIg| < 2¢7 14", (2.4)
We claim that
I(dP™), || < CY ™ (T7)(3). (2.5)
j=1

Then it follows from (2.4) and (2.5) that

|P"Z = Py <2710 Iy <27 C(1—2) Ty
j=1
It remains to prove the claim. After a preliminary C' change of coordinates, we

may assume that the stable leaves are vertical in X. Recall that P = P, o P, where
P, is as given in Proposition 2.2. The assumption on the stable foliation means that

P2<]-7 Uz, Ug) = (Q(Ug), R(Ug, U3), 1)7

where Q and R are smooth. Hence Pz = (T, Sx) where S(z) = g(a, 27 x5) and
o : oy (™) (z1) O ) »

g is C'. We can write (dP™), = ( Un(x)  Vilz) ) By definition of the stable

foliation, |V,,| < CAy'. Also, Ui(x) = 0,,5(x) so by Proposition 2.6(a)

Uy (z)| < Cx ™' < OT'xy.
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Since (dP™), = (dP™ ') p,(dP),, we have the relation U,,(z) = U,,_1(Pz)T"(z1) +
Vin—1(Pz)U(x). It follows by induction that

Unt1(x) = Uy (P"2)(T™) (1) + 2 Vi (P71 2) Uy (PP 2)(T7) (21),

J=0

and so Uy (z)] <O, AT (T9Y (7). We have now obtained estimates for all the
terms in (dP™),, and claim (2.5) is verified. |

3 Inducing scheme for Lorenz-like expanding maps

Let X = X = [~1,1] with Lebesgue measure m. In §2, we recalled how to extract a
one-dimensional singular expanding map 7 : X — X from a geometric Lorenz flow.
In this section, we state a result yielding an induced map F : Y — Y. The ASIP for
“weighted Lipschitz” observables on the induced system then follows from [11].

Definition 3.1 A C'** map T : X — {0} — X is called a Lorenz-like expanding map
if T satisfies Proposition 2.6(a) and condition (2.3), and T(0%) = —1, T(07) = +1,
T(1) e (0,1), T(—1) € (—1,0).

The following result is proved in §5.

Theorem 3.2 There exists a measurable subset Y = Y~ UY*T C X — {0} with
m(YE) > 0 satisfying the following properties:

(1) There is a countable measurable partition {Y;} of Y consisting of subsets of
(—1,0) and (0,1).

(2) There is a return time function r : Y — Z*, constant on each_}_/j such that
the induced map F(y) = T"W)(y) restricts to a bijection F : Y; — Y~ or
F:Y; = Y™ forallj.

(3) ST log T/ (T x) — log T'(T'y)| < C|Fz — Fy|® for all z,y € Y;.
(4) m(r >n) < Cp™ where p,y € (0,1).
(5) —log|T™y| < Cn forally €Y, n > 1.

Remark 3.3 (i) A consequence of condition (3) is that |log F'x —log F'y| < C|Fx —
Fy|® for all z,y € Y;, i.e. F:Y — Y has bounded distortion.

(ii) Tt is well-known that there exist inducing schemes satisfying conditions (1)—(4)
for Lorenz-like expanding maps and which moreover achieve exponential decay in (4).
We require the auxiliary condition (5), which is achieved at the cost of weakening the
decay rate in (4) to a stretched exponential decay rate (for any v € (0, 1)).
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(iii) The full strength of the estimates in (4) and (5) are not required for the ASIP.
For example, if we assume the growth estimate in (5), then we can weaken (4) to the
condition that Y -, n*™m(r =n) < oo for some € > 0.

(iv) Condition (5) implies uniform quadratic growth in r(y) for Z;(:yo)_l log [T*y|.
One approach [10] to proving rapid decay of correlations for flows relies crucially on
a uniform linear growth rate for this quantity coupled with an exponential decay rate
in condition (4). It seems likely that parameter exclusion arguments combined with
the techniques in this paper and in [10] will yield rapid decay of correlations for at
least a positive measure set of parametrised Lorenz attractors. This is the subject of
work in progress.

Standard arguments guarantee that there is a unique ergodic F-invariant proba-
bility measure i on Y equivalent to m|y. Moreover, dji/dm|y is bounded.

Proposition 3.4 r € LP(Y,ji) for all 1 < p < oo,

Proof It suffices to show that r € LP(Y,m|y). This follows from Theorem 3.2(4). B

For z,y € Y, define the separation time s(z, yz to be the least integer n > 0 such
that F"x, ™y lie in distinct partition elements Y;. Given 6 € (0,1) we define the
metric dg(z,y) = 05@Y),

Lemma 3.5 Let ® : Y — R be an observable with fY ®dip = 0. Suppose that there
exists an integer ¢ > 0 such that

(a) |®(y)| < Cr(y)?, and

(b) |®(z) = @(y)| < Cr(y)?de(z,y),
for allz,y €Y;, j > 1. Then ® satisfies the ASIP on (Y, 1).

