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Abstract

We develop an abstract framework for obtaining optimal rates of mixing
and higher order asymptotics for infinite measure semiflows. Previously, such
results were restricted to the situation where there is a first return Poincaré
map that is uniformly expanding and Markov. As illustrations of the method,
we consider semiflows over nonMarkov Pomeau-Manneville intermittent maps
with infinite measure, and we also obtain mixing rates for semiflows over Collet-
Eckmann maps with nonintegrable roof function.
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1 Introduction

Decay of correlations is a delicate phenomenon for continuous time dynamical sys-
tems. Exponential decay of correlations has been established for certain classes of
Anosov flows [16, 19, 30, 48], and the techniques have been extended to various
(non)uniformly hyperbolic flows [3, 4, 6, 7, 8, 15]. Nevertheless, the class of flows for
which exponential decay has been established is very restricted.

The situation for superpolynomial decay of correlations (rapid mixing) is some-
what better. Rapid mixing for (nontrivial) basic sets for typical Axiom A flows was
established in [20, 21], and was extended in [33] to nonuniformly hyperbolic flows
given by a suspension over a Young tower with exponential tails [49].
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For slowly mixing nonuniformly hyperbolic flows (suspensions over Young tow-
ers with polynomial tails [50]), the method of [20, 33] was used in [34] to establish
polynomial decay of correlations.

Recently [38] developed operator renewal theory for continuous time dynamical
systems, extending the discrete time theory of [24, 45]. The framework in [38] applies
to slowly mixing nonuniformly hyperbolic semiflows that can be modelled as first
return suspensions over full branch Gibbs-Markov maps (uniformly expanding Markov
maps with an at most countable Markov partition satisfying bounded distortion, see
Remark 2.4 for more details). For this class of continuous time systems, [38] shows
that the polynomial decay rates in [34] are sharp.

The paper of [38] also addresses mixing and rates of mixing for infinite measure
nonuniformly expanding semiflows, extending the work of [26, 36] in the discrete time
setting. Again, the results in [38] are restricted to the Gibbs-Markov setting.

In the current paper, we introduce a functional analytic framework that dispenses
with the Gibbs-Markov structure in [38]. The statement and proof of our first main
result, Theorem 2.5 below, is somewhat technical, but the main conclusions are easily
described. The prototypical class of dynamical systems with infinite measure are those
that are intermittent in the sense of Pomeau-Manneville [44]. Previous results [26, 36,
38] deal with such systems for either discrete time or in the continuous time Markov
case. For continuous time nonMarkov examples, the previous theory is insufficient.
The new methods in this paper are able to handle such cases, as exemplified by the
example below.

Example 1.1 Let X = [0, 1] and consider the map f: X — X given by
f(z) =2z(1+az"?)mod 1 where 8 € (1,1), a> 0. (1.1)

This is an example of an AFN map [51], namely a nonuniformly expanding one-
dimensional map with at most countably (in this case finitely) many branches with
finite images and satisfying Adler’s distortion condition esssup |f”|/|f’|> < co. Up to
scaling, there is a unique absolutely continuous invariant measure px. The measure
px is infinite and the density has a singularity at the neutral fixed point 0.

Let 75 : [0, 1] — [2,00) be a continuous roof function and let f; denote the suspen-
sion semiflow on X™ with invariant measure ¥ = px x Lebesgue. Note that there
is now a neutral periodic solution of period 74(0).

If a is a positive integer, then f is Markov and the semiflow f; is covered by the
framework in [38]. Otherwise, we are in the nonMarkov setting and new methods
are required. Roughly speaking, we show that for any € > 0, almost any sufficiently
regular roof function 7y, and sufficiently regular observables v, w : X™ — R supported
away from the neutral periodic solution, there exist explicit constants d; > 0 and
dy,ds, ... € R (typically nonzero), such that

Jowo fi = ¥, dt=0P) [v [ w4 O(t-3-9)



Here, the sum is over those j > 1 with j(1—3) < 5 —e.

A more challenging class of examples is provided by suspensions over unimodal
maps with nonintegrable roof functions. Here there does not exist a uniformly ex-
panding first return Poincaré map, and the functional-analytic setting is considerable
more complicated. Our second main result, Theorem 2.8, allows us to establish rates
of mixing in such examples:

Example 1.2 Let X = [0,1] and let f : X — X be a C? unimodal map with
unique non-flat critical point zy € (0,1). We suppose that f satisfies Collet-Eckmann
and slow recurrence conditions with a mixing acip pux. (See Section 10 for precise
formulations of these assumptions.)

Consider a roof function 7 : X — RT of the form 7n = g(z)lz —
xo| /% where 8 € (3,1) and ¢ : [0,1] — (1,00) is differentiable. Form
the suspension semiflow f; : X™ — X7 as in Example 1.1. Define kg =

{ 25(1 - B) 8> 1(V/5-1)

Then we show that for typical choices

N |— N+

IWe-1)-B(56-2) B<i6-1)

of g and all € > 0,
Jowo fi=dit P [v [w+ Ot (=9)),

for sufficiently regular observables v, w : X™ — R supported in X x [0,1], where
dy > 0 is an explicit constant. (Note that ko >1— 8 for all 8 € (1,1).)

There are two ingredients that make possible the generalisation to semiflows that
do not possess a Gibbs-Markov first return Poincaré map:

(a) In Section 4, we incorporate ideas from [31] (based on [29]) for dealing with
perturbation theory of transfer operators, thereby significantly relaxing the
functional-analytic hypotheses.

(b) In Sections 5 and 7, we incorporate the idea of using a second (reinduced) sus-
pension semiflow model for the study of high Fourier modes. This method was
introduced in [39] for the study of toral extensions of nonMarkov slowly mixing
dynamical systems (with finite and infinite measure). As in [39], reinducing
facilitates the use of Dolgopyat-type arguments.

In Sections 2 to 6, we work with a “superpolynomial” Dolgopyat assumption |20,
33], condition (H4) below, whereas in Section 7 we consider an “exponential”
Dolgopyat assumption (UNI) [19]. The former has the advantage of applying
to a much larger class of dynamical systems (given the current technology),
whereas the latter permits a much larger class of observables v, w.

The focus in this paper is on rates of mixing for infinite measure semiflows. As
pointed out to us by Dima Dolgopyat, Péter Nandori and Doma Szasz, mixing itself
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does not require Dolgopyat-type arguments, so reinducing is not required for mixing
without rates. However, ingredient (a) remains useful for studying mixing of infinite
measure semiflows, see [40]. Also, we anticipate that ingredient (b) will be useful
for future work on rates of mixing (correlation decay) for finite measure semiflows,
extending [38] from the Gibbs-Markov setting.

The remainder of the paper is organised as follows. In Section 2 we introduce the
abstract functional analytic setting, and state our main results, Theorems 2.5 and 2.8.
An outline of the proof of Theorem 2.5 is presented in Section 3. Sections 4 and 5
contain proofs of the main lemmas (Lemma 3.2 and 3.3) dealing with small and large
Fourier modes respectively. In Section 6, we prove Theorem 2.8. Section 7 shows how
to enlarge the class of observables v and w under the stronger assumption (UNI) for
the underlying dynamics. In Section 8, we show how the hypotheses for Theorem 2.8
can be verified in examples, such as those in Example 1.2, which can be modelled as
a suspension over an exponential Young tower. In Sections 9 and 10, we apply our
main results to Examples 1.1 and 1.2 respectively.

Notation We use “big O” and < notation interchangeably, writing a,, = O(b,,) or
a,, < b, if there is a constant C' > 0 such that a, < Cb,, for all n > 1.

2 Abstract set-up

Let (Y,dy) be a bounded metric space with Borel probability measure p and let
F Y — Y be an ergodic and mixing measure-preserving transformation. Let 7 :
Y — R be a nonintegrable roof function bounded away from zero. For convenience,
we suppose that essinf 7 > 1. Throughout we assume that

ply €Y :7(y) > t) =t + O(t9) where ¢ > 0, 8 € (1,1) and ¢ € (1,20].

In particular, 7 € LP(Y) for all p < .

Define the suspension Y7 = {(y,u) € Y xR : 0 <u < 7(y)}/ ~ where (y,7(y)) ~
(F'y,0). The suspension semiflow F; : Y™ — Y7 is given by Fi(y,u) = (y,u + t),
computed modulo identifications. The measure p” = pu x Lebesgue is ergodic and
Fi-invariant.

Next, let Z C Y be a subset of positive measure (possibly Z =Y). Leto : Z — Z*
be an inducing time such that F?®)(z) € Z for all z € Z, yielding the induced map
G = F? : Z — Z. Throughout we assume that

w(z € Z :0(z) >n) = O0(e") for some d > 0.

Remark 2.1 We are specifically interested in the case when o is not the first return
time. Otherwise, in light of hypothesis (H2) below, we could induce to a first return
semiflow over a Gibbs-Markov map G and proceed as in [38].



Define the induced roof function
©="T,: 72— RT, o(2) :Z?izo)ilT(sz).

Then we can form the suspension semiflow G; : Z¥ — Z¥ with Z¥ = {(z,u) €
ZxR:0<u<yp(z)}/ ~ where (z,0(z)) ~ (Gz,0), and G, : Z¥ — Z¥ is given by
Gi(z,u) = (z,u +t), computed modulo identifications.

2.1 Rates of mixing and higher order asymptotics

In this subsection, we state our first main result.

Assumptions on ' and 7 Let H = {Res > 0} and H = {Res > 0}. Let
R: LY(Y) — L'(Y) denote the transfer operator for F': Y — Y, that is [, Rvwdp =

[y vw o Fdp. Define the twisted transfer operators R(s): LNY) — L'(Y), s € H,
R(s)v = R(e” ).

We assume that there exists py > 1, and for each p € (py, 0) and € € (0, 5) there
exists a Banach space B(Y') containing constant functions with norm || ||, and
constants d > 0, 7o € (0,1) and C' > 0 such that

(H1) (i) B(Y) is compactly embedded in LP(Y').
(i) |R(s)"0||sv) < C(|[v] oy + 8|0l sery) for all s € HN Bs(0), v € B(Y), n > 1.
(iii) |R(7°~¢|v])|, < C||v|lsy) for all v € B(Y).

Remark 2.2 It is clear from the arguments in this paper that the assumption
that (H1) holds for all p and € can be relaxed. Indeed, there exist py > 1 and
€0 > 0 depending only on [ such that (H1) is required to hold only for one value of
p > po and one € € (0, ¢).

Remark 2.3 Condition (H1)(ii) is equivalent to the existence of constants v, € (0, 1),
ng > 1 and C > 0 (with 4, = 77°) such that ||R(s s)|lsy < C and | R(s $)"v|| gy <
C|U|Lp )+ 7llvllse for all s € HN Bs(0), v € B(Y).

In parmcular, if the family s — R(s) of operators on B(Y) is continuous at s = 0,
then (H1)(ii) holds for sufficiently small § if and only it holds for s = 0.

Assumptions on G and o Let dz be a metric on Z. For ¢ > 1, define 7, =
ZZ o7 0 F7. We assume

(H2) There is an at most countable measurable partition o of Z with p(a) > 0 for
all @ € « such that ¢ is constant on partition elements. Moreover, there are
constants A > 1, n € (0, 1], C' > 0, such that for each a € «,



(i) G = F7 restricts to a (measure-theoretic) bijection from a onto Z.
(i) dz(Gz,GZ') > Adz(z,2") for all 2,2’ € a.
(iii) € = ™z satisfies | log £(z) — log &(2')| < Cdy(Gz, G2) for all 2,2 € a.
)

T dp|zoG
(iv) dy(F*z, F*2') < Cdz(Gz,G2) for all 2,2' € a, 0 <l < o(a).

(H3) There exists C' > 0 such that |7(z) — 7(2")| < C(inf, p)dz(Gz, GZ')" for all
a€a,zz€a ll<o(a).

(H4) Approximate eigenfunction condition [20, 33, 35]. It suffices [35, Proposition 5.2]
that there exist three fixed points z; € (J,c,a, @ = 1,2,3 for G : Z — Z with
periods p; = ¢(z;) for the suspension semiflow G, : Z¥ — Z% such that that

(p1 — p3)/(p2 — p3) is Diophantine.!

Remark 2.4 Assumptions (H2)(i)-(iii) mean that G : Z — Z is a Gibbs-Markov
map (standard references for background material on Gibbs-Markov maps are [1,
Chapter 4] and [2]). Let «, denote the partition of Z into n-cylinders, and define &, =
H}:& £oGY. The transfer operator RY : LY(Z) — LY(Z) for G satisfies ((R%)"v)(z) =
> aca, En(2a)v(24) Where 2, is the unique preimage in a of z under G, and there exists
C > 0 such that for all z,2’ € a, a € a,,, n > 1,

&n(2) < Cpla),  [6n(2) — (2] < Cpa)dz (G2, G"2')". (2.1)

If F is Gibbs-Markov, then we can take Z =Y, 0 = 1, R® = R, and it suffices
to verify (H3) with ¢ = 1 and (H4), thereby reducing to the hypotheses in [38].
Indeed it is immediate that condition (H2) is redundant and that (H3) reduces to
the case ¢ = 1. Taking B(Y) to be a Holder space, (H1)(i,ii) are standard, see
for instance [38, Proposition 3.5]. Also, |R(T77~0)|s < 3 ,c, SUP, € sup, (777v)
Clv|eo >, p(a) sup, 7°7¢.  Assuming (H3) with ¢ = 1, we have sup, 7 — inf, T
Cinf, 7(diam Y)7, so sup, 7 < inf, 7 and |R(7°"0)| < |[v]e Y, pt(a) inf, 777
Voo [y TP dp < ||v]| gy verifying (H1)(iii).

IAIAIA

Observables Let 17 € (0,1]. Define Y =Y x [0,1]. Given v:Y — R, we define

[vllen = [v]eo + [v]em,  |vlen = sup  sup |v(y,u) —v(y,u)|/dy(y,y)".
vy’ €Y, y#y’ uel0,1]

Let C7(Y) be the space of observables v : ¥ — R for which [v]| gz < 00

Next, let B(Y) be the Banach space in (HI). Define vy, =

supyepq) [v(+ w)l|sv). Then B(Y) is the space consisting of those v € L'(Y) with
[V]lg57) < o0

Tn [38], the corresponding assumption (A.2) is misstated in terms of two periodic orbits, and
should be replaced by the condition here (see [35] for more details). The general approximate
eigenfunction condition in [38, Definition 4.2] is stated correctly.

6



If ve B(Y)NnC(Y), then we define [[vf| = [lv]lg5) + [[v]lon -
For w : Y x (0,1) = R, m > 0, set |w|oo;n = maxj_o__m |0 w|e. We write
we L™(Y) if suppw C Y x (0,1) and |w]eem < 00.

Define
Pow(t) = / vwo Fydu™.

We can now state the first main result.

Theorem 2.5 Suppose that (H1)-(Hj) hold. Define

ﬁ:{ﬁ(l—%w)/q q<2p

L , where € > 0 s arbitrarily small.
5 — € q=20

Then there exist constants di = é sin fm, do,ds, ... € R, and there exists m > 2,
such that

Puan(t) = X, At fovdym [ wdim + O(oll|ew]oc.m ),

for allv e BY)NC1(Y), we L>m(Y), t > 0. Here, the sum is over those j > 1
with j(1 — ) < k.

Remark 2.6 As indicated in the introduction, for a more restricted class of dy-
namical systems satisfying a uniform nonintegrability (UNI) condition, we obtain a
stronger result; namely the conclusion of Theorem 2.5 holds for m = 2. See Section 7
for a precise statement.
Remark 2.7 (a) Suppose that pu(p > t) = ct™? + O(t7*) and that § > 2. If in
addition dy # 0 (as is typically the case), then we obtain second order asymptotics
in Theorem 2.5 and the mixing rate is sharp. These results are identical to the ones
obtained in [36, Section 9] in the discrete time context.

We note that the proof of Theorem 2.5 gives explicit (but not particularly nice)
formulas for the constants d;, j > 2 (cf. [36, top of p. 89]).
(b) Mixing rates and higher order asymptotics for the case § = 1 can be also obtained
along the lines of [36, Section 9.2]. We omit this case here.

2.2 Alternative hypotheses for mixing rates

Theorem 2.5 gives explicit, often optimal, rates of mixing as well as high order asymp-
totics. In this subsection, we state an alternative hypothesis in place of (H1) under
which it is still possible to obtain rates of mixing, though the estimates are rougher.

We assume that for every (sufficiently large) p € (1,00), there exists a Banach
space B(Y) containing constant functions, with norm || ||y, and constants ¢ > 0,
7 € (0,1) and C > 0 such that



(A1) (i) B(Y) is compactly embedded in LP(Y).
(ii) |R(s)"v|srvy < C([v|pivy + 78 IvllBry) for all s € HN Bs(0), v € B(Y), n > 1.

It follows from these assumptions (see Lemma 6.1 below), that (after possibly
shrinking &) there is a continuous family of simple eigenvalues A(s) for R(s) : B(Y) —
B(Y), s € HN Bs(0), with A(0) = 1. Let ((s) € B(Y) be the corresponding family
of eigenfunctions normalized so that [, ((s)du = 1. We assume further that there
exists £ € (B,1) such that

(A1) (iii) | f,.(e™ = 1)(¢(s) — 1) dp| < C|s|P+ for all s € HN Bs(0).

Theorem 2.8 Suppose that (A1) and (H2)-(H4) hold. Let k = (1 — 25+ 51)/B4+,
di = 17rsin Br. There exists m > 2, such that for all € > 0,

Pow(t) = dyt—1=6) f?vdﬂf ff/ w dp™ 4+ O([|v)ll 0] som $=(k=e)),
for all v € BT) N CM(T), w e Lon(P), ¢ > 0.

Remark 2.9 Note that (1 — 28 + z)/xr = 1 — [ when z = f, and hence this
expression is strictly greater than 1 — g for x = g, > (5.

If ¢ = 28 and (A1)(iii) holds with gy > 27 then it follows from the methods
in this paper that we obtain the same error rates and asymptotic expansions as in
Theorem 2.5. If min{q, 5.} € (1,25), then we obtain essentially the same error rates
(up to an €) and asymptotic expansions as in Theorem 2.5.

However, the criteria in Section 8 for verifying (A1)(iii) hold only for g, € (5, 1),
hence our restriction to this range in (A1)(iii) and Theorem 2.8.

2.3 Semiflows on ambient manifolds

In applications, we are often given a semiflow f; : M — M on a finite-dimensional
manifold M, with codimension one cross-section X and first hit time 75 : X — R*
and Poincaré map f : X — X. Here 79(x) > 0 is least such that f ) (z) € X and
(@) = fro@) ().

We are particularly interested in the situation where f : X — X possesses a
conservative ergodic absolutely continuous infinite Borel measure px. In this case,
we fix a subset Y C X with pux(Y) € (0,00). Define the first return time r : ¥ —
Z" and the first return map F = " : Y — Y with ergodic invariant probability
measure 1 = (ux|Y)/pux(Y). The induced roof function 7(y) = Z;(:yg_l 70(f’y) and
suspension semiflow F} : Y7 — Y7 is as defined above.

Let mpy : Y™ — M denote the semiconjugacy between F; and f; given by
v (y,u) = fuy. We assume that the suspension semiflow F; : Y7 — Y7 falls into

the abstract setting above. Let M = Usepoy fe(Y) = mu(Y). Let v,w M — R

be observables such that w € L™(M) and vomy € B(Y) N C"(Y) where B(Y)
is the Banach space in (H1). Then it is immediate that Theorem 2.5 applies to

fysvwo fidp.



3 Strategy of proof for Theorem 2.5

Recall that F, : Y™ — Y7 is a suspension semiflow over a mixing map F' : Y — Y
with roof function 7 : ¥ — R*, and that G, : Z¥ — Z¥ is a suspension semiflow
over G = F? : Z — Z with roof function ¢ = 7, : Z — R*. Recall also that
1" = pu X Lebesgue is an ergodic Fj-invariant measure on Y7.

Assumption (H2)(i)-(iii) guarantees that there is a unique ergodic G-invariant
probability measure iz on Z that is absolutely continuous with respect to pu|z. We
obtain an ergodic Gy-invariant measure pf = (uz x Lebesgue)/ [, o dpy on Z¥.

The projection 7 : Z¥ — Y7 given by 7(z,u) = F,(z,0) defines a semiconjugacy
between the suspension semiflows G; : Z%¥ — Z¥ and F; : Y7 — Y7. The following
result, proved in Section 5, shows that 7 is measure-preserving.

T

Proposition 3.1 m.u% = u".
It follows that

puw(t):/ vaFtd,uT:/ 0w o Gyduy, where v =vom W =wor.
T Z(p

Let pyw(s fo e ' pyw(t) dt denote the Laplace transform of p,,,(¢). This is
analytic on ]HI We are partlcularly interested in the behaviour of p, ,(s) for s = ib
purely imaginary. As indicated in the introduction (ingredient (b)) the strategy in
this paper is to analyse p, ., (ib) using the two different expressions for py.(t). For bin
a neighbourhood of 0 (b “small”), we use the representation p, ,( fYT vwoFyduT.
For b outside a neighbourhood of 0 (b “large”) we use the representatlon Pow(t) =
[ 010 © Gydp,.

The resulting estimates are stated in Lemmas 3.2 and 3.3 below, and are proved
in Sections 4 and 5.

In the remainder of this section, we state the key estimates for small and large b
(Lemmas 3.2 and 3.3) and use them to prove Theorem 2.5. Except in the proof of
Lemma 3.6 below, we write p(t) and p(s), suppressing the dependence on v and w.

We assume (H1)-(H4) throughout. Let ¢g =i [~ e 0~ F do. Recall that u(r >
t)=ct P +O(@t™7) where ¢ > 0, B € (3,1), ¢ € (1,20].

Lemma 3.2 For alle > 0, there exists C, § > 0, such that forv € B(Y), w € L=(Y),
(@) [p(s)] < Cls|?[lvllgw) [wl (s for all s € HN Bs(0).

(6) [p(i(b+h))—p(ib)| < CL2PHP b PO~} |0]l s 0] oo iy for allO < B < b < 6.

(¢) There are constants ¢; € C with ¢y = c‘lcg1 such that for all a € (0,4dt), € > 0,

/ e p(ib) db—ch/ —(G+1)5-9) “’tdb/vdu /wdu
0

+O({(a/t) 7 + (a/t) ~HIvll sy w0l oo )



where the sum is over those j > 0 with (j + 1) — 7 > 20 —q.
Lemma 3.3 Let 6, € > 0. There exists C, w > 0 such that
16(i(b + h)) — p(ib)]| < CE R~ (0]l ey 0] oo 3y
forall0 <h <6 <b,veCY), we L>(Y).

Lemmas 3.2 and 3.3 are proved in Sections 4 and 5 respectively. We now have the
necessary prerequisites for completing the proof of Theorem 2.5.

Proposition 3.4 (cf. [38, Proposition 6.2]) The analytic function p on H ez-
tends to a continuous function on H\ {0}, and
1 [~ 1 [
o(t) = 5- / e 5(ib) db — / Re(e™ j(ib)) db.
T J_

0o ™ Jo

Proof This is the same as the proof of [38, Proposition 6.2] with [38, Proposition 6.1]
replaced by Lemma 3.2(a). |

Lemma 3.5 (cf. [38, Proposition 6.4]) Let € > 0. There exists C, § > 0 such
that for alla >1,t > (a+7)/8, v e B(Y), w e L®(Y),

\ / i 5 i) db\w{t (1-8)=C8=D 4 ==Y |u|| g [0] o .
/t

Proof Throughout, we suppress the factor ||v[| 5y [w] o 5. Write
5 o+m/t
I= [ ey =— [ - mje)
aft (a+m)/t

Then 21 = I, + I, + I3, where

d+m/t (a+m)/t
I =— / e"p(i(b —w/t))db, I = / e p(ib) db,
) a/t

I = /( e (p(ib) — p(i(b — /1)) db

a+m)/t

Clearly I; = O(t™'). By Lemma 3.2(a), || < faH =8 ay < (m/t)(a/t)? <
t=(1=8g=F. By Lemma 3.2(b) with h = 7/t,

00 )
|I3] < t° / b db + =6 / b8 dh < t—(1-B) g (26-1) | 4=(5—e)
a/t 0

This completes the proof. |
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Lemma 3.6 (cf. [38, Proposition 6.5]) For any § > 0, e € (0,03), there exists
C >0, m > 2, such that for all t > 0, UEB( )N CUY), w e Lom(Y),

| [5~ e p(ab) db| < Ot~ vl gy [w] oo 3y
Proof Let w be as in Lemma 3.3. Choose m such that m > w + 1. By [38,
Proposition 3.7], pyw(8) = Pm(8) + 7m(s), where py,(s) is a linear combination of s,

j=1,...,m, and 7,,(5) = 57" Pyomw(s).
By the proof of [38, Proposition 6.5], | [5~ ¢™p,, (ib) db] < tHO| Lo @y [ W] Loorm (37

By Proposition 3.4, 7, is well-defined and continuous on H \ {0}. By Lemma 3.3
with h = 7 /t,

[P (i) — P (i(b — 7/8))] < 07| oy 55 |05 0] o -
Suppressing the factor |[v]|cn ) |07 W[ oo 57y,
12 [ €7y, (i) db| < f;o |fm ib) — P (i(b — 7 /t))| db + féﬂ/t m(i(b—m/t))| db
< 7079 [p M=) db + O(t71) = O(t~F~9),

where in the last inequality we have used that m > w + 1. |

Proof of Theorem 2.5 Welet a =7, where v € (0, 1) is chosen later. A calculation

(see for example [36, Proposition 9.5]) shows that for every j > 0, there exists C; € C,
with Cp = [~ e07F do =I'(1 — B)e~"#™/2, such that

a/t
/ b(GHDB-D bl gl _ ¢y 4= GHD0-B) o = GH)(-5) (U +15-3)
0

— tfl(a/t)j*(J*l)ﬁ < =P g5,
By Lemma 3.2(c), writing ¢; = ¢;C; [pvdu” [y wdp’,
a/t '
/ e p(ib) db — > Gt « =P 4 (a/t)'™
0 §20

26—q q¢<2B
€ q=2p
By Lemmas 3.5 and 3.6,

/ zbt (Zb db—ZCt (G+1)(1-8) < (Cb/t)l Tt (1—,3)&—(25—1)+t—(,3—5)
0

7>0

where 7 = ;and ¢g = C_ICEI, cg = Z'fooo e o P do =T'(1—-3)e’m/2,

— ~(=B/@6-1) 4 =(5-9) 4~

where we have taken a = t(#=7/28-7") and k is as in the statement of the theorem.
The result now follows from Proposition 3.4 with

dy = L Re(coCy) = = Re(ie"#™) = L sin f,

as desired. [ ]
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4 Estimates for small b: proof of Lemma 3.2

Throughout this section, we suppose that hypothesis (H1) holds and that u(7 > t) =
ct™? where ¢ > 0, f € (3,1) and q € (1,20].

4.1 Representation of p,,(ib) for small b

Transfer operators Recall that R : L'(Y) — L'(Y) denotes the transfer operator
for F:Y — Y. Also, for s € H, we have the families of operators R(s)v = R(e™*"v)
on L'(Y), Note that R is analytic on H and well-defined on H.

Given observables v, w : Y — R, we define v,, ws : Y — C for s € C, setting

vs(y) = /0 1 e o(y,u)du, ws(y) = /0 1 e "w(y, u) du.

// / e™v(y, u) e M w(y, t) dt dudp.

Define T'(s) = (I — R(s))~" for s € H. Following [43],

Pow(s) = J(s) + Iy T(s)vs wy dpu, (4.1)

for all v € LY(Y), w € L>(Y), s € H. (See Appendix A for a proof.)

Also, define

Proposition 4.1 ||v,||py) < elResl||y

vl gy for all b,h = 0.
The same result holds with B changed to LP, 1 < p < 0o, and/or v changed to w.

HB(f,), for all s € C, and ||vip+n) — VanllBrv) <

Proof We have ||v,|/gy) < fol efestu(-, u)|| gy du < e'RQS‘HvHB(f,), and ||Vip4n) —
Ty i u ibu 1
vallay < Jy [ = e o, w)llsey du < b fg ullollsgy du < Blo]l s n

Proposition 4.2 (a) |J(s)| < (3|RE’S||U|Ll Wl ooy for all s € C, v € LY(Y),
we L2(Y), and

(b) [J((i(b+h))—J(ib)] < hlv|,1 W] 05 for allb,h >0, v € LXY), w € L=(Y).
LI(Y) 1L (Y)

1 1
< [ [ ] et oty wlfuly. o] d dudy
Y JO 0

1
< e'Res‘w‘oo/ / \U(%U)\dUdu:elRes\‘U|l|w|oo.
Y JO

Proof
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Similarly,

A

(b + h)) — J(ib)| < h /Y / / = oy, ) [wy, £)] dt dudp < Blo]|w]oo.