Proof By Proposition 3.4, r? € L>**(Y, ). Now apply [11, Corollary 2.5]. |

4 ASIP for Lorenz flows

In this section we prove Theorem 1.1 (assuming Theorem 3.2 to be valid). In §4.1,
we show how a Holder observable ¢ on the flow leads via a sequence of reductlons
to an observable ® on the induced system F : Y — Y satisfying the hypotheses of
Lemma 3.5 and hence satisfying the ASIP. In §4.2, we recall briefly how the absolutely
continuous measure fi on Y lifts to an SRB measure for the flow. In §4.3, we show

that the ASIP for ® lifts to the ASIP for .



4.1 Estimates for observables

Let ¢ : R® — R be a Holder observable and define ¢ : X — R, ¢(x) = [ o (Tyx) dt

Proposition 4.1 Suppose that ¢ € C"(R3). Let x,y € X withsgnz, = sgny,. Then
|6(2)] < [Ploch(@) and [6(z) — ¢(y)| < Cllblly{h(@)|z —y" + [h(z) — h(y)[}.

Proof The first estimate is immediate. For the second estimate, we suppose that
x1,y1 > 0. By Proposition 2.2, h(z) = 71(x) + ho(z) where 71(x) = =\, logz; and
ho € CP(X). Then ¢ = ¢; + ¢, where

o1(z) = [P Ty dt,  go(a) = [T P) dt.

It follows from Proposition 2.2 that |Piz — Pyy| < 3]z — y|®. Since the flow is C?,
Ty Pix — Ty Pry| < Clo — y|? for all 0 <t < |ho|s. Hence

|92(2) = P2(y)| < [ho(x) = ho(Y)|[Ploo + [holoo|[ ]| TiPrar — Ty Pryl”
< [holgltlsolr = yI” + Clholocl¥lylz — y|"* < Cllwllyle — y[™”.

By a change of variables, ¢1(x) = 7 (x fo (Tyr, (z)x) dt. Hence

|p1(z) — d1(y)| < Tul(x) )y sup Ty ()% — Tim(yl" + |71(2) — 71 (9)]]¥] o

Using the form of the linearised flow, we have

En(w)(xlax%m?») = (m% xlﬁ $27$t1ﬁ>7 0 <t< 17

and 50 supg<;<q | Tir ()% — Timiyyy| < 42 — y|°. The result follows. |

Let Y be the lift of Y to X with measurable partition {Y;}, return time function
r :Y; — Z* constant on partition elements. For z,y € Y, define the separation
time s(z,y) to be the least integer n > 0 such that F"z, Fy lie in distinct partition
elements Y.

We model P : X — X by a tower f: A — A see Young [21, 22]. Here A =YY"
is a discrete suspension with partition A;, = Y; x {¢} and f(y,¢) = f(y,¢ + 1) for
¢ =0,...,7(y) — 2 and f(y,7(y) — 1) = (Py,0). The map 7 : A — X given by
7(y, () = P’y satisfies fom = mo P.

If p=(y,¢) € A, we define p = (y,¢). Two points p,q € A are said to lie in
the same stable leaf if p = ¢q. Quotienting along stable leaves, we obtain the quotient
tower A. For p= (7,/), §= (7,¢) € A, define s5(p,q) = s(Z,7). Given any 6 € (0,1),
we define a metric dy on A by setting dy(p, q) = 0*P9.

Define x : A = R, x(p) = >, ¢(P™np) — ¢(P™7p).

Lemma 4.2 |x(p)| < C||¢]], for all p € A.



Proof We suppose without loss that p = (y,0) € Y. (If p = (y,¥), then we can
replace p by (y,0) which gives an overestimate.) Then P™7mp = P™y. By Proposi-
tion 2.6(b) and Theorem 3.2(5),

B(P™y) = =X, log | Py| + ha(P™y) < =X, log [T + [halae < Cm + 1),
[h(P™y) = h(P™Y)| = [ha(P™y) = ho(P™Y)| < |hald| P™y — P™Y]".

Hence, by condition (2.2) and Proposition 4.1,

()| < Cllglly > (m+ 1) Py = P"G[" + |ho|| Py — P™GI"
m=0

e}

< Cllly Y_(m+ DA™ < Cllolly: = min{e,ng}. .
m=0
Now deﬁne&ﬁ\: pom+xof—x:A — R Note thati: A — Ris a
mean zero observation and that ¢(p) = > °_  ¢(P™np) — ¢(P"xfp). In particular,
o(p) = ¢(p), so ¢ depends only on future coordinates and can be viewed as an
observable ¢ : A — R. In the next result, we define r : A — ZT by r(y,£) = r(y).

Lemma 4.3 There exists 0 € (0,1) such that \(g(p) - (E(q)] < Cl|¢Y|l,r(p)de(p, q), for
all p,q € A.

Proof We let s(p,q) = 2N and prove that |6(p) — &(q)| < CllYllyr(p) Ny where
1 =17%, v =max{\, \{ '}, @ = min{e, nB}. The result follows for any 6 > 711/2
Write |p(p) — ¢(q)| < I+ 11+ 111+ IV, where

N N-—1
1= |¢(P"np) — p(P"mq)l, Il = Z (P fp) — (P fq)l.
m=0

111 = 3" 6(Pwfp) — o(P"nfp)l, IV = Z (P fq) — d(P™mfq)l.

m=N m=N

We give the details for terms I and /11, the remaining terms being similar.

In term 71, note that fp and fp lie in the same stable leaf. Moreover, fp = fp
(and so 111 = 0) except possibly if [P, fp € Y. In this case, arguing as in the proof
of Lemma 4.2, but with the sum starting at m = N instead of m = 0, we obtain
T < O]l Ny,

Next we consider term I. Note that p and ¢ do not separate during this part of
the calculation since s(p,q) = 2N. Writing p = (z,¢), ¢ = (y,{),

r(z)— N+

I = i_ (P T) — p(P™ 7)) (Z Z )\d) (P™7) — ¢(P™))]



so that

r(z)—1 N
1] < Z [9(P*Z) — o(PG)| + Y [6(P"FZ) — $(P"F)].
m=0

By Proposition 2.6(b,c), Theorem 3.2(5) and Proposition 4.1,

|6(P*T) — ¢(P*g)| < CllY[ly{(k + 1)|P*T — P*g|* + |log T"(T"7) — log T'(T*y) }.
Note that s(P*Z, P¥j) = 2N for 0 < k < r(z) — 1. Hence by Proposition 2.7 and
Theorem 3.2(3), and noting that r(z) — ¢ < N,

r(z)—1 r(x)—1 r(x)—1

> 16(PF3) = o(P*7) < Clltlln{ Z (k+ DY + Z [log T'(T*%) —log T'(T*5)| }
k
< Cll I ANr (@)1 +|FZ — Fjl*} S CWHn{NT( 86 +71N < Ol Nr (@)™

Since s(P™Fz, P"Fy) > 2N —m — 1, a similar argument shows that

N

> 16(P"FE) — ¢(PFG)| < Cllv]l, Ny,

m=0
completing the proof. |

Finally, define d:Y 5> R by setting (TD( ) = Ze 0 (y, ) Again o depends
only on future coordinates and can be viewed as an observable d:V - R.

Corollary 4.4 Let z,y € Y; for some j. Then

(a) 13(y)] < C|lw|lyr(y)>.
(b) |B(x) — D(y)| < Clle|lyr(y)?do(z, y).

Proof We have ®(y) = Zz 0 o(Thy) + X(Fy) x(y). By Proposition 2.6(b),

Theorem 3.2(5), Proposition 4.1 and Lemma 4.2, |®(y)| < C|t)]s T(y el
proving part (a). Part (b) is immediate from Lemma 4.3. n

4.2 Measures

Recall from §3 that there is a unique ergodic F-invariant probability measure fi on Y
equivalent to Lebesgue measure m on Y. Moreover the density g = dji/dm is bounded
above. Standard techniques [19, Chapter 6.3] lead from fi to an SRB measure p for
the underlying flow. We take a marginally different, but equivalent, route to the
definition of u, defining intermediate measures on Y, A and X.
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py: Let P":Y — Y be the induced map for P : X — X (in the same way that
F =T :Y — Y is the induced map for T : X — X). Using Definition 2.3,
a general construction (see [4, p. 22] or [19, Chapter 6.3]) leads to an ergodic P’-
invariant probability measure py on Y. Moreover, [ is the push forward of uy by the
projection Y — Y along stable leaves.

pa:  Recall that Y is the base of the tower A. We define ua on Aj, =Y; x £ to
be a copy of uy|y;. Normalising by fy rduy yields an ergodic f-invariant probability
measure pa on A.

px: Use the projection 7 : A — X to define the push forward measure pux = m.ua.
This defines an ergodic T-invariant probability measure on X.

p: Define p = px x Lebesgue/ [ « hdpx to obtain an ergodic Ti-invariant probability
measure on the suspension X" C R3.

It is immediate from the definitions that j is an SRB measure for F : Y — Y.
The SRB property is preserved throughout the steps described above, resulting in the
SRB measure p for the original flow 7;.

Proposition 4.5 h € LP(X, ux) for all 1 < p < co.

Proof Write h = hy + hs as in Proposition 2.6(b) with hy bounded. Compute that

[ = [ iondus =Y [ wondus =Y [ wordn
X A b R 5 7Y
r(y)—1 »
=3 [ mergan <l Y [ (Y mry) dn.
g0 Y i 7Y =0

By Theorem 3.2(5), 3244 " h(T%) < Cr(y)? so [ W dux < CY, [y r¥dm. B

4.3 Proof of the ASIP

To prove the ASIP for 1 on (X", 1) we begin with the ASIP for ® on (Vi) and
follow the route in §4.2 proving intermediate ASIPs on Y, A and X.

® on Y: This follows from Lemma 3.5 and Corollary 4.4.

® on Y: Since the projection Y — Y is measure-preserving.

¢ on A: By [12] (see eg. [11, Corollary B.2]), this follows from the ASIP on Y for ®
and similarly for  (more precisely r — [, 7 dpuy), and the fact that r € L¥(Y, iy ).