4.2 Estimates for T'(s)

Viewing R(s), s € H, as a family of operators from B(Y) to L®(Y), we first study
its continuity properties using (H1). We begin with ¢, § small and p large as in (H1).
During the subsection, these values change finitely many times. Also C' > 0 is a
constant whose value changes finitely many times.

Lemma 4.3 ||R(s1) — R(s2)|l50v)o1r(v) < C |81 — 52/7~¢ for all sy, 55 € H.
Proof Recall that R(s)v = R(e™*"v). Since R is a positive operator,
[(R(s1) = R(s2))o] < R(je™'" — e=**7[[v]) < 2[s1 — s~ R(r"~u]).

By (H1)(iii), [(R(s1) — R(s2))v], < 2|51 — 82 ~|R(T7<[0])|, < |81 — 82| <||v[|syy. B

Lemma 4.4 There erists a continuous family \(s), s € HN Bs(0), of simple eigen-
values for R(s) : B(Y) — B(Y) with A\(0) = 1. The corresponding family of spectral
projections P(s) are bounded linear operators on B(Y) for all s € H N Bs(0) and
SUD i B;(0) | P(s)||peyy < 0o. Moreover,

|1P(s1) — P(s2)|l5v)y=zoery) < Cls1 — s2|”™¢ for all s1, s, € HN Bs(0).

Proof We verify the hypotheses (2)—(5) of [29, Corollary 1], thereby obtaining the
required estimates for the family P(s). Simplicity of the family of eigenvalues A(s) is
a consequence of F' being mixing.

Hypothesis (2) is immediate since ||R(s)||Lp(y) < 1 for all s € HN Bs(0) and
assumption (H1)(ii) corresponds to hypothesis (3). Hypothesis (4) follows from
(H1)(i),(ii), and hypothesis (5) follows from Lemma 4.3. |

Let ((s) denote the corresponding family of eigenfunctions normalized so that
[y ¢(s)dp = 1. In particular, ((0) = 1 and P(0)v = [, vdu for all v € B(Y). Also,
define the complementary projections Q(s) = I — P(s). It is immediate that ((s)
and Q(s) inherit the estimate obtained for P(s). In particular |((s1) — ((s2)|zr(v) <K
|81 — 82|’8_€.

13



Following [25] (a simplification of [2]),

A5) = [ ) dn = [ Rs)o(s)d (4.2)
/ R(s)¢(0) dp + / (F(s) = ROD(C() = CO) dit = [ e dux(5),
where x(s) = [,(e7*" —1)(¢(s) — 1) dp.

Proposition 4.5 (a) |x(s)| < C|s|**~ for all s € HN Bs(0),

(b) |x(i(b+ h)) — x(ib)] < CVPhP=¢ for all0 < h < b <.

Proof Choose r > 1 such that (5 — e)r < 8 with conjugate exponent r’. Then
7B=97 ¢ L' and it follows from Holder’s inequality that

x(s)] < 208 |r77(C(s) — Dla < 20777 [C(s) — 1 < [P0

yielding part (a). Here we used that |((s) — 1|, = O(|s|?~¢) for p as large as desired.
Similarly,

X (i(b+ 1)) = x(@)| < [(™HMT = 1)(C(i(b+ h)) = C(@)| + ("7 = 1)(¢(ib) — 1))
< (b+h)P=hP=c 4 WP~ b~ < bPnf~c < bPRP,

proving part (b). |
Recall that ¢g =i [ e "0~ do.
Lemma 4.6 (cf. [38, Lemma 5.5]) For s € HnN B;(0),
1—A(s) ~cps” ass— 0, T(s) = (1 — \(s))"1P(0) + E(s),
where || E(s)|[sy)—Liv) < Cls| ™.

Proof For similar arguments we refer to, for instance, [2, 31, 36, 37, 38].
By [37, Lemma 2.4], 1 — [, e™*" du ~ cgs? as s — 0. Tt follows from (4.2) and
Proposition 4.5 that 1 — /\( ) ~ cps”. Next,

~

T(s) = (1= A(s)) 7" P(s) + (I = R(s))'Q(s) = (1 = A(s)) "' P(0) + EXs),

where

E(s) = (1= ()" (P(s) = P(0)) + (I — R(s))"'Q(s).
By (H1), [l(7 - R(s)) ' Q(s laon =00, By Lemma 44, 17(6) = P02
O(|s|”~¢). Hence || E(s)|lv)-rrv) = O(|s| 7). u
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Lemma 4.7 (cf. [31, Proposition 3.7]) For all0 <h <b <4,

IT(i(b+ ) = T(ib) |l s0v)— 11 vy < C(7PhP + b7PRP).

Proof First, | [, (e7" M7 —e=*7)dy| < h¥ by the argument used in the proof of [22,
Lemma 3.3.2]. By (4.2) and Proposition 4.5(b),

IA(i(b+ h)) — A(ib)| < hP + PP (4.3)
Next recall as in Lemma 4.6 that T'(ib) = A;(b) + A(b) where
Ay(b) = (1 — \(ib)) 1 P(ib), Ay(b) = (I — R(ib))*Q(ib).
Using (4.3) and Lemmas 4.4 and 4.6,
[A1(b+ h) — A1(D) || By vy < bR + b7 PR

The argument in [31, Proposition 3.8] shows that ||A2(b+ h) — As(b)|lsovy—riv) <K
hP~¢, completing the proof. |

Lemma 4.8 There are constants ¢; € C with ¢y = c‘lcg1 such that
T(ib) = 3, ;b= (UHDE=D P(0) + E(ib)  for all b € [0,0),
where ||E(Zb)||3(y)_,Ll(y) < O(bi(Q’giq) + bie).

Proof Let G(t) = u(r <t),s0 1 —G(t) = ct=? + H(t) where H(t) = O((t + 1)79).
Then proceeding as in [2, Section 5] and [36, Lemma 3.2],

/(eibT )= —/ (™ — 1)d(1 — G(t)) = z’b/ M(1 — G(t)) dt
Y 0 0
= z'cb/ ei=P dt+ib/ H(t) dt—l—z’b/ (e —1)H(t) dt
0 0 0
= ich® / o P do + ib / H(t)dt + O(b).
0 0
Hence
1— [, e ™ du = cegh® + erb + O(b7), (4.4)
where cg =i [ e o P do and ey =i [ H(t)dt. By (4.2) and Proposition 4.5(a),

1= Aib) =1— [, e du+ O(b* )
= ccgb’ (1 + et ™7 + O (b7 P) + O(b°7)),
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where ey = C’lcglel. Thus,
(1 —\(ib)) ™' = chjb—(oﬂ)a—j) O D) L Ob),

for constants cg, ¢y, ... € C with ¢y = c‘lcgl. Now apply Lemma 4.6. |
We can now complete the proof of Lemma 3.2.

Proof of Lemma 3.2 (a) By (4.1), Propositions 4.1 and 4.2, and Lemma 4.6,
()] < 1T(S) + 1T () sy v sl [wsl oo vy < Ul 0l 0] e -

(b) By (4.1), Propositions 4.1 and 4.2, and Lemmas 4.6 and 4.7,

(b +h)) = pib)| < | (i(b+ D)) = J ()]
+ 1 TG(b + h)) = T(ib) |5y 21 o) Vit |80y [ Wiy L= (v
+ 1T 5v)— L2 vy [Vipny — Vil B [ Wity o)
+ 1 T@5) | vy £ v [V |80 [ Wion) — Wi e )
< R+ 07207 1 b7 R+ 7 ORY 0]l g 0] e
yielding the required estimate.

(¢) By Propositions 4.1 and 4.2, and Lemma 4.6, |J(ib)| < V[ 1137y |w] o7y and

|T(Zb)1)zb Wip — T(lb)vo w0|L1 (Y) S |T(2b) (Uib — U()) wib|L1(Y) + |’f(@b)v0 (w,-b — U)Q)|L1(y)
< ||T(ib)”B(Y)%Ll(Y){HUib - U0||B(Y)|wib\Loo(Y) + ||UO||B(Y)|wib - w0|L°°(Y)}

< b1_6||v||8(?)|w|Loo(1~,).
Substituting into (4.1), we obtain
p(ib) = [y T(ib)vo wo dp + O([v]| g7 [wl oo 7))

Let r = max{28 — ¢q,¢} € [0,1). By Lemma 4.8,

/ T(ibyvowodp =y _ ;b= UHIE) / P(0)vg wo dp + / E(ib)vo wo dys,
Y j Y Y

where [, |E(ib)vo wo| dp < b7 |0l gy lwl oo () Also, [, P(0)vowp dp
Jy-vdu” [, wdp™. Hence

fo.w(ib) :chb_((j“)ﬁ_j)/?vdﬂ/?wdﬂ—I—O(b_”||v||8(3~,)|w|Loo(y)),

J

and the result follows. [ ]
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5 Estimates for large b: proof of Lemma 3.3

Throughout this section, we suppose that assumptions (H2)—(H4) hold.

5.1 Lifting from Y7 to 7%

Recall that F; : Y7 — Y7 is the suspension semiflow over F' with roof function 7 and
G; 1 Z¥ — Z% is the suspension semiflow over G = F? with roof function ¢ = 7,.
Here, G : Z — Z is a Gibbs-Markov map with partition a. Also 7w : Z%¥ — Y7 is the
semiconjugacy 7(z,u) = F,(z,0).

We defined ergodic F;- and Gi-invariant measures ;" = p x Lebesgue on Y7 and

T

1y = (uz % Lebesgue)/ [, o dpy on Z#. As promised, we now verify that m,uf = u7.
Proof of Proposition 3.1 The measures pz and p are related by the formula

o(z)—1

/hdu_a /Zthduz() for all h € L}(Y),
Z

=0

where ¢ = fZUduz- For g € LY(Y7),

(y) o z) L (Ft2)
6/ gd/f—ﬁ// g(y,u) dudp = F2u) dudpg(2)
yT z z 5
TZ+1
/ = 7o(2)) dudpiz(2)
Z Te(z
Tot1(2)
/ g(Fyu(2,0)) dudpz(z // ) dudpz(z)
Z 0 Te(z
»(2)
// gowzududuz()za/ go7rd,u‘§:c7/ gdm. iy,
Y
Hence 7, uy, = p” as required. |
Define
o(z)—1
= U {z} x [m(2), 7e(2) + 1.
z€Z (=0
We note that
fow(z) lo(z,u)du=0(a) foralla€a, z € a. (5.1)

Observables v : Y™ — R supported in Y lift to observables & = vorm: Z¥ — R
supported in Y. Define 0(b) : Z — C, b € R,

fo e (2, u) du = Ow(z) e (150) (2, u) du.
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In this paper, we require estimates for © and ¢', but it is no extra work to estimate
%) for all k > 0; this will be used elsewhere.

Proposition 5.1 Let k>0, € > 0. There exists C > 0 such that

[0®(0)(2)] < Co(a)(infa o) v,
0®(0)(2) = 0@ 0)()] < O + D)o(a)(infa ") [v]|cadz(Gz, G2')

for allv € C"(?), a€a,zz€ea b>0.

Proof By (5.1), [0 (0)(2)] < [v]e [FP ublg(z,u)du < o(a)(sup, ¢*)|v]w <
o(a)(inf, ©*)|v|s. Next,

o(a)—1
o) Z / w)*e™ (2, 1) du
1—o JTe(?)
o(a)—1 o(a)—1
> / (4 7o) i 4 () du =D L)
0

=0
where (2 fo u+ 1(2)) P e @y (Fl 2, u) du. By (H2)(iv) and (H3),
1e(2) — Ie(Z )| < kl7e(2) — 7e(2)|(sup, ) vl
+ 26 |7e(2) — 7e(2)|“(sup,  + 1)*|v]oo + (sup, @ + 1)*|v]dy (Fz, F2')"
< (0 + )(info ") V]| oo 3y d2(Gz, G2),
for 0 < ¢ < o(a) — 1. The estimate for [0 (b)(z) — 9*) (b)(2")| follows. |
For v: Z — C, 5 € (0,1), define

[0llenz) = Wloo + [0lys  vly =" sup  sup |u(z,u) —v(2,u)|/dz(2,2')".
2,2' €2, z#2" u€(0,1]

Define C"(Z) to be the space of observables v : Z — C such that [0llenezy < oo

5.2 Representation of p, ,(ib) for large b

In this subsection we obtain an expression for p,,,(ib) using transfer operators related
to the induced suspension semiflow G; : Z¥ — Z%¥ over G = F? with roof function

O ="T,.
Let LY : LY(Z¥) — LY(Z%) denote the family of transfer operators corresponding
to the suspension semiflow G; : Z¥ — Z¥. Define LG fo LEest dt and note

that for v € LY(Y) and w € L=(Y),

Pow(s) = / 1o L%(s)(1p0) wdps  where 9 = vom, i =wor. (5.2)
AL
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Let Z = Z x [0,1]. Define T¢ = 1;L¢1; and let T%(s) be the corresponding
Laplace transform. Condition (H4) is required for the next result.

Proposition 5.2 Let e € (0,1), § > 0. Then there exists C' > 0, w > 0 such that

I (ib)|

cenZ)y—r0o(z) < O, 1T (i(b + h)) — T(id)|

Cen(Z)—L>°(Z) < wahﬁ_€>
forall0 < h <6 <b.

Proof Since G is Gibbs-Markov, the result with L>(Z) replaced by L'(Z) is covered
by [38, Corollary 5.10]. Using (2.1), an additional but standard calculation (for the
term U in [38, Lemma 5.8(b)]) specialised to the Gibbs-Markov setting yields the L
estimates. [

In a continuous-time analogue of [23], we define the operators

A LNZ) = LNZ%), B, : LNZ%) = LNZ), E,:L'(Z%) — L'(2*),

where

A, =14LC1 By =1;LE1,,, Ey=LY((1—£1)).

7

Here

Zy={(z,u) € Z¥ :t <u<t+1,u> 1},
Ay ={(zu) € 27 1 p(z) —t <u<p(z) —t+ 1},

correspond to certain rows and diagonals in the suspension Z%¥ and

t T
f(t):/ / Ia, 1z, 0o Gydydx € [0,1].
0o Jo

Given Banach spaces By, By, B3 and families of operators oy : By — Bs, 5; :
By — Bs, t > 0, we define the convolution (ax ), : By — Bs, t > 0, by (ax ), =
f(f O‘t—xﬁaz dr.