¢ on X: Since pom = gg—i—x — xoT where x is bounded (Lemma 4.2), ¢ o7 satisfies
the ASIP on A. Now use the fact that 7 : A — X is measure-preserving.
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¢ on X": The roof function h (more precisely h — [ « hdpx) is a special case of
¢ (with ¢ = 1) and so h also satisfies the ASIP on (X, ux). By Proposition 4.5,
h € L**(X, ). The ASIP for ¢ on (X", 1) follows by [12, Theorem 4.2].

Nondegeneracy We end this section by discussing the nondegeneracy criterion in
Remark 1.2. Recall that dy defines a metric on Y.

Proposition 4.6 The ASIP for 1 : X" — R is degenerate if and only if there exists
a Lipschitz function w : Y — R such that ® = wo F — w.

Proof First notice that nondegeneracy is preserved throughout all the steps from
Y to X" (by [12] for the suspension steps and immediately for the other two steps).

Hence it suffices to consider nondegeneracy at the level of ® on Y. Now apply
Melbourne & Nicol [11, Corollary 2.3(c)]. |

We can view F : Y — Y as a shift on infinitely many symbols and it is clear
that there are infinitely many periodic orbits for F'. (It is less clear how these relate
to the periodic orbits for the underlying flow, but that is of no consequence for this
argument). If y € Y is a periodic point of period k, define 7(y) = Z?;é O(Fy).
It follows from Proposition 4.6 that if the ASIP is degenerate then 7(y) = 0 for
every periodic point y. Hence degeneracy occurs inside a closed subspace of infinite
codimension as claimed in Remark 1.2.

5 Construction of the inducing scheme

In the remainder of the paper, we prove Theorem 3.2. For simplicity of notation,
we drop the “bars”. In particular, T : X — X is a Lorenz-like expanding map,
X = [-1,1], as in Definition 3.1 and we construct an induced map F' : Y — Y
satisfying the properties listed in Theorem 3.2.

The structure of the proof is organised as follows. In §5.1, we define the set
Y =Y UYT C X and establish some elementary properties of Y. In particular,
the set Y is defined so that estimate (5) holds and we verify that m(Y*) > 0. In
§5.2, we construct a partition {Y;} with return time function r : Y — Z% satisfying
conditions (1,2). The bounded distortion estimates (3) and tail estimates (4) are
proved in the appendices.

Preliminaries Fix § € (0,1) with d; = logd~ € N and let U = (—§,4). For each
d > ds, define I; = [~ =) and subdivide each I, into d? identical subintervals
Tim, 1 <m <d* Set I_4=—1I4 I gm = —Iqm. Define the interval partition of U
Ty = {Igm : |d| > ds, m =1,...,d*}. Then Z = Zy U {0} U {£[4, 1]} is an interval
partition of X.

12



Given Ig,, € Iy, let ijm denote the elements of Z that are adjacent to Ig,, on

the right and left. Define fd,m = Iy UlgmU [;m. Then 7 = {fd,m c|d| > ds, m =
., d*} U {0} is a cover of X.

5.1 Definition of Y

Choose ¢ small enough that TU NU = 0. Let Qy = Q U Qg where QO = I 4,1 are
the outermost elements of Zy;. Following [3, Section 3 2], we fix ay > 0 and define
inductively Qy D €y D --- as follows. Let w be a connected component of €, ;.
We delete from w the interval T—"(—e~ 1" e~*"). Further, if w’ is a component of
what remains of w and 7T"w’ does not cover an element of Z;; then we delete W’ as
well. (In particular, the deleted subset lies inside 77" (—e~ (@1~ e=(@1=1)n) ) Define
Y =(),5; Q. Also, set QF =Q, N Q7 and Y =Y N Q3.

Proposition 5.1 Estimate (5) of Theorem 3.2 is valid, and Y, log T'(T"y) < Cn?
for ally € Q,, n> 1.

Proof The validity of estimate (5) is immediate from the definitions. The second
statement follows from Proposition 2.6(a). |

Corollary 5.2 There exists Ay > 1 such that eX? < (T™)(y) < \&° for all y € Q,,
n>1. [ ]

Proposition 5.3 For alln > 1, m(QF | — QF) < ¢ le~(a=2n,
Proof Let w be a component of 2 | and let w’ C w be the piece that will be deleted

in the n'th step. Then T"w' C (—e~(@~V e=(@=bn) and so by (2.3), m(w') <
cIm(Trw') < 2c e~ (=1 Also QF | cons1sts of at most 2"~ components w. 1

Corollary 5.4 For oy sufficiently large, m(Y*) > 0.
Proof Let a = a; — 2. By Proposition 5.3,

m(Qy —Y™F) = Zm(Qf_l 05 < e -1t

n>1

Choose a so that ¢™'(e® — 1)1 < Im(Qf). Then m(Y*%) > im(Q7) > 0. n

We record the following elementary properties of Y for subsequent use.

Proposition 5.5 Suppose that x € 2,1 and T"x €Y. Thenxz €Y.