Proposition 5.3 LY = (AxT%x B); + E;, for all t > 0.

Proof Letv e L' (Z%), w e L>®(Z%). Forall 0 <y <z <t,

| A Bpwdi = [ 1a 18051801800, 0) w
® ®

= / ]‘Zt—:thC:fx(Lgfy(Lf(]‘Ayv))) w dlucg = / 1Zt—athG(]‘Ay/U) w dﬂé
A

A2

:/ Ia,v1z,_, 0o Gywo Gydyu,.
A
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Hence
t T
/(A*TG*B)tvwduﬁz/ // AT By wdy da dp
z¢ ze Jo Jo
[ cpwoGuang = [ 1fwpwan - [
©

LEvwdu$, — / Ewwdu,
z¢ z¢ z¢

as required. |
Let fl, B, E be the Laplace transforms of A,, By, E,. By Proposition 5.3,
LE(s) = A(s)T%(s)B(s) + E(s). (5.3)

Let B(ib)l?ﬂ'* . LYY) — LYZ) denote the operator (B(ib)l;ﬂ*)(v) =
E(ib)(lyf)) where v = 7*v =vor : Y — R. Similarly, define 19E(ib)1§,7r* LNY) —
L'(Y). The following result is proved in Subsections 5.3 and 5.4.

Lemma 5.4 Let e € (0,1), 6 > 0. Then there exists C' > 0 such that
(@) fo 15 Al e 7)1y dt < Cto™ 079,
(0) [ g Bl || poe iy dt < Ctg P77

() I1B(ib)15m ||Cn(y Leenzy < OO,
1B(i(b+ h))1p B(zb) o ch scen(z) < CbRP~,

forallty >0,0<h<d<b.

Proof of Lemma 3.3 It follows from Lemma 5.4 that in the appropriate norms,

115 A(ib)| < C, 115 A(i(b + h)) — 15 A(ib)|| < CRP,
115 E(ib)1p7*|| < O, | 15E(i (b+h>) o7 — 15 E(ib)1pm H < Ch,
|B(ib)1gm*|| < Cb, || B(i(b+ h))1en* — B(ib)1pn*|| < CbhP~2.

Combining these with the estimates for TC in Proposition 5.2 and substituting into
equation (5.3), there exist (new) constants C,w > 0 such that

115 L9G b+ W) 1pn* — 15 L) 1o7 | oy sy < CH RO

By (5.2),
[Poan(i(b+ 1)) = o (ib)] < []oo] |15 LE (i (b + h))1pm*v — 15 LE (i) 1pm*0] 11 5y
S wahﬂ_%”m Cn(f/)|w|007
for all v € C"(Y), w € L=(Y). |
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5.3 Estimates for 154, 1, FE;1y7": proof of Lemma 5.4(a,b)

Proof of Lemma 5.4(a) Let ¢t > 0. Then
iyl < [ 1512 LEZ0) dus < ol [ 15 0 Gilz 0 Gudi
z¢ Z
Let (z,u) € Z. If Gy(z,u) € Z, then u+t < ¢(z) and Gy(z,u) = (2, u+t). Hence

115 A < /_;Ww 1) Lureopten) Al

Now,

00 ©(2)
/ Lo (z u+ 1 urcpe) A < Lpe)>t) /O Ly (2, 1) dt < Lipz)>t0)0(2),
to

by (5.1), and so [ [[1p Al dt < [, Lipsigyo dpz.
Choose ¢ > 0 and p,q > 1 with p~' +¢~! = 1 such that (8 —€')/p = 3 — €. Since
1 is G-invariant, by Holder’s inequality,

/ 1 Al dt < (o > to)Plo], < 1y 079,
to

completing the proof. |

Proof of Lemma 5.4(b) It follows from the definitions that

15 E(1pmo)], < /

AL

oL (1(1 = (1)) 150]) dug < Ivloo/ lp o Gi[1 = &() 1y duy.

A

It is convenient to break this expression into terms with the same lap number.
Define ¢, = Zf;é poGI. Given (z,u) € Z¥ and t > 0, we define the lap number
N; = Ny(z,u) to be the integer N; = k such that

u+t € [pp(2), pr+1(2)).
Define By ;v = Ey(1{n,=13v). Then |13 Elem*|| = > 0, |1y By xlym*|| where

|1g By plom™|| < / Lin,=ip 1y 0 Go(1 — £(¢)) 15 duy.
z¢

The desired result is immediate from the following two claims.

(i) For each k£ > 0, there is a constant Cj > 0 such that j;zo |1y Epplom®]| dt <
tha(ﬁfe)
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(ii) Eyr =0 for all k > 2.
First, we prove claim (i). When N, = k, we have
Gi(z,u) = (GFz,u+t — @p(2) and w+t — pp(2) € [0, 0(GF2)].

Hence,

/ |15 Erplom™| dt < / / Luttelon(@) o g (GFz,u + 1 — @r(2)) dt 1g dpf
to Z¥ Jig
©(GFz) i i
< /Z 1{<Pk+1>t0}1}7/0 1}7(G Z7t) dt d,u? :/Z 1{90k+1>t0}1}70<G Z) d:ué
¥ ®

»(2)
= / Lppir>t0}0 © Gk/ lo(z,u)dudpy = / Lippi1>t0}0 © Groduy,
z 0 A

where we have used (5.1) twice. Using Hoélder’s inequality as in the proof of
Lemma 5.4(a) completes the proof of claim (i).

To prove claim (ii), we show that {(¢) = 1 when k > 2. The constraints (z,u) €
Ay, Gi(z,u) € Z;_, can be restated as

o(z) —u<y<e(z)—u+tl, wp(z) —u <z <@p(z) —u+1<t.

These conditions alone imply that =,y > 0, x < t. Since k > 2, we have also that
y<o(z) —u+1<pr(z) —u <z Hence

t oz pr(2)—utl  pp(z)—utl
£(t) = / / a1z, 0 Grdydx = / / ldydr =1,
0 J0 wr(z)—u p(z)—u

as required. [

5.4 Estimates for f?(s)lwr*: proof of Lemma 5.4(c)
For s € C, define the operator D(s) : LY(Z¢) — L*(Z),
(D(s)v)(z,u) = e~s#)+w) fogo(z) esto(z,t)dt, (z,u) € Z.

Define G : Z — Z, by G(z,u) = (Gz,u), and let R : L'(Z) — L*(Z) denote the
corresponding transfer operator.

Proposition 5.5 B(s) = RD(s).
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Proof Letve L'(Z%), w € L>(Z). We can regard w as a function on Z% supported
on Z. Since Gy(z,u) = (Gz,u+t — p(2)) for (z,u) € Ay,

(2)
/~Btvwdu§ = / LtG(lAt/U) wduﬁ = / / 1{0§u7<p(z)+t§1}(vw 0 Gy)(z,u) dudpy
Z z¢ zJo
t
= / / Lio<u<1yv(z,u + p(2) —t)wo G(z,u) dudpy
t—p(z

1
= / / 1{t—ap(z)§u§t}v(27 u -+ 90(2:) - t) w o G(Z, u) du d:uZ
Z J0

Hence
z)+u B
/ s)vwdusy, // v(z,u+ @(z) —t)dtwo G(z,u) dus,
Z
z)
= / e~s(P(@HY) e*v(z,t) dtw o G(z,u) duf
Z 0
= /~D(s)vw oGduf, = | RD(s)vwdu,
Z Z
as required. [

For b € R, define f(b): LX(Y) — L'(2),
f(b)yv = D(ib)(1g7*v) = D(ib)o, ©=wor.
Proposition 5.6 For any e € (0, ], 6 > 0, there exists C > 0 such that
(a) [(f(b)v)(z, u)| < o(a)]v],
(b) 1(f(B)v)(z,u) = (f(O)v)(#, w))| < Cbo(a)(infe ©°)||v]lcndz(Gz, GZ)T,
(c) {f(b+h)v = f(b)o}(z,u)] < Ch*~o(a)(inf, 97 )|v]o,

f(b
(d) {F(+h)o = f(b)o}(z,u) = {f(b+ h)v = f(b)v}(z', u)]
< Ob*hP~%*o(a)(inf, 905’6)||U||C7,(3~,)dz(Gz, G2,

foralla€ o, z,2 €a,ue0,1], 0 <h<d<b, andvEC’”(ﬂN/).
Proof We establish the inequalities (a) and (b) together with
(e) [(f(b)o)(z,u)| < Co(a)(infa ¢)[v]o
() [(f'()v)(z,u) = (f'(B)v) (2, w)| < Cbo(a)(infa 0 )Vl oy dz (G2, G2).
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By the mean value theorem, it follows from (e) that [{f(b1)v — f(b2)v}(z,u)| <
o(a)(inf, ¢)|v|s|b1 — b2|. Combining this with (a), we obtain

[{f(br)v = fb2)v}(z, u)| < o(a)|v]e min{l, (infa @) [by — baf}
< o(a)|v]oo(infa 97~ b1 — ba|*~,

proving (c). Similarly, using (b) and (f),

{f(b)v = flb2)v}(z, u) = {f(br)v — f(b2)v} (2, w)l
L ([ba| 4 [b2| Yo (@) (infa o) [0l cn 5y d2 (G2, G2) T min{1, (inf, ) [b1 — ba}

< ([b1] + [b2])or (@) (infa ") V]l oo 3y dz(Gz, G2') by — ba] 7%,

proving (d).
It remains to carry out the estimates (a), (b), (e), (f). In the notation of Propo-
sition 5.1,

4 e(2) .
(00 ) = e [T (105) ) i = M (1) (2)

(a) By Proposition 5.1, [(f(b)v)(z,u)| = [0(b)(2)] < 0(a)|v]s-
(e) Write
(f'(0)v)(z,u) = —i(p(2) +u)(f(b)0)(2,u) + e~ *FOTII () (2). (5.4)
By part (a) and Proposition 5.1,
|[(f'(0)0) (2, u)| < (sup, o + DI(f(B)v) (2, u)| + ['(b)(2)| < o(a)(infq 9)[v]oc-
(b) Write (f(b)v)(z,u) — (f(b)v)(2',u) = I + I where
I = e (e ) — o7 5(h) (2), I, = e~ e &) (5(b)(2) — (D) (2)).
By (H3) and Proposition 5.1,
L] < 260(2) — @(2')[|v]sso(a) < b |v]ooo(a)(infa o°)dz (G2, G2'),
|Ia| = [0(b)(2) — 8(b) ()| < b°o(a)(infa o) |v]l (i) dz(Gz, G2,

Ef) Using (5.4), estimating (f'(b)v)(z,u) — (f'(b)v)(2’,u) reduces to estimating the
our terms
(0(2) = (N O)0)(z, 1), (p(z) +u)((f(0))(z,u) = (f(0)) (<, u),
(6790 DN (B)(2), e B)(2) — ' (B)().

By (H3) and Proposition 5.1, we obtain the same estimates as in part (b) with an
extra factor of inf, . |

24



Proposition 5.7 fz o duy < 0o for any e > 0.

Proof Let 6 >0, ¢ > 1. Then
pz(o @ > 1) < pg(o @ > t, 0 < qlogt) + pz(o > qlogt) = g(t) + O(t™),
where
g(t) = pz(o @’ >t, 0 < qlogt) < pz(p > "/~ 5 < glogt)
[qlogt]—1 '
< NZ(T[qlogt} > Ct(1—5)/(ﬂ—6)) < piz (1o FI > c’t(l—%)/(ﬁ—ﬁ))
=0

= [qlogt] pz(r > ct1-2/(B=) « = (B-0)(1-26)/(B—0)

(Here, ¢, ¢ > 0 are constants.) Choosing ¢ sufficiently large and § sufficiently small,

we obtain that pz(¢° o >t) = O(t™") for some r > 1 and the result follows. |

Proof of Lemma 5.4(c) Using the formula for R in Remark 2.4, we obtain
(B(s)v)(z,u) = Zaeaﬁ(za)(D(s)v)(za, w). In particular, for v € C"(Y), d =vom,

(B(ib)1gm*0)(z,u) = (B(ib)0)(z,u) = 3,&(za) (f (0)0) (7a, w).
By (2.1) and Propositions 5.6(a,b) and 5.7, for all z,2' € Z, u € [0, 1],
[(B(ib)0) (2, u)] < 3,E(za)l(f(0)0) (20 w)| < (0] D 4112 (@)0(a) < Jv]o,

and

|(B(ib))(2,u) — (B(ib)d)(2', u))|
< 22alé(za) = EEDIN(F(0)v) (zas )| + 32,E(2a)|(f (D)) (20 u) — (f(B)v) (25, w))
L Yo hz(a)dz(Gza, Gzg) o (a)|v]oe + 32 pz(a)b o (a)(infa o) ||v]lcndz(Gza, G )™
L b||vl|endz(z, 2')".

Hence || B(ib)d| cen(zy < b0l gn -
Similarly, using (2.1) and Propositions 5.6(e,f) and 5.7,
{B(i(b + h)o — B(ib)0} (2, u)] < 32 {F (0 + h)v — f(b)v} (24, )]
< S (@hP~<o(a)(infy ) o] < H5~[t]
and
{BG(b+ h)i — Bib)}(,w) — {Bli(b+ k)i — Bib)o} (', u)|
< 22al8(za) = SIS (b + h)v = f(D)v}(z, )|
+ 228z (b + h)v = f(0)u} (2, u) = {f(b+ h)v = f(b)v} (2, u)l
< S nz(a)dz(Gza, G2L)RP =0 (a) (inf, 07~ ||
Y @b 0 a) inf 07 o]l ond (G GoL)
<L bR v end 5 (2, 2).
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Hence || B(i(b+ h))o — B(ib)d|

cen(zy K béhﬁﬁé”””gn(?)- u

6 Proof of Theorem 2.8

In this section, we consider the proof of Theorem 2.8. The arguments are similar to
those in Section 4, with hypothesis (H1) replaced by hypothesis (A1). Our conventions
regarding €, §, p, C' are the same as in Section 4.2. Let ¢y = c‘lcg1 where cg =
i fCe o P do.