13



Proof We must show that |T%z| > e=* for all k > 1. The inequality holds for
1 <k<n-—1since z € Q,_; and holds for k = n since T"x € Y C (6,1]. If k > n,
then |T*z| = |TF—"(T"x)| > e~1k=") > e~k gince T"r € Y C Qp_p. |
Note that Y takes the form of a Cantor set. Let G denote the set of connected
components of Qg — Y (i.e. the gaps of the Cantor set) and define G* = G|V,

Proposition 5.6 For oy sufficiently large, Y- g...i<e () < Cexp{—as(loge™")"/?}
for all e > 0.

Proof Let U, = (—e ", e ") and let w be a connected component of ,_;. If
T"w covers U, then this creates a gap wNT"U,, C ,,_1 —€2,. Since w C €2,,_1, we
have (T"1)|w < A"V by Corollary 5.2. Also, TU NU = § and so T” is bounded
on T-'U. Hence (T")' is bounded by CA}* on w N T~"U so that m(w N T "U,) >
20\ e > /\g”2 for some A3 > 1.

If T™w only partially covers U, then we can adjoin the partial gap to a previously
created gap, thus ensuring that all gaps created at time n have measure at least )\3?”2.

Choose ng so that )\;ng ~e Then 37 o y<eM(Y) < D0 Qa1 — ) <
Ce~(@1=2n0 Ly Proposition 5.3. The result follows. |

5.2 Markov structure for Y

We now define a new nested sequence of sets SNln C 2,. We define also a sequence of
interval partitions P, of ), that are nested in the sense that P, is a refinement of
the restriction of P,_; to €2,,. Simultaneously, we define the return time function r.

Definition 5.7 An interval w C €, ; makes a regular return (to 05 at time n) if
either T"w D Qy or T"w D Q.

Set QO =y and Py = {Q(f} Assume inductively that Qn,l and P,,_1 are defined.
Let w € Pnfl.
e If w does not make a regular return, then (i) Put o’ = w N €, into Q. (i)

Define P, |’ = (T"7)|w'".

e If w does make a regular return to QF, then (i) Put ' = (w—T""Y*)NQ, into
Q,. (i) Define P, |’ = (I™"Z v T-"G*)|w'. (iii) Define r = n on w N T "Y*.
(If a regular return occurs simultaneously to €, and Q¢ then ignore the super-
script +'s.)

e Modify the definition of P,: Any end subintervals of T"w’ that only partially
cover an Ig,, are adjoined to the adjacent subinterval.

The properties of P,, that will be used in this paper can be summarised as follows.
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Proposition 5.8 Let w € P,,_1. Then
(a) T'w is covered by an element off, foreach ¢ =0...,n—1.

(b) If w does not make a reqular return at time n, then either (i) wN S, € P, (and
is covered by an element of Z) or (ii) wNQ, = Jw@™ where where each w(@™
lies in P, and satisfies T"w( @™ ~ Iy for some Iy, € 1y.

(c) If w makes a regular return to QF at time n, then
(w=T7"YH) N, = (| Jo™™) Uy UG,

where each w*™ lies in P, and satisfies Trp(dm) Ljm; wy is a union of
elements of P, and T"wy is a union of elements of G; w is the union of finitely
many (at most 2) elements of P,,. 5

Remark 5.9 We refer to the situation of Proposition 5.8(b)(ii) as an essential return,
and say that w; has essential return depth d. Note that T"w ~ I;,, means that I;,, C
T'w C fd,m NU. It is then immediate from the definitions and Proposition 2.6(a)
that m(T"w) < Ce~4d~% and m(T"'w) > C~le=Pdd2.

Remark 5.10 It follows from the definitions and Proposition 5.5 that

{zeX ri@)=n}=YN (D1 — ).

We can extend r to a function r : Y — Z% U {oo} by setting r = 0o on [,54 .
Definition 5.11 Define

{Y;} = \/{w NY :w € P,_; makes a regular return at time n}.

n>1

Remark 5.12 Note that the Y are distinct since points are discarded once they
make a good return. Moreover r is constant on elements Y;. We can make {Y;} into
a partition of Y by adjoining the set (), <, Q,, (where r = 00). However, it turns out
in Appendix B that m(r = co) = 0. -

Corollary 5.13 Ifr|Y; =n, then T"Y; =Y~ or T"Y; =Y.

Proof By definition, Y; = wNY where w € P,,_; makes a regular return at time n.
Let y € Y*. By definition of regular returns, there exists z € w such that T"z = y.
Since r € w C Q,_1 C Q,_1, it follows from Proposition 5.5 that x € Y. Hence
rewnNY and T"z = y. |
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A Appendix: Bounded distortion estimates

In this appendix, we prove the bounded distortion estimate in Theorem 3.2(3).
Define the cover Z of X starting from the subset U = (—4,d) C X as in §5. Define
I, to be the union of all elements J € Z such that J N (—1; U 1) # (). Then

m(J) < C dist(1y,0)/d?, (A.1)
for all J € Z, J C 1, |d| > ds. (Note that C is roughly order §-1.)

Proposition A.1 Let o = (e be the Hélder exponent in Proposition 2.6(a). If
sgnz = sgny, then |log T’z —log T"y| < C(|z — y|* + [z — y|/ min{|z], |y|}).