Lemma 4.3 is replaced by:

Lemma 6.1 ||R(s1) — R(s2)||s)oriv) < Clsi — $2/°~ for all 51,55 € H,

Proof Since R: L'(Y) — L'(Y) is a contraction,

~

(R(s1) = R(s2))vl < |(e77 = e7*T)oly < 2Js1 — ] " “[770]s.
Choose r > 1 such that (5 — €)r < [ with conjugate exponent r’. By Holder’s
inequality and (A1)(i), |[77~v]; < |77, |v|» < ||v||s) completing the proof. |

Next, we proceed as in Lemma 4.4, using Lemma 6.1 and hypotheses (A1)(i),(ii).
This leads to continuous families of eigenvalues A(s), projections P(s) and eigenfunc-
tions ((s) with the same properties as before except that LP(Y") is replaced by L'(Y).
The main difference is Proposition 4.5 which is replaced by the following.

Proposition 6.2 (a) |x(s)| < C|s|?+ for all s € HN Bs(0),

(b) |x(i(b+ h)) — x(ib)| < ChP~¢ for all0 < h < b <.

Proof Part (a)is immediate from (A1)(iii). Since ||((s)||5(y) is bounded, it follows
from Holder’s inequality as in the proof of Lemma 6.1 that

X0 + ) = x(i)] < (M7 = 1)(C(i(b+ h)) = ¢(b))[1 + |(e™ = 1)(¢(ib) — )|
< 2/¢(i(b+ h)) — C(i)]1 + 27|77, |(¢(ib) — 1)|,» < hP~<.

Hence we obtain part (b). |

The statement and proof of Lemma 4.6 goes through unchanged since 5, > f.
Lemma 4.7 becomes:

Lemma 6.3 ||T(i(b+ h)) — T(ib)||sry)-riry < Cb=PRP=¢ for all 0 < h < b < 4.

Proof By Proposition 6.2(b), in place of (4.3) we have [A(i(b+ h)) — A(ib)| < hP~¢.
Now proceed as before. |

Lemma 4.8 becomes:
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Lemma 6.4 T(ib) = cob P P(0) + E(ib) for all b € [0,6), where | E(ib)|| vy—rry) <
Ch—(28-B+)

Proof By (4.2), (4.4) and Proposition 6.2(a),
— A(ib) = ccgb®(1+ OV 7%)), (1= \(b)) ™" = cob™? + O(b~ =B+,

The rest of the proof is unchanged. |
Lemma 3.2 is replaced by the following result.

Lemma 6.5 Let v e B(Y), w e L®(Y).
(a) 15(s)] < Cls| P |[vll gy [wl oo (3 for all s € HN B5(0).

(b) 1p(i(b+ h)) — p(ib)| < Cb=?hP~||v]| 5 |0 ooy for all0 <h <b < 4.

(c) For all a € (0,dt), foa/t e p(ib) db = o foa/t b=Pe db [ vdu” [pwdp” +
O((a/t)1*25+5+||v||8(3~,) W] oo 3 )

Proof The proofs proceed exactly as before. |

Lemma 6.6 For alla>1,t> (a+)/5, veB(Y), we L>(Y),

4
‘// e 5(ib) db‘ < Ct™ 177970V o]l gy [w] e 9
a/t

Proof We use the same decomposition 2/ = 1+ [5+ I3 as in the proof of Lemma 3.5.
The estimates for [; and I, are unchanged. By Lemma 6.5(b) with h = 7/t,

’]3’ < t*(ﬁfe) /OO b72ﬁ db & tf(lfﬁ—e)af(QB,l)j
a/t

as required. [

Proof of Theorem 2.8 We argue as in the proof of Theorem 2.5. By Lem-
mas 6.5(c), 6.6 and 3.6 (which is unchanged),

/°° it 5(ib) db — cht=(=B) < (a/t)\26+P+ 4 ¢~ (1=B=€)q=(26-1)
0

The result follows with a = ¢t(8+=5)/8+, [ |
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7 Piecewise C'"" semiflows satisfying UNI

As mentioned in the introduction, exponential decay of correlations has been verified
for a very restricted class of continuous time dynamical systems, whereas superpoly-
nomial decay of correlations is better understood. Hence, we have chosen in this
paper to focus on the dynamical systems that are amenable to superpolynomial-type
techniques (modulo the nonintegrability of the roof functions 7 and ¢). The price we
pay for this extra generality is the smoothness requirements on the observable w.

In this section, we consider the more restrictive class of dynamical systems for
which exponential-type techniques are available. Consequently, the smoothness as-
sumptions on w are relaxed.

We continue to assume the tail conditions on 7 : ¥ — R*, o : Z — R* and
o:Z — 7" as well as assumption (H1). As usual we require that inf ¢ > 2.

Assumption (H2) is replaced by the following: Fix n € (0,1]. Let {(cy,dn)} be a
countable partition mod 0 of Z = [0, 1] and suppose that G : Z — Z is C'*" on each
subinterval (¢, d,,) and extends to a homeomorphism from [¢y,, dp,| onto Z. (In [4],
the map is denoted by F and is C**® but it is convenient here to use 7 instead of
a.) Suppose that o is constant on partition elements of Z and that the roof function
¢ : Z — R is C! on partition elements.

Let G,, denote the set of inverse branches for G" and write G = G;. We assume
that there are constants C' > 0, py € (0,1) such that

® [¢'|oc < Cpp for all g € Gy,
o |log|d'||l, < Cforall geg,
o [(pog)|ew <Cfloralgeg.
These correspond to conditions (i)—(iii) from [4]. In place of (H3), we require that
o [y0g|l, <Clpog|s foralll <cogandall geg.
Finally, (H4) is replaced by the uniform nonintegrability condition

(UNI) For all ng > 1, there exists n > ng and g1, g € G,, such that ¢ = v, 091 — @, 092
satisfies inf [¢)'| > 0. (Here, ¢, = Z;.:& poGl)

The main result in this section is:
Theorem 7.1 Under the above condition, Theorems 2.5 holds with m = 2.

Remark 7.2 The assumption that G is a one-dimensional map can be relaxed some-
what. We have used the set-up in [4] which extends results of [9] from C? maps to
C'*® maps. In both references, the map G is one-dimensional. Higher-dimensional
C? maps are treated in [6] but under very restrictive smoothness assumptions on the
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boundaries of the partition elements, and this also extends to C'*® maps [16]. Hence
Theorem 7.1 can be shown to hold for semiflows over C''*® piecewise expanding maps
in arbitrary dimensions, subject to this restriction on the partition elements.

The proof of Theorem 7.1 occupies the remainder of the section. First, we define
the family of equivalent norms on C"(Z%):

[vllo = max{[vlc, [v],/(1 + [b]")}, b€ R.

If L is an operator on C"(Z), we write || L], = sup,ecn (), =1 | L0]]b-

Let R® denote the transfer operator corresponding to G : Z — Z, and define
RC(s)v = R%(e*%v).

The are various families of transfer operators Py, Ly and @ in [4]. We are only
interested in the range s € H. Moreover, we are particularly interested in s = ib
imaginary. It is easily checked that Ly, = Qg = RG(ib). In what follows, we use the
notation RE(ib). Also, the operator P, in [4] satisfies P, = foRE(ib)f;" where f,
fotecnm.

The estimates in [4] are carried out for Res > —¢; it is easy to check that the
estimates for s € H hold even though condition (iv) from [4] is not assumed.

Proposition 7.3 There exists C' > 0 such that |[RE(ib)"|, < C for allb € R, n > 1.

Proof See [4, Corollary 2.8]. |

Lemma 7.4 There ezist constants A, D > 0 and vy € (0,1) such that

| RE(ib)"||, < A" for alln > Alnb, b> D.
Proof This is contained in the second paragraph of the proof of [4, Theorem 2.16]. B

Corollary 7.5 For any 6 > 0, there exists C' > 0 such that

(I — RE(ib)) " ||p < C'lnb for all b > 4.

Proof Let A, D be as in Lemma 7.4, increased if necessary so that Aln D > 1.
_ First suppose that b > D. Let m = m(b) = [Alnb] > 1. By Lemma 7.4,
|RE by, < v™ < v and so (I — RI(bY™) s < (1— ). A

Next we use the identity (I — RY)™' = (I + RY + .-+ + (RE)™ 1)(I — (RE)™)~!
and Proposition 7.3 to conclude that ||(I — R%(ib)) ™|}, < mC(1 —~)~! < Inb.

To deal with the range § < b < D, we note by the proof of [4, Lemma 2.22]
that 1 ¢ spec }?G(ib) for any b > 0. Hence by continuity of the family b +— RG(ib)
and compactness of [d, D] it follows that there is a constant C' > 0 such that ||(/ —
RE(ib)) Y|, < C for all b € [8, D. "
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Proposition 7.6 Let ¢ € (0,8). There exists C > 0 such that IRC(i(b + h)) —
RE(ib) ||, < ChP=¢ for all b,h > 0.

Proof The unnormalized transfer operator has the form

P(ib) = deg A (b), Ayb)v = e*ib@°g|g’|v og.

Now,
[Ag(b+ h)v — Ag(b)v]ee < 17777 0 gloclg' oo V] oo

It follows from the assumptions on G and ¢, together with Proposition 5.7, that
> e 1977 0 gloold oo < [, 97 dpz < 00 and so [P(i(b + h)) — P(ib)|o < hP~°.

Next, the proof of [4, Proposition 2.5] shows that |A,(b)v], < |¢'|c{(14]b]")|V]cc+
v, }. Also, A} (b) = —i(p o g)Ay(D), so

|Alg(b)v|n <l|po 9|00|Ag(b)v|n +[po g|n|Ag(b)U|oo
L 9 0 glool g oo { (L + [b]T)[0]o0 + [v]4}-

Therefore,

|(Ag(b + h)v) — (Ag(b)v)ly < [g'[oe{(1 + [b]")[v]oc + [v]5} min{1, @ 0 gloch}
<9l (1 + B0l + [v]} g © gl R,

and so
|P(i(b+ h))v — P(ib)v], < {(1+ [b]")|v] + o 1R

It follows from these estimates that |[P(i(b + h)) — P(ib)|ly < Ch’~. Finally,
RE(ib) = f ' P(ib) fo where fy, f;' € C" and the result follows. |

Proposition 7.7 ||B(ib)1f,7r*HC,](?HCW(Z) < Cb* and
[Bi(b + h)1gm" — BBy |y sy < CHRO,
forallty >0,0<h<d<b.

Proof This is almost identical to the argument in Section 5. The only difference
is that in the final arguments in the proof of Lemma 5.4(c), we have ¢’ = p o g and
the estimate |{(z) — £(2')| < w(a)dz(Gz,G2') for a € a, 2,2 € a is replaced by
|9z — ¢'2'| < |¢'z||z — Z'|" which holds for all z, 2" € Z. N

Proof of Theorem 7.1 It follows from Corollary 7.5 and Proposition 7.6 (with 7
replaced by en) that

(I = RE(i(b+ h)))~" = (I — RE(ib)) ™|, < (Inb)*h’—.
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Since [v|e < [Jvllp < [|V]]5s

17 = RE(ib+ 1))~ = (L = RE(ib)) M leon(z) 1002y < (Inb)*A7,

Similarly, ||(I — RE(i(b+ h)))™!|

cen(z)—r(z) < Inb. As in [38], we obtain that

17 (b))

conz)reez) Kb, TG0+ h)) = Tb) || genz) 100 (2) < ()27

We now proceed exactly as in Section 5, with Lemma 5.4(c) replaced by Proposi-
tion 7.7, to conclude that Lemma 3.3 holds with w € (0,1). (In fact, w can be taken
arbitrarily small.) Hence in the proof of Lemma 3.6, we can take m = 2. |

8 Semiflows modelled by Young towers

Let f; : M — M be a semiflow on a bounded finite-dimensional Riemannian manifold
(M, dyr), with codimension one cross-section X, first hit time 75 : X — R, and
Poincaré map f : X — X. Here 79(x) > 0 is least such that f. ) (z) € X and
f(x) = fr@(x). In contrast to Section 2.3, we now suppose that f : X — X is a
finite measure system with 7y nonintegrable. Since there is a natural semiconjugacy
from X™ to M, we focus attention on the semiflow f; : X™ — X7,

Now suppose that f : X — X is modelled by a (one-sided) Young tower with
exponential tails [49, 50]. That is, there is a subset Z C X and a return time
o : Z — Z* (not necessarily the first return time) such that G = [ : 7 — Z is a
full branch Gibbs-Markov map. Denote the corresponding partition and ergodic G-
invariant probability measure by « and pz respectively. We require that o : Z — Z*
is constant on partition elements and as usual that ¢ has exponential tails: uz(c >
n) = O(e~%) for some d > 0.

For z,2' € Z, we let s(z, 7') denote the least n > 0 such that G"z and G"Z’ lie in
distinct elements of . For 0 € (0, 1) fixed, we define the symbolic metric dy(z, 2") =
6°**) on Z. Our final assumption on the map f is that there exists 6, € (0,1) and
C > 0 such that dy(f°z, f*2') < Cdy,(z,2') for all 2,2’ € Z,0 <l < o(z) — 1.

Define the Young tower map F' : Y — Y,

(z,0+1) (<o(z)—2

Y ={(z,0) € ZXZ:0<(<o(z)—1}, F(M):{(Gz 0) (=o0(z)-1"

with ergodic F-invariant probability measure p = (puz X counting)/c where ¢ =
fZaduz. Let my : Y — X be the semiconjugacy my(z,£) = f*2. Then pux = (7y )t
is an ergodic f-invariant probability measure on X.

Let 7 = rpomy : Y — R™ be the lifted roof function. Note that u(7 > t) = px (1o >
t) and that 7, = Zﬁ;(l) 9o fI = Zf;é 70 FV on Z. Hence various assumptions are
expressed equally well in terms of 7y and 7. Define ¢ = 7, : Z — R*. As usual, we
assume essinf 7y > 1 and the tail condition
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px (10 >t) = ct? + O(t7) where ¢ > 0, 8 € (3,1) and ¢ € (1,25].
Also, we assume (H3) for some 6y € (0,1), namely,

There exists C' > 0 such that |7(z) — 7(2)| < C(inf, @)dy,(z, 2') for all a € a,
2,2 €a, l <o(a).

Hypothesis (H2) is automatically satisfied in the above set-up, and as usual hypothesis
(H4) is satisfied in typical examples.

It remains to address hypothesis (H1) or alternatively (A1). In fact, hypothesis
(H1)(iii) is easily seen to fail for Young towers (for reasonable examples of roof func-
tions 7p) and also Lemma 4.3 fails. This is due to the lack of smoothing properties of
the transfer operator R during excursions up the tower. Hence in the remainder of
this section we discuss hypothesis (A1l).