Proof By Proposition 2.6(a), log7"x = f + (8 — 1) log |z| where f is C“. Moreover,
for0<y<axz<l logx—logy=log(l+z/y—1)<z/y—1=(x—1y)/y. |
Theorem A.2 Let w C X be an interval and let n > 1. Suppose that for { =
0,...,n—1 there exists J, € I such that T'w C J,. Then

(a) St |The — Tyl < C and Y00 [T — Tty min{| '], [T']} < C for al

a:yew
k/ 0, k. 1
(b) C~ 1m((77:k ))gm((?f)) ng((T ))for all0 <k, 0 <n and all W' C w.
w m(T w m

Proof For each d > 1, let L(d) be the largest ¢ so that J, C I;. Then by (2.3)
and (A.1), for all ¢ with J, C I,

m(T'w) < (AT D™ Im(THDw) < (A D) m(Jpw) < COAD™) dist (14, 0)/d?.
Hence 3, -7 m(T'w) < C dist(1y,0)/d?, and so
n—1
T 2 — T'y|/ min{|T x|, |T€y|}<z Z w)/ dist( 1,,0 <C’Zl/d2
=0 d>1 JZCId d>1
A simpler argument yields

|T€x—T£y]o‘<ZZ <C’Z (1)" <C’Z —der

0 d>1 JZCId d>1 a>1

,_n

n—

~
I

completing the proof of part (a).
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Let z,y € w and ¢ < n. By Proposition A.1 and part (a),

-1
(T%)'(2) - ) g
log = logT"(T?z) — log T" (T y
(Te)’(y) g ( ) ( )
-1 -1
<CO) I Ta—Toy|* + ) |TPx - Tly|/min{|Tx|, |T'y[}) < C,
j=0 j=0

and so (T*)(z)/(T*)'(y) < C. Hence for ' C w and k,¢ < n, it follows from the
mean value theorem that there exist &;,...,& € w such that

m(T'W)m(T*w) _ (T ()T (&) _
m(Trw)m(Tw) — (TH)(&)(T) (&) —

proving part (b). |
Corollary A.3 FEstimate (3) of Theorem 3.2 is valid.

Proof Let n = r(z) = r(y), so T"Y; = Y*. By construction, Y; lies inside an
interval w € P,_; and hence by Proposition 5.8(a), T w is covered by an element of
7 for 0 < ¢ <n—1. By Theorem A.2(b),

m(T*[z,y]) < Cm(T" [z, y])m(T*w) /m(T"w) < C(Y*) ™ m(T" [z, y])m(T*w),
for all z,y € w and all ¢ < n. By Proposition A.1,

|log T'(T*z) —log T'(T*y)| < C{m(T"[z,y))* + m(T" [z, y])/dist(T*w,0) }
< Cm(T"[z, y))*{m(T*'w)* + m(T*w)/dist(T*w,0) }.

Hence
n—1 n—1
|log T'(T*x)—log T'(T*y)| < Cm(T"[z,y])" Z{m(Tzw)a—i-m(Tew)/dist(Tew, 0)}.
£=0 £=0
Applying Theorem A.2(a) yields the required result. |

In Appendix B, we require the following additional bounded distortion estimate.

Lemma A.4 Let w C X be an interval and let n > 1. Suppose that for £ =
0,...,n—1 there exists J, € I such that T'w C J,. Suppose in addition that
T Yw C U. Then there is a constant Cy independent of & such that

m(w')
m(Tmw) < Co m(w)

<

am(w')  m(T"W)
“ @)
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Proof We follow the proof of Theorem A.2. The only constant that depends on
§ occurs in the estimate for m(7T%w) which uses (A.1). The issue is that fd,m is
significantly larger than I;,, when I;,, is an outermost element of Zy. In particu-
lar, we can take C' = Cj independent of ¢ in (A.1) provided |d| > ds + 1. Hence,
for Tw C I, with |d| > ds + 1, we obtain m(T'w) < Co(AXD™H~1 dist(1,,0)/d>.
It remains to find a similar estimate when |d| = ds. Write T" 'w C fdm N
U. Then m(T'w) < (N Iy m, N U) < Co(AN9 1 dist(1,,,0)/d2 <
Co( AP~ 1 dist (I, 0)/d2. n

B Appendix: Tail estimates

In this appendix, we show that m(r > n) decays at a stretched exponential rate
provided U = (-4, 6) is chosen small enough, proving Theorem 3.2(4). We follow the
argument used in [3] for Hénon maps, and [21] for piecewise expanding maps, where
the partition elements are Cantor sets.

Theorem B.1 For any v € (0,3%), there exists & > 0 and p € (0,1) such that
m(y €Y :r(y) >n) < Cp™.

We continue to let C' > 1 denote a generic constant depending on the the map
T : X — X and the construction of F' : Y — Y (with the exception of Cj in
Lemma A.4). In addition, we let p € (0,1) denote a generic constant depending on
T and F.