8.1 Hypotheses (A1)(i),(ii) for Young towers

Young [49] introduced a function space for Young towers with exponential tails and
proved that this function space satisfies hypothesis (A1)(i) and (ii) with s = 0. Bélint
& Gouézel [10] enlarged this function space and proved (Al)(i) and (ii) for s €
H. However, they require a strengthened form of (H3) which is not satisfied in
Example 1.2. In general it is easy to see that R(s) is an unbounded operator for the
function spaces in [10, 49] for all s # 0. Hence, we define a new function space as
follows.

Let Y, = {(#,7) € Y : j = {} denote the {’th level of the tower. Fix e > 0 (to be
specified later), g’ € (0,5) and 6 € [le, 1). For v : Y — R, define the weighted L
n0rm [[0]]y,00 = SUPgsg € |1y, 0|00 as in [49]. Also, set

Ivllo = sup e~ sup sup p(2) 7 |v(z, ) — (2, 0)|/da(2, 2).
aca  z2lca

o(a)>L 5ty

Let B(Y) denote the Banach space of functions v : Y — R with ||v|gy) =
macc{[olle: [0]ls} < oo.

Remark 8.1 Following [10], we have used the separation time in terms of iterates of
G as in [50] rather than iterates of F" as in [49]. This increases the class of observables
and more importantly the class of allowable roof functions 7. If 8’ = 0, then B(Y)
is precisely the function space defined in [10].

Since B(Y') is larger than the spaces in [10, 49, 50], it is standard that Hélder
observables v : X — R lift to observables v o my € B(Y'). Hence from now on we can
work with Y and 7 instead of X and 7.

Lemma 8.2 Let 5/ € (0,0), 0 € [9(/)3/,1). For ¢ > 0 sufficiently small, conditions
(A1)(i),(ii) hold for B(Y).
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Proof If 7 satisfies the strengthened (H3) condition |1(2) — 7(2")| < Cdp, (2, 2') for
a€aq,zz €a,l <o(a), then this is proved in [10, Propositions 3.5 and 3.7]. The
general case is proved in Appendix B. |

8.2 A reformulation of (A1)(iii) for Young towers

In this subsection, we obtain a useful reformulation of (A1)(iii) in the special case of
Young towers, using ideas in [10, Section 3]. The results only make use of the norm
| flwoo SO the extra factor of ¢ in the definition of || ||z does not affect these
arguments. Define

VY = R, Uz, 0) = m(z) = Y12y T(FV2).

Lemma 8.3 Let 3 € (0,3), p € [1,00). There exists § > 0 such that IC(s)—e™*¥], =
O(|s|%-) for all s € HN Bs(0).

Proof We sketch the main steps following [10]. For notational convenience, write
As = A(s) and (5 = ((s). First, [10, Lemmas 3.12, 3.13 and 3.14] go through un-
changed except that ¢, w; and Ay are now s, (s and Yj, and error rates |t| are replaced
by |s|?~. As in [10, Lemma 3.15], we obtain that |ly,((s — ¢)|ee = O(]s|?~) where
cs € R and ¢, — 1. Since |¢, — 1|; = O(|s|?~) (see the discussion after Lemma 6.1)
it follows easily from the proof of [10, Lemma 3.15] that ¢, = 1 + O(|s|?~) and hence
that

155 (¢ = Dl = O(s]7). (8.1)
Now R(s)Cs = AGs, s0 for (2,0) € Y\ Yy,
Go(2.0) = A H(R(e77¢)) (2, 0) = A te T (2,0 = 1),
Inductively, (,(z,£) = A\7fe™*¥=0((2,0) for all (2,¢) € Y. Hence
[Go(2,0) = eI < ATEG(2,0) = 1] < ATE = 1[[66(, 0)] + 1¢a(2,0) = 1].

Now |(s(2,0)] < [|¢s]lw.ce Which is bounded and |((z,0) — 1] = O(|s|?-) by (8.1).
Hence

ICs(2,0) — e‘sw(z7£)| < |)\S_£ — 1]+ ]s\ﬂ* < ])\f, — 1]+ |s\ﬁ*
< ((L+0(s7 )N = 1) + s < ||~ {e(1 + O(|s|"))" + 1}.

For |s| < § sufficiently small, it now follows from exponential tails that
Com P < [sl g mY (1 + Ol ) + 1} < s,

as required. [
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Corollary 8.4 Let 5, € (5,25). Then (A1)(iii) is equivalent to the condition

| [y (e " =1)(e™*¥ = 1) du| = O(|s|?+) for s € H N Bs(0). (8.2)

Proof Let 5_ € (% , ). By Holder’s inequality and Lemma 8.3, for all r,7" > 1
with r=t + 771 =1,

(e = 1)(¢(s) — ™)1 < 20s|™ |77 [[C(s) — e | < [P |77 ], < s |7,

Taking r sufficiently close to 1, we can ensure that |77-|, < oo. |

8.3 Sufficient conditions for (A1)(iii)

In this subsection, we give sufficient conditions for (8.2) and hence (A1)(iii).

Define I(s) = (e7*" — 1)(e™*¥ — 1). By Corollary 8.4, it suffices to show that
[1(s)|1 = O(|s|%) for some B, > 3. To achieve this, we consider decompositions of
the form

Y ={r <y U{oc >dylogy} U{o < dyloge and 7 > !9},

for appropriate choices of ¢ and d,.
Recall that ¢ € LP for all p < 8. Hence, for any g € (0, 1),

Lprepr-ap ()l < 48] [Lppapi-ayr™ |1 < 4fs|? [ 0] < [s), (8.3)
for all B, € (B,1] with 8. < 3/(1 — q). Also, since uz(c > n) = O(e™"),
Liozdotogw}d ()1 < 45l 1oz dp0gwy ¥l < Alslle® 7]y < |s], (8.4)

for all dy > d~.
It remains to estimate |l{;<dyiogy}lirsui-a1L(8)]s. Define ,(z,0) =
maxg<;j<¢—1 T(F?2). Then ¥.(z,0) < (z,0) < o(2)1.(z,0).

Proposition 8.5 There exists My, My > 0 with the property that if o < dglog then
o< M1 lng* + MQ.

Proof Since o < dylog1), it follows that o < dglog(o.) = dplogo + dglog,.
Hence o(1 — dy(logo)/o) < dylog, and the result follows. |

From now on, we fix M, My > 0 sufficiently large as in Proposition 8.5. Also we
fix d, > 0 such that M;logn + My < d,logn for all n > 2. For ¢ > 0, define

Xy(n)={z € X :[r(z)] =n and 79(f'z) > n'"? for some 1 < j < d,logn}.
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Proposition 8.6 Assume that the density dux /duz is bounded below on Z. Suppose
that there exists ' € (8,1], ¢ € (0,1), such that >~ n P ux(X,(n)) < oco. Then

(A1)(iii) holds for any By € (8, min{f', 3/(1 = q)}).
Proof For n > 2, define
Y(n)={(z,0) €Y : [§u(z,0)] = n and o(z) < d.logn and 7(z,0) >n'"7}.

Also, set Y(1) = {(2,0) € Y : [¢(2,0)] = 1 and o(z) < M;log2 + Msy}. By
Proposition 8.5,

[ Lo<dotog v} L iropi-ap ()1 < [Locrs tog put oL (5 y1-0y L (8) 1
< Nya=iy Yo<antogo+ a3 L (8) |1 + 22,50 [L{=n} Lo<d. 10gn} Lirzni-ay L (5) 1
= ZnZl Ly (L (s)]1-
Let " < f'. For y = (2,{) € Y(n),
11(s)(y)| < 4]s|”" 9 (y)”" < 4ls|” o (2)" u(y)”" < |s|”" (log(n + 1)) n"".
It follows that
Vocdorogy Lrsyr-ap 1 (8)[1 < [s177 3,5 (log(n 4+ 1)) 0 u(Y (n)).

Provided ), -, (log(n + 1)) BB (Y (n)) < oo, we obtain from (8.3) and (8.4) the
desired estimate for [, I(s) dp.

It remains to show that S P u(Y(n)) < oo for all 87 < B'. For this, it is
enough to show for n > 2 that u(Y(n)) < (logn)?ux(X,(n)). Let y = (2,£) € Y(n).
Then 10(f%2) > n'~? and [19(f7z)] = n for some j with 0 < j < ¢ < d,logn. Hence
iz € X,(n), and it follows that

Y(n)c{(z,0)eY :z€A,, 1 <l <d.logn},

where A, = [ J“18"=1 =i X (n). Since duy/dux € L¥(Z),
q

7=0

o(z)—

=0 Z lizez:0ev(n)y d,UZ / Z lizez:2ca,) dpz

Z =0 1<¢<d+ logn

< d.(logn)pz(An) < (logn)px(An)
[d« logn]—1

<(logn) Y px(f7X,(n)) < d.(logn)*px(X,(n)),

J=0

as required. [
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Corollary 8.7 Assume that the density dux/duz is bounded below on Z. Suppose
that there are constants C' > 0, p,q € (0,1), such that

px (X (n)) < CnPux(z € X : [no(x)] =n) for alln>1. (8.5)
Then (A1)(iii) holds for any B, € (8, min{1, 8 +p,3/(1 —q)}).
Proof Let ' € (8,54 p). Then
Do 7 (Xg(n)) < O30 07 P ([mo] = n) < oo,

since px (10 > n) = O(n=#). |

Condition (8.5) has been verified in the setting of infinite horizon planar dispersing
billiards by [46, Lemma 16| (see also [17, Lemma 5.1]). For Example 1.2, it is easier
to work with the following related condition. Define the two new subsets X (n) C X
and X/ (n) C X,

X (n) ={[r] >n and 10 f/ > n'"? for some 1 < j < d,logn}.
X!(n) ={[r] = n and 150 f/ >n'"? for some d,logn < j < d.log(n+1)}.

Proposition 8.8 Assume that the density duy /duz is bounded below on Z. Suppose
that there are constants C > 0, p,q € (0,1), such that

px (X, (n)) < Cn~B+P)  and px (X (n)) < Cn~B+P), (8.6)
for alln > 1. Then (A1)(iii) holds for any 4 € (5, min{1,8+p,B/(1 —q)}).
Proof First note that X" (n +1) C X (n) U X/(n). Hence

px (X (n) U X))\ X (1)) = o (X (n) U X)) — (X (n+ 1)
< ux (X[ () = u(XF (0 + 1)) + p(X)(n)).

Also, Xy(n) C XF(n)\ X (n+1) C{XF(n)U X (n)}\ XF(n+1),so
px(Xq(n)) < px(Xg (n) — p(Xg (n+ 1)) + p(Xg(n).

We claim that the series

S1= Yo W {x (X (0) = p(XS (n+1))} and Sz =37, 0 u(Xy(n))

converge for 5" € (8,8 + p). The result then follows from Proposition 8.6.
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It remains to verify the claim. Convergence of S; follows since ux (X (n)) <
Cn~B+P) Next, we note that X/(n) = 0 unless there exists an integer j €
[d, logn,d, log(n + 1)), in which case n = n(j) = [¢//%]. Hence

S = oy n() i(XY0(7)) € Sy () () O
_Z [eJ/d*] (B+p—5")

<<Z€ J(B+p—p5")/dx < o0,
j>1

completing the proof. |

9 Verification of hypotheses for Example 1.1

In this section, we return to Example 1.1 and show that Theorem 2.5 applies in this
case under the assumption that 7 is both of bounded variation and Holder continuous.

The first step is to pass from the original suspension semiflow on X™ to a sus-
pension of the form Y7 where Y is a probability space and 7 is an nonintegrable roof
function.

We take Y to be the interval of domain of the rightmost branch of f. Define F' =
foo:Y Y forop=min{n >1: f"y € Y}. Then u = (ux|Y)/pux(Y) is an acip for
F. The corresponding roof function 7 : Y — R is given by 7(y) = ZO(Oy) "ol ffy).
Let F} : Y™ — Y7 be the corresponding suspension semiflow with infinite invariant
measure p” .

In [14, Section 9], taking Z = Y, a reinduced full branch Gibbs-Markov map
G = F° : Z — Z is obtained, with inducing time o : Z — Z" having exponential
tails. Let pz denote the unique acip.

Proposition 9.1 Suppose that 1o is Holder with exponent n € (0,1). Then u(t >
t) = ct=? + O(t=*8) for some ¢ > 0.

Proof Let oz(y) = Z;’Lyo)_l oo(Fy). By [14, Lemma 9.1], the tails of o satisfy

pz(oz >n) = con P+ O(n’zﬂ) for some ¢z > 0.
By [14, Lemma 9.2], u(oo > n) = puz(oz > n) + O(n~+#) and hence
(oo > n) = cpn™? + O(n~%) for some cp > 0.

This corresponds to [38, Condition (2.3) in the proof of Proposition 2.7] and we can
now proceed as in the remainder of the proof of [38, Proposition 2.7]. |

The map F' is uniformly expanding, but nonMarkov in general. Hence we take
B(Y) = BV(Y) with norm ||v|| = |v|« + Varv where Var denotes the variation on Y.
In particular, B(Y') is embedded in L>®(Y").
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Proposition 9.2 Suppose that 19 is of bounded variation and C" for some n > 0.
Then conditions (H1)-(H3) are satisfied.

Proof (H2): The properties of the reinduced map G are given in [14, Section 9.
For instance, (H2)(ii) and (H2)(iv) follow from uniform expansion of F', and (H2)(iii)
from uniform expansion of F' combined with Adler’s condition.

(H3): Let y,y' € Y with oo(y) = 0o(y/). Since f' > 1 and 75 > 2,

oo(y)—1
(W) =W < Il D 1y — £
=0
< |molyo0(y)|Fy — Fy'|" < S|70l,7(y)|Fy — Fy'|". (9.1)

Next let, z,2' € a, a € a. Tt follows from [14, Section 9] that oo(F*2) = 0o(F*2)
for all 0 < ¢ < o(a) — 1. Hence for 1 </ < o(a),

~

-1 o(a)—1
I7e(2) = () < Y| (F2) = 7(F72)| < |moly D 7(F72)|FI e — FIFLp
=0

[e=]

j:
o(a)—1 '
<lnoly > T(F2)|Gz — GZ|" = |mly(2)| Gz — G| < inf, oGz — GZ/|".

J=0

This is condition (H3).

(H1): Tt is standard that B(Y') = BV (Y) is compactly embedded in L*(Y). Since
B(Y') is embedded in L*(Y") it follows immediately that B(Y") is compactly embedded
in LP(Y') for all p. Indeed suppose that v, € B(Y') with [|v,|/syy = 1. There exists
v e B(Y) with ||v||sy) = 1 and a subsequence ny, such that v,, — v in L'(Y"). Then
[Vny, — Voo K [JUn, — 0[5y < 2, s0 for any p > 1,

fY ’Unk - U’p d:u < |Unk - U‘go_l fy ‘vnk - U’ d:u < |Unk - U‘l - O’

establishing compactness in LP(Y'). Also it is standard that for s = 0 the Lasota-
Yorke inequality holds for p = 1 and hence all p > 1, completing the verification
of (H1)(i).

Let P : LY(Y) — LYY) be the “unnormalized” transfer operator given by
Jy PvwdLeb = [, vwo FdLeb. The density du/dLeb lies in B(Y') and is bounded
above and below. Recall that

Py = ZI{JU} e} Qﬂjlpb

where {I} is the collection of domains corresponding to branches of F', J = 1/|F’|
and ¢y = (F|r)~".
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By standard arguments,

| Pvllaryy < [Pvle + Var(Pv) < 3, (3sup;(Jv) + Var(Jv))
< > u(I)(sup; v + Varyv),

where Vary v denotes the variation of v on /. Hence

I(R(s) = R(O)ollsry = 1R = Do) sy < [P((e7 = 1))llsv)
L 2y p(){sup (7" = 1))v + Var((e™*" — 1)v)}
< |[vllsvy 22 D) {sup; (€77 — 1) + Vary(e™" — 1)} (9.2)

Since the images f‘I are disjoint for £ = 0,1,...,00(I)—1, it follows that Var; T <
Var 7g. Also, |e™7W) — e=s7W)| < |s||7(y) — 7(y)| for all y, 5’ € Y, s € H, so

Vary(e™*" — 1) = Var;(e™*7) < |s| Var; 7 < |s| Varry, for all s € H.

Also, it follows as in (9.1) that sup; 7 —inf; 7 < 0¢|r < inf; 7, so sup,(e™" —1) <
2|s[P~¢sup; 7°7¢ < |s|f~¢inf; 777¢. Substituting into (9.2), for s € H bounded,

1R2(s) — ROl < [sI7 5, () {int; < + Var o)
< |s|P~{ [, TP dp + Var o} < s

Condition (H1)(ii) now follows from Remark 2.3.
Similarly,

[R(T77 V) oo < [P(r7=J0])] < 32y sup, (J777[0])
K loo 2oy (1) inf; 777¢ < ol [y 777 dpi < o5y,

verifying (H1)(iii). |

By Propositions 9.1 and 9.2, we can apply Theorem 2.5 with B(Y) = BV (Y) and
q = (1 + B)n whenever (H4) is satisfied. If we suppose moreover that 7 is C! and
satisfies (UNI), then the improved result in Theorem 7.1 applies with ¢ =1 + S.

10 Verification of hypotheses for Example 1.2

In this section, we return to Example 1.2 and show how to apply Theorem 2.8.

Recall that X = [0,1] and f : X — X is a C? unimodal map, so there is a unique
critical point xy € (0,1) and f is strictly increasing on [0, o] and strictly decreasing
on [xo, 1]. We suppose for convenience that the critical point x, is nondegenerate, but
the general case of non-flat critical points works similarly. We suppose further that f
is Collet-Eckmann [18]: there are constants C' > 0, A¢x > 1 such that (™) (fzo)| >
O\, for all n > 1. Tt follows [27] that there is a unique acip py that is mixing up to
a finite cycle. We restrict to the case when px is mixing. Finally, we suppose that
xg satisfies slow recurrence in the sense that lim,,_,., n~!log |frxo — xo| = 0.
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Remark 10.1 There are many maps within the logistic family f, : © — az(1 — )
satisfying the above conditions. By [27], the set S C [0,4] of parameters such that
fa does not have an attracting periodic orbit has positive Lebesgue measure. By [5,
Theorems A and B, the Collet-Eckmann and slow recurrence conditions hold for a.e.
aes.

By eg. [13, 49], f is modelled by a Young tower 1y : Y = Z° — X as described
in Section 8, where the inducing time o : Z — Z* has exponential tails.?

Next, recall from Example 1.2 that the roof function 75 : X — R™ has the form
To(x) = g(x)|z — 20| 7'/# where 8 € (3,1) and g : [0,1] — (1, 00) is differentiable.

Lemma 10.2 For maps f and roof functions 19 as defined above,
(a) px(mo>1t) = ct™? + O@t=%) where ¢ > 0 is a constant given explicitly below.
(b) (H2) and (H3) hold.

(c) Hypothesis (A1) holds for the function space defined in Section 8. In (A1)(iii),
we can take any By in the range f < [y < min{l, %(\/54— 1)5}.

Hence, the required rates of mixing in Example 1.2 follow from Theorem 2.8
provided (H4) is satisfied, with d; = L sin .

We begin by proving Lemma 10.2(a). The density h = dux/dLeb is bounded
below and has the form

(@) = 3oy (@) () (Fo) |72 — frao| 712, (10.1)

where the h,, are C! functions supported on one-sided neighbourhoods of f"x(, and
are uniformly bounded in n. An upper bound of this form was obtained by [42]. The
simplest way to obtain the precise expression for A is to observe that

h(@) = 32 s0 ha(@) [(F7) (o) |72l = frao| 2 + |z — P00 | 712)

where hy, (2)|(f") (fzo)|"V2(|lz — frao| ™2 + |z — fP00~120|~/2) is the density of yx
lifted to the n-th level of the Hofbauer tower, cf. Keller [28]. (Here b(n) < n is an
integer determined by the combinatoric properties of f.)

Lemma 10.2(a) now follows from the choice of roof function 7 and (10.1) with

¢ = g(20)" Y1 hn(@o) [(f™) (Fo) |72 ag — frae| /2.

(Convergence of this series follows from the Collet-Eckmann and slow recurrence
conditions.)

Lemma 10.3 (H2) and (H3) are satisfied.

2This is not the first return time to Z except when xy is non-recurrent, i.e., the Misiurewicz
condition holds.
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Proof The existence of inducing schemes for Collet-Eckmann maps is well-known,
see e.g. [27, 13|, and (H2) follows automatically, but we review the particular con-
struction following [12] to ensure that (H3) holds.

Let Z, Z' be intervals with 2y C IntZ and Z C IntZ’ such that trajectories
starting in f(0Z) U 0Z" do not intersect Int Z’, cf. [41, p. 330]. For ae. z € Z,
one can find a minimal integer o(z) > 1 for which there are intervals a« C o’ C Z
with z € Inta such that f°¢) : o' — Z’ is a diffeomorphism and f°*)(a) = Z.
Moreover, for any two points, the corresponding intervals a coincide or are disjoint
(so o is constant on each a). Define o = {a} and G = f?. Standard Koebe distortion
arguments (see [41, Chapter IV, Theorem 1.2]) ensure that

G'(z)
G'(2")

1‘ < C|Gz— G| forall 2,2 € a,

for a constant C' depending only on f and the intervals Z, Z’. It follows from the
Collet-Eckmann condition that Leb(z € Z : o(2) > n) = O(e~ ™) for some d > 0, see
e.g. [13]. Now G = f? : Z — Z is the required induced Gibbs-Markov map, and there
exists an acip puz with density above and below. Moreover, there exists 0y € (0,1)
such that |Gz — G2'| < dp,(Gz, G2') = 0y dy, (2, 2') for all z,2' € a, a € a.

The choices of Z C Z’ and a C o’ allow us to show (again using standard Koebe
distortion estimates) that there exists § > 0 such that the components of f*(a’\ a)
have length at least §|f‘a| for each a € & and 0 < ¢ < o(a). Let z € a. Since
fol@=t. o’ — 7' is a diffeomorphism, xo & ffa’. Also f‘z € fla and ffa C Int f'a’.
Hence the interval [f*z, 7] contains a component of f*(a’\ a), so | f'z — x| > §|ftal.
Using Koebe distortion once more for f7@=¢: flq — 7.

= £ _ |2 £'7) _ |Gz~ G|

|flz —xo| —  0|f%l 1Z] K dgy(z,2") forall z,2' €a, 0 <l < o(a).

Also, for z,y € X with |z — zo| > |y — vol,

[7o(2) = 70(y)| < l9(2) = g(w)lle — ol % + lg(y)|[lx = zo| " — |y — o 77|
<& —wo| e —y| + |v = wo| |y — x| VP ly — wo| P — & — wo| V7]
< (@) {lz =yl + ly — zol V7| ly — wo| /" — | — xo'7|}
< ro(@){lz =yl + |y = wo| "y — w0 |z — y|} < To()|x — ylly — ol "

Hence |7o(f%2) — 10(f¢2")| < 10(f2)|fl2 — 2| /|2 — wo| < To(f*2)dg, (2, 2'), and

—1 -1
me(2) = () < D o(f72) = 1o(f72)] < D 1o(f72)dag (2, 2') < p(2)day (2, 2).
j=0 Jj=0
This is (H3). |
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Lemma 10.4 Let p,q € (0,1) with (1 — q)B8 > p. Then there exists C > 0 such that
the conditions in (8.6) hold.

Proof Choose a > 0 small so that p’ = (1 —¢)f — ad, > p. Let U, = {x € X :
[7o(x)] > n}, so U, is an interval containing z( of radius O(n=#).
We claim that there is a constant C' > 0 such that

px (Un N f7U-40) < Cn~B+) foralln > 1, j < d,logn.

Then i (X} (1)) € Y1) arogn fix(Un 0 F7Un0) < =), and pux(X)(n)) <
> . log n<j<d. log(n+1) pix (Un N f7Up1-0) < 0~ PFP) as required.

It remains to verify the claim. Fix j < d,logn, and let J be a maximal interval
in U, N f~7U,1-4 on which f7 is monotone. For each such J let J’ be the maximal
interval, J C J' C X, on which f7 is monotone. Note that the intervals J’ obtained
in this way are disjoint.

Since f/J C Uyn-q and J C J' NU,, it follows that f/(J' N U,) intersects Upi—q.
Hence we can choose y € fI(J' NU,) with |y — x| < n=(1=95.

Since J’ is a maximal interval of monotonicity for f7, there exist k;, ko < j such
that f7J' = [fMax, f*22¢]. Note that f’ is not monotone on U, so without loss
Mg € fU,. By slow recurrence, | ffzg — x| > e @408 = pn=ad- Hence

LT 0T 2 |20 =yl 2 20 — 2ol = |y — wo| > 0~ —n (707 5 prad,
By the Koebe distortion lemma, there is a constant C' such that

| J| |fjJ| < n—(1-9)8 -
T NU = (T NU)| - noed '

Hence
U O f U =3, || <0 S, 1T N U < 0P |U,| < =G,

Let I = U, N f7U,1-4. We have shown that |I| < n~**?) and we require that
px(I) < n~+7) By (10.1) and the Collet-Eckmann condition,

ux () = / )dr < Z)\_Z/Q/u — flao| Y ?da.

i>1

Note that [, |z — fizo|™"/?dx < min{|I|d(f'zo, I)~'/%, 2|1|"/?}, where d(f'zo,I) de-
notes the distance between fixg and I. Fix k > 1 large. Then ux(I) < S; + Sy
where

= > Al 2d( fizg, 1)V < n~B+) 3 AP d(fiag, I)7V2,

1<i<klogn 1<i<klogn
52 _ |I|1/2 Z )\ES/Q << |I|1/2n—(k/2) log AcE << n—(,@—i—p’)/Qn—(k/Q)10g)\(jE.
i>klogn
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Clearly, Sy < n~*7) for k sufficiently large.

Choose 6 > 0 small. (In fact, the choices k = (5+p')/log Acs, 0 = 5/(2k) suffice.)
By slow recurrence, |fixg — xo| > e %. Also xq € U,, I C U, and |U,| < n™?, so
d(fiwg, 1) > e % —n=P. For i < klogn with k sufficiently large, d(fizg, I) > e 9.
Hence S; < n~3*+P) 3™ (A;1e?)? < n=(#+P). We conclude that py (1) < n~F+r)
and the proof is complete |

Now take p = 1 (\/_ 1)5 and (1—¢)B = p—e. Then Lemma 10.4 applies and the
range 8 < {4y < min {1 (V5+1) B} in Lemma 10.2(c) follows from Proposition 8.8.
A Correlation function of a suspension semiflow
In this appendix, we verify formula (4.1) following [43].

Proposition A.1 p,,(s) = J(s) + [, T(s)vs wsdp for all s € H.
Proof First observe that p, ., (t) = >, K,(t), where
Kn(t) — / 1{Tn(y)<t+u<rn+1(y)}v(ya ’LL) w o Ft(ya u) dMT
= / 1{Tn(y)<t+u<‘rn+1(y)}v(yv u)w(F"y, t+u— Tn(y)) d,UT
For all n > 0,

[e.e]
S) = / e_St/ 1{‘rn(y)—u<t<7'n+1(y)—U}U<y7 u)w(F”y, t+u— Tn(y)) dp’ dt.

When n > 1, we have u < 7(y) < 7,(y) for all (y,u) € Y7, and hence

7(y) Tn+1(y)—u
// / v(y, w)w(Fy, t +u — 7,(y)) dt du dp.

The substitution ' =t +u — Tn(y) yields

. 7(y) r(F™y) /
Kn(S) = /;/(\/ esuv(y7 u) du> </ e sU w(Fny’ U,/) du/) e—STn(y) d/L
0 0

= / e s wes o FMdp = / ]%(s)”vs ws dp.
Y Y

) pry)-u
s):// / e *(y, ww(y,t + u) dt dudp
v Jo 0
) r7y) () fu
= (// / —// / >65“v(y,u)e_5tw(y,t)dtdud,u
v Jo 0 v Jo 0

= / vswsdu—i-j(s).
Y

Also,
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Hence pou(s) = J(s) + 300y [y R(s)"vswydp = J(s) + [, (I — R(s)) v, wsdp. W

B Quasicompactness for Young towers

In this section, we show that (A1)(i),(ii) are satisfied for the function space B(Y)
defined in Section 8. We use the facts that (i) 72 € L' for all p < 3, (ii) o has
exponential tails, (iii) G is a full branch Gibbs-Markov map, (iv) 7 satisfies (H3).

Recall that B(Y) depends on (', 8, e. Throughout, we fix 5’ € (0,5) and 6 €
8 +1)-

B.1 Compact embedding
In this subsection, we verify (A1)(i).

Proposition B.1 Let p € (1,00). Choose € > 0 so that [,e? duy < oco. Then
B(Y) is compactly embedded in LP(Y).