First, for each x € X we define a (possibly finite) sequence of reqular returns
0 =7(z) < m(r) < m(x) < ---. Assuming 74_;(z) is defined, let 7(x) be the
smallest j > 7,_1(z) such that = € ﬁj_l and the interval w € P;_; containing z
makes a regular return to QF at time j (if such a j exists). In particular, for y € Y’
the sequence {7(x)} is finite and bounded above by r(y).

To prove Theorem B.1, we show that for y € Y, (i) regular returns occur often
enough and quickly enough up to time r(y), and (ii) sufficiently many points land
in Y on each regular return. Point (ii) is dealt with easily. Let O, = {y € Y :
Tk(y) is defined}.

Proposition B.2 m{y € 6 : r(y) > m.(y)} < p~.

Proof Note that
Or C{y €Ok :7(y) >ma(y)} (B.1)

Now Oy, is a disjoint union of subsets w MY where each w lies in P;_; for some j and
Ti|w = j. (In particular, 77w > QF.) By Theorem A.2(b),
m(wNTY) (TwNY)

> o1

> 10 'm(YF) > C > 0.
(@) m(T70) >;CTm(YF)>C >0
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Hence m{y € Oy : r(y) = 7(y)} > C7'm(O}) and so m{y € O, : r(y) > (y)} <
pm(0y). The result follows inductively using (B.1). |

For point (i) we require the following preliminary lemma.
Lemma B.3 There exist 6 > 0, such that the following holds for all 7 > 0, n > 1.

Suppose that w € P;_; makes a regular return at time j and let W' = (w—T7Y)NQ;.
Then

m{x € T'w : T 72 has no reqular returns between j and j +n + 1} < Cpv™.
We postpone the proof of Lemma B.3 to the end of the appendix.

Lemma B.4 (a) For a.e. y €Y, if y € O and r(y) > 1:(y), then y € Opq.
(b) For any 0 <~ <~ < %, there exists € > 0 such that

m({z € QN Oy : Tv(2) > n}) < p for all N < en’

Proof By Lemma B.3, for each j, k,
m{y € O : 7,(y) = j and there are no further regular returns before time n} < CpV™,

and so m{y € O : 7,(y) = j is the final regular return} = 0. Hence for each k,
m{y € O : 7x(y) is the final regular return} = 0, proving part (a).

To prove part (b), let 1 <ny < --- < ny < n be fixed for the moment. For k < n,
define Ay = Ag(ny,...,ne) to be the set

{z € ﬁk : the regular returns of x up to time k are exactly those n;’s with n; < k}.

(i.e. 7;(z) = n; for all n; < k and if n; > k, then either 7;(x) > k or 7;(z) is undefined.)

Applying Lemma B.3 to w = Qg (with j =0, n = n; — 1), we obtain m(A,,_1) <
C’pm. Now A,,_; is a union of intervals w € P,,, ;1. Discard those w that fail to
make a regular return at time n; and replace those that do by w’ = (w—=T""Y)NQ,,.
Then A, is the union of these w'. By Theorem A.2(b) and Lemma B.3 (with j = n,
n=mny—n;—1),

m<w n Am—l) < Cm(Tm (w/ n An2—1)) < C"O 2ol
m(w) T m(TMw) - m()

Hence m(An,_1)/m(A,, 1) < CpV™2~™~1 Proceeding inductively,

m(An)  m(An1)  m(An,)
m( A1) m(An, 1) - m(An, 1)

m(An) = m(An1—1> S OZ:OS S OEIO\/H7
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where

S=m— DY 4 (ng—ny — DY 4ot (ng—ngy — DY2 + (n—ny — 12
>{(ni—1)4+me—n =)+ +n—-—n—D}N*>m—-0—-1)>"
Z n1/2 . (€+1)1/2

!

Choose € > 0 so small that Cp = p/ < 1. Then for £ < en” we have m(A4,) < (o)
and so for N < en’,

i

m{z € Q, N Oy : 7n(x) > n}

Z m(A,(ny,...,ng) NO)

=0 1<ni<--<ng<n
N—

S )@ =N (g )6 < e

=0

IA

Proof of Theorem B.1 Define N = [en”] as in Lemma B.4(b). By Lemma B.4(a),
for almost every y € Y, either r(y) > 7n5(y), or r(y) = 7(y) for some & < N. It
follows that

{yeY:ir@y) >ntc{yeon r(y)>mwy}u | J{y € Qnor:n(y) >n}.

Hence the theorem follows from Proposition B.2 and Lemma B.4(b). |

Proof of Lemma B.3

Let w € P;_; be as in the statement of Lemma B.3. By Proposition 5.8(c), (w —
T7Y)NQ, = = (Jw®™) Uwy UL where: each w@™ lies in P; and satisfies
Tiw @™ ~ I ,; wy is a union of elements of P; and TYwy is a union of elements of G;
w is the union of finitely many elements of P;. We obtain estimates in the following
order: w@™ in Lemma B.5; |Jw©@™ in Corollary B.6; @ in Corollary B.7; wy in
Lemma B.8.