Proof We have

|W<Z/memwMﬂw o S (@)@ < ol < ol

aca ’? =0

Hence B(Y') is embedded in LP(Y). Compactness of the embedding is a standard
Arzela-Ascoli argument. Since the setting is nonstandard, we provide the details.

For k > 1, define the partition 8y = {a x {{} :a € a3, 0 < ¢ < o(a) — 1} of Y.
For each b € | J,~, Bk, choose y, € b.

Let v, € B(Y) with |lv,|lgy) < 1. For each b = a x {¢}, the real sequence v, (y;)
is bounded by e and hence has a convergent subsequence. By a diagonal argument,
we can suppose without loss that v,(y,) is convergent for all b € | J,~; B.

Let y € Y, and choose b = a x {{} € B containing y. Then dy(y,y,) < diama = 6
and

[Un(y) = vm ()] < |on(y) — valys)| + oY) — vm(yp)| + [Vm(Y6) — v (y)] (B.1)
< 2¢%(y)” dg(y, yo) + [vn(18) — Vm (Yo)| < 2¢“@(y)0" + [vn(ys) — Vi ()]

It follows that limsup,, , . [0n(y) — vm(y)| < 2e“p(y)0*. Since k is arbitrary, v, (y)
is a Cauchy sequence for each y. Hence there is a function v : Y — R such that
v, — v pointwise. Moreover, for y, vy’ € Y, it is immediate that v inherits from v,, the
properties [o(y)] < e and [u(y) — v(y')| < ¢ p(y) doly, ), 50 [0]lsy) < 1.

It remains to show that |v,, —v|, — 0. Let § > 0 and fix k£ > 1 such that diamb < ¢
for all b € 5. By (B.1),

lon(y) —v(y)| < 2eeggo(y)(5+|vn(yb) —v(yy)| forallyeb=ax{l}, a€ ay {,n>1.
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Choose finitely many cylinders b; = a; x {{;}, 7 = 1,...,m, with a; € a; such that
p(byU---Uby) >1—0§ and let £, = max{ly,... 0y}, @« = sup,, .., ¢- Then for
n sufficiently large,

lun(y) — v(y)| < 3666*%5 for all y € by U - - U byy,.
Also
v (y) = v(y)] < Joa(y)] + [o(y)] < 2e < 2@ forally € b=a x {{} € B4
Hence, writing Y =Y \ (by U---Uby,),
_U| Z/|Un—U|pd/l+Z/‘Un—v|pdp<( el 5)P+2p/ m
beyY’ ’

Since pu(Y’) < & and e®” € L'(Y), we have that [, |v, — v[P du < 6P 4 g(d) where
lims_,0 g(0) = 0. Hence |v,, — v|, = 0 as n — 0. |

B.2 Lasota-Yorke inequality for R(s)

In this subsection, we verify (A1)(ii). Choose € > 0 so that [, e“ % duy < cc.
Theorem B.2 There exists vy € (0,1) and C' > 0 such that

1R(s)" 0|5y < C(Jv]py + 0 lvlls),
for all s € HHN B1(0), v € B(Y), n > 1.

Define
T(s)n: LNZ) = L}NZ),  T(s)av = 12R(s)"(1zv).
Let |F,(Z) denote the usual space of observables v : Z — R that are dy-Lipschitz
with norm ||v[||r,(z) = |[v]ee+|v||F,(z) Where [v] |, (z) = sup,.. [v(2) —v(2')|/do(2, 2').
The key step is to estimate T'(s), : |F,(Z) — |F,(Z). For this, we need the
following technical lemma.

Lemma B.3 There exists k > 0 and vy € (0,1) such that
(0) 2opet 0" z(om =n) =0(35).  (b) pz(0wm = n) = O(1g)-

Proof (a) Let g =1z, s0 g,(2) = Z;:& g(F7z) denotes the number of returns to Z
by time n. By [10, Lemma 3.6}, [,._.., 99 eldp(z, 0) = O(~g) for e sufficiently small.
In particular, [, ., 09 du; = O(y}). On ZNF~"Z, we have g, € {1,...,n}, and
gn = m if and only if ¢, = n. Hence

0 dpy = / Lo, =m0™ dpy = 0" uy(om =n),
TS of (TS S

m=1
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and the result follows.

(b) This is the main estimate obtained in the proof of [10, Lemma 3.6] (see the
estimate for the set I';, defined therein). n

Lemma B.4 There exists v € (0,1) and C > 0 such that
1T (s)nvlljry2) < Clv]Lrz) + 15110l ry(2))s
for all s € HN B1(0), v € |Fy(Z), n > 1.

Proof The entire proof is on Z so we write |v|;, |v]g and ||v||g instead of |v]L1(z),
[v]y7,(2), and [[v]]j, (2)-

Let o = {a € a : 0p(a) =n}. Then ZNF"Z =" _, U
z €,

aCamn - Hence for

(T(s)a0)(2) = (R(s)"(1z0))(2) = D (e ()

m=

(Here J is the Jacobian for F' and J,, = H;:& J o F7. Recall from Remark 2.4 that &
is the Jacobian for G and &, = HT:_OI £oGY))
It follows from (2.1) and Lemma B.3(a) that

T()avlos <Y D Dy & s, 0] € o0y Caea,, 1z(@)(infa [o] +67[0]o)

m=1a€am,n

< opmmyvli + [olo Y 0™ pz(0m =n) < vl + 7§ [v]o.
m=1 m=1

Next, [(T(s),0)(2) = (T(5)a0) ()] < Sy S, (1 + I + I5), where

L] = [€n(2a) — Em(zL) sup, 0], |To| = sup, &nlv(za) — v(2))],
|IS| = sup,, fm sup,, ’UHG—STn(Za) _ e—STn(zg)"
By (2.1),
|11 < pz(a)do(z, ') (infa [o] + 07 [vlg),  |Io| < puz(a)[v]ef™do(z, 2').

By Lemma B.3(a), these contribute dy(z, 2’)(|v|1 + 7§ |v|e) and do(z, ") |v]e respec-
tively to the sum. Also,

| 13| << pz(a)(intq [o] + [0 dy (2, ') ) e ) — emsm )| = I3 4+ 1Y,
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where I < 2pz(a)|v|g0™dp(z, 2') which contributes dy(z, 2’ )¢ |v]e to the sum, and
I§ = pz(a) inf, Jof|em ) — emmED| < 245 (a) info [v]|s|” 7 (20) — 7al20)]7"

We show below that S = >77 > ., I3 < do(z,2')(Jvli +75llv]le). Then

1T(s)v]9 < 0|1+ ||v]lo and the result follows.
It remains to estimate S. For z,y € a, a € oy p,

3

7(@) = TaW)] = lem(@) — e < ) |o(G7x) — o(G7y)|

J

Il
=)

m—1
< Z inf,(p o G7) dy,(G'z, Gly) = ZT:_OI inf,(p o G9) 6™ dg, (F"z, Fy).
=0
Recall that 6 > 6, so |mu(z) — 1.(y)]F < >t Yinf, (% o GI) 0™ I dg(Fx, F™y).
Hence

S < |s|” Z Z pz(a) inf, [v| > 770 Yinf, (07 o GI) 0™ idy(z, 2') < dy(z,2)Q,

m=1a€am,n

where
n m—1 n m
Q=30 0 memble” 0 Gl = 30D 0 1gemlole” 0 G,
m=1 =0 m=1 j=1
S S T
j=1 m=j

We claim that there exists k > 0 and v € (0,1) such that
(i) Qjm = O(0""|v|) for j > kn, (ii) Qjm = O(V|v]eo) for m < 2kn,
(i) Qjm = O(nbvlp+ 6737 o [L1iom_=k3]1|Lio;mn—ty@” 1) for m —j > kn.
It then follows that

Q< vl + D0 > Mo s=ililLio,=ns@” |1

j=1 k=0 m=j
< Apllvlle + [whle™ [ < A7 llvlle + [v]1,

for some v, € (0,1), yielding the desired estimate for S.
It remains to verify the claim. Choose r > 1 with 3’ <  and conjugate expo-
nent r’. By Hoélder’s inequality,

| Lom=nt 01”0 G|, < pz(om = m) " vloo|™ | < pz(0m = n)"" 0.
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Estimate (i) is immediate, and estimate (ii) follows by Lemma B.3(b) for x sufficiently
small. Let ¢ = m — j and write

’1{0"’:"}‘@‘90/8, © Gq’l - |1{0q+0j°Gq=n}‘U‘90Bl © th

= Z ll{gq:k}l{UFn—k} © Gq|v|90ﬂl o Gq{l'
k=0

Let RY be the transfer operator for G. Then
|Liou=ty Ly =n-iy © G*Jvle™ 0 G|, = |(RE)"(1{g, -3 |01 {o,=n-r39” |,
< N(RY) (Lgy=i [0 ool Lioy=n-ry " 1.

We have

[(R) (Loy=t3 [0 ))]oo < Daca, SUP &gl {oy(a)=k} SUP, [V]
K D nca, 12(a) Lo, @)=k} (infa [v] + 07v]o) < |[1o,=xyv]1 + 67[v]o.

For ¢ = m — j > kn, it follows that

[ Von=ny 0l™ 0 7] < 3700 (111 s=ryvlt + 07" |00) [1{o,=n—ry 0" s
<< n&ﬁnh]l@ + 22:0 |]-{o'm_j:k‘}vh|1{0'j:’l’b—k?}<10/8/|1‘

Hence we obtain estimate (iii) completing the proof of the claim. |

Following [23], we have the decomposition®
R)"= Y AT () B8y + E(5)n, (B.2)
nit+nz+nz=n

where the operators
A(s)n : |Fy(Z2) = B(Y),  B(s)a:BY) = |F,(2),  E(s),:B(Y) = B(Y),
are given by

(A(s)av)(@) = Y w(s,n)(y), (E(s)o)() = Y ws,n)(y),

(é(s)nv)(x) = E w(s,n)(y), w(s,n) = Je .
Fly—gz, FlycZ
Yy V" ly@ Z

3The continuous time analogue of this was used in Section 5.2.
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Proposition B.5 For all s € HN B;(0), n > 1,
(i) [|A()nll)r, (280 = O(e™™). (i) | E(8)nllsv)—sr) = O(e™™).
(iii) | B(8)nllsry— i,z = O™ (iv) S50 0 |B(8)nlpivysri(z) < 0

Proof (i) Note that (A(s),v)(z,¢) = 0 for all £ # n and (A(s),0)(z,n) =
ST”ZOU(Z) Let y = (z,n),y = (¢,n) € a x {n}, a € a. Then 7,(2,0) =
2o o(ff2) and |7, (2,0) =7, (2", 0)| < @(2)dg, (2, 2') by (H3) since n < o(a). Hence,

(A(8)20) )] = [0(2)] < vl < [0, (2)
and
(A(s)a0)(y) = (A(8)a0)(y)] < e7™EO — e E Do (2)] + Ju(z) = v(2)]
< 287 |7(2,0) = 7 (', 0)7 [0 ()| + 0], 2y (2, 2')
< p(2)"do(z, 2ol 7y = £(9)" doly. )|V, 2
It follows that HA(s)anB(y) < e_mHvHJFg(Z)

(i) Note that (E(s)nv)(z,£) = 0 if £ < n, while (E(s),v)(z, () = e=*™EEy (2,0 —n)
for ¢ >n. Let y = (2,0), y = (2/,0) € a x {{}, where a € o and n < ¢ < o(a). Then

A

(E(8)av)®)] = [0(z, € = n)| < [[o]|w,cce™.

Also, 7,(2,0 —n) = Zgzefn 10(f72), 50 |Tu(2,0 —n) — 1o (2,0 — n)| < @(2)dg, (2, 2')
by (H3) since 0 < ¢ —n < ¢ < o(a). Hence

[(E(8)n0) (1)~ (E(8)a0)(y)] < 218|770z, € = 1) = 70 (2, € = n)| |v(z, £ — n)]
+[v(z, 0 —n) —v(2, £ —n)| < e () do(y, y) V]|,
and 50 || E(s),0| 50y < e v]|ev)

~

(iii) Note that (B(s),v)(2) = 3 &(2)e s Zao(@=my (2, 5(a) — n), where the sum is
over a € a with o(a) > n. By Remark 2.4, since [, e« duz < oo,

(B()n0) ()] € X aea #2(@)][0 007 < ™[0 100-

Also, R R
((B(s)nv)(2) = (B(s)a0) ()| < L + Iz + I,

where
I = Z(ﬁ(za) — &(z))e GOy, 0 (a) - n),
= ST () (@) _ qmsma@-m )y (2 o(a) — ),
= 3 €(eh)e IO (02, 0(a) — n) — (2, 7(a) — ).
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Now, 7,,(2zq,0(a) —n) = ZL‘?(;)I_n 70(f2) s0 |Tu(2a, 0(a) — n) — 7(2, 0(a) — n)| <

inf, ¢ dg, (2, 2') by (H3). Since [, e“¢” duy < oo,
L] <) pa(@)d(z, 2)[0]weee ™™ < dp(2, 2')[[0]| 006",
Lo < Y pz(a) infy 07 do (2, 2)[[0],00e O < dy(2, 2)|[0] 006 ™"
|I5] < Y pz(@)[|olloe™ @ infy o7 dy (2, 27) < dy(z, 2)[[v]lge™,
S0
(B()av)(2) = (B(s)a0)()] < e [0l svydo(z, =),
and || B(s)nvll 1,z < e 0llsv)-

(iv) Define v : Y — N, ¢(y) = min{n > 0 : F"y € Z}. Then |B(s)v| =
’R(S)n(l{wzn}’l))’ < Rn(l{d,:n}’UD. Hence |B(8)nU‘L1(Z) < 5|1{w:n}’UHL1(Y)- |

Proof of Theorem B.2 By Proposition B.5 and Lemma B.4, it follows from (B.2)
that

IR(s)™0llsey < D €T, Buyollyry(z) + ¢ llvllsey)

ni+nz2+nz=n

<C Z e em ’BngvyLl(Z) +C Z efem,yg? HanvHJFe(Z) + eienHUHB(Y)

ni+nz2+nz=n ni+n2+nzy=n
< Z e—em |Bn3U|L1 2) + Z M 76126—6713 ||U||B(Y) + e—en ||U||B(Y)
ni+nz<n ni+na+nz=n

L Dm0 | Brslnizy + A1 Ivlsey,s

for some ~ € (0,1). Finally, it follows from Proposition B.5(iv) that
> ns>0 | Brsvlriz) < Jvlpiy)- n
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