Lemma B.5 There exists §,c; > 0 such that the following holds. Suppose that wg =
wldomo) ¢ P; with v = Tiwy = Ly m, where dy < cin. Define

Yo = {2 € v : T2 has no regular returns between j and j +mn -+ 1}.
Then m(v,) < Cp™m(y).
Proof Note that ds = logd~! is to be taken as large as required in this proof.
If w is any interval and 0 & T9w for 0 < j < k, then 1 > m(T*w) > cAim(w)

by (2.3) so that k < —(logc + logm(w))/log A\1. In particular, m(ly,,) = e~?/d?, so
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if k is the time between an essential return of depth d and the next essential return,
then for d > ds large enough, k < 2d/log ;.

Let Q ={w € Pjin : TVw C 7, }. Then T7Q is a partition of ~,. To each w € Q,
associate the itinerary wp D wy D -+ D wy,, = w, where wy € Pjip, £ =0,...,n. Let

J=Jjtm<j+m<---<j+tn<j+n

be the essential returns between times j and j + n for w. Let d;, 0 < i < s, be the
associated depths, so TV w, =~ Iig ,, for i =0,...,s. In particular, 7,41 — n; <
2d;/log Ay and hence dy + dy + -+ + ds > %nlog)\l. For each R > %nlog)\l — dp,
define Qr = {w € Q:dy +---+ds = R}. We claim that for any 8, € (0,1 — 3), we

can choose ds > 0 sufficiently large that

(a) #Qr < R/
(b) m(T?w) < e Prlie2dom(y) for all w € Q.

It follows that for any §; < 31, we can choose d; large enough that - o m(T7w) <
e~ P2fe2dop (+). Hence,

my)= Y, Y m@w)<fmly) Y e BE

R>1InlogA\1—dy wWECR R>1nlog A\1—do

= Cle~3m0210801 (B Doy (1) < Ce~m(302108M=e1(Ba42) (),

The result follows for any ¢; < %ﬁg log A1/(B2 + 2).

It remains to prove the claims. To prove (a), note that by Proposition 5.8(b) once
a sequence of partition elements Iy, ,,, € Zy (k = 1,...,s) is specified, there is at
most one element w € P;,,, that has precisely this sequence of essential returns, and
no regular returns, from time j to j +n+ 1. A standard combinatorial estimate (|3,
p. 35]) shows that for § small, there are at most >/ 45" different ways of choosing
the sequence (dy, my) such that R = d; + - - - + ds (given the constraints dj, > ds and

To prove claim (b), write

: m(Tiw) m(Tiw,,) m(T’w,,) m(Tw
T'w) = . /e - ?71 Ml .
) = ) (Toe) (Tl E Ty )
By condition (2.3), Remark 5.9 and Lemma A .4
T Ti+nk-1+1 Ti+nk —di ]2
m(T]Wnkﬂ) m (T +m—1+ Wnkfl) m (T +m—1+ Wnkq) € ’Gdk‘lqu
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and (5 is independent of 9. Hence

,dkd_
m(T77) < H o b m(a) = Cje e b+ i)
Cs —(1-B)R 2d0 (7)
Finally, we note that s < R/ds (since d > ds for all k) so the claim follows. |

Corollary B.6 Suppose that v = UZ TIw,; where w; € P; and Tiw,; ~ Ly, ¢, for each 1.
Define 7, as in Lemma B.5. Then m(~,) < Cp".

Proof Clearly m(vy, N (—e " e~ ")) < 2" and by Lemma B.5, m(v,
(—emam emam)) < 3. Cop"m(TVw;) < Cp™. Hence m(y,) < Cp™ + 2e™.

Corollary B.7 Suppose that v = T'w where w € P;. Define vy, as in Lemma B.5.
Then m(vyy,) < Cp™.

Proof We may suppose without loss that m(y) > clemanloe By the same argu-
ment used at the beginning of the proof of Lemma B.5, it follows from (2.3) that ~y
makes an essential return at time jo < n/2. Let o = T, so v satisfies the hypoth-
esis of Corollary B.6. Moreover, points # € 7" have preimages 7~z (that have no
regular returns between j and j+mn+1 and hence certainly no regular returns between
j+jo and j+ jo+ (n—jo) + 1. In particular, T-U*7)z has no regular returns between
§ 4 jo and j + jo +n/2. By (2.3) and Corollary B.6, m(y) < ¢ 'm(y) < Cp™2. 1

Lemma B.8 Suppose that w C (NZJ- is a union of elements of P; and v = TVw is a
union of elements of G. Define ~y, as in Lemma B.5. Then m(~y,) < CpvV™.

Proof Choose p € (p,1) where p is as in Corollary B.7. Let G’ = {y € G : m(v) <
p"} and G”" = G — G'. Let v =+ U~” be the corresponding decomposition of v. By
Proposition 5.6, m(y') < Ce™*V™ where as = ay(—log p)*/2.

It remains to estimate m(y)). Let M denote the cardinality of G”. Note that
Mp* < 3 segnm(y) < 2, s0 that M < 2p~™. If 5 C v, then 7 = T7% where & € P;
so, by Corollary B.7, m(7,) < Cp™. Hence

my) =Y, m@n) < MCp" < Clpp )"

¥EG", ACy u
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