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Abstract

We establish exponential decay in Holder norm of transfer operators applied
to smooth observables of uniformly and nonuniformly expanding semiflows with
exponential decay of correlations.

1 Introduction

Exponential decay of correlations is well-understood for large classes of uniformly and
nonuniformly expanding maps, see for example [, 13|, [15], 16, 18], 23, 24, 25| 26, 29].
The typical method of proof is to establish a spectral gap for the associated transfer
operator L. Such a spectral gap yields a decay rate ||L"v — [v| < Cye=®" for v lying
in a suitable function space, where a, C, are positive constants. Decay of correlations
is an immediate consequence of such decay for L".

Results on decay of correlations lead to numerous statistical limit theorems. Al-
though not needed for results such as the central limit theorem, strong norm control
on L™v is often useful for finer statistical properties. For example, rates of conver-
gence in the central limit theorem [I4] and the associated functional central limit
theorem [4] rely heavily on control of operator norms.

In this paper, we consider norm decay of transfer operators for uniformly and
nonuniformly expanding semiflows. Here, the standard method is to deduce decay
of the correlation function from analyticity of Laplace transforms, bypassing spectral
properties of L;, see [I1) 17, 22]. As far as we know, the only result on spectral
gaps for transfer operators of semiflows is due to Tsujii [27]. However, this result is
for suspension semiflows over the doubling map with a C? roof function, where the
smoothness of the roof function is crucial and very restrictive. A similar result for
contact Anosov flows is proved in [28]. Both of the papers [27), 28] obtain spectral
gaps for L; acting on a suitable anisotropic Banach space. In addition, a paper of
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Butterley [10] obtains norm decay of transfer operators, but the results are quite
different from ours and the abstract setting there seems not to cover the situation
considered here (see Remark below). Apart from these, there are apparently no
previous results on norm decay of transfer operators for semiflows and flows.

Recently, in [20], we showed that spectral gaps are impossible in Holder spaces
with exponent greater than % (and in any Banach space that embeds in such a Holder
space). Nevertheless, our aim of controlling the Hélder norm of L,v for a large class
of semiflows and observables v remains viable, and our main result is the first in this
direction. We consider uniformly and nonuniformly expanding semiflows satisfying a
Dolgopyat-type estimate [11]. Such an estimate plays a key role in proving exponential
decay of correlations for the semiflow. Theorem below shows how to use this
estimate to prove exponential decay of L;v in a Holder norm for smooth mean zero
observables satisfying a good support condition. Apart from the Dolgopyat estimate,
the main ingredient is an operator renewal equation for semiflows [2I] which enables
consideration of the operator Laplace transform fooo e L, dt.

The remainder of the paper is organised as follows. In Section [2] we recall the
setup for nonuniformly expanding semiflows with exponential decay of correlations
and state our main result, Theorem [2.3] on decay in norm. In Section [3| we prove
Theorem [2.3]

Notation We use “big O” and < notation interchangeably, writing a,, = O(b,,) or
a, < b, if there are constants C' > 0, ng > 1 such that a,, < Cb,, for all n > ny.

2 Setup and statement of the main result

In this section, we state our result on Holder norm decay of transfer operators for
uniformly and nonuniformly expanding semiflows.

Let (Y, d) be a bounded metric space with Borel probability measure p and an at
most countable measurable partition {Y;}. Let F': Y — Y be a measure-preserving
transformation such that F' restricts to a measure-theoretic bijection from Y; onto Y
for each j. Let g = du/(dp o F') be the inverse Jacobian of F.

Fix n € (0,1). Assume that there are constants A > 1 and C' > 0 such that
d(Fy, Fy') > Md(y,y') and |logg(y) — logg(y')| < Cd(Fy, Fy')" for all y,y" € Y},
j > 1. In particular, F' is a Gibbs-Markov map as in [2] (see also [I, 3]) with ergodic
(and mixing) invariant measure .

Let ¢ : Y — [2,00) be a piecewise continuous roof function. We assume that
there is a constant C' > 0 such that

lo(y) — o) < Cd(Fy, Fy')" (2.1)

for all y,y" € Y;, j > 1. Also, we assume exponential tails, namely that there exists
0o > 0 such that
(¥ < oo, (2.2
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Define the suspension Y? = {(y,u) € Y x [0,00) : u € [0,¢(y)]}/ ~ where
(y, 0(y)) ~ (Fy,0). The suspension semiflow F; : Y¥ — Y% is given by F,(y,u) =
(y,u + t) computed modulo identifications. We define the ergodic F-invariant prob-
ability measure p¥ = (u x Lebesgue)/@ where ¢ = [, ¢ dp. E

Let Ly : LY(Y¥) — LY (Y¥) denote the transfer operator corresponding to F} (so
Jye Lvwdp? = [, ,vwo Fydpu? for all v e L'(Y¥?), w € L®°(Y?), t > 0) and let
Ry : LY(Y) — L'(Y) denote the transfer operator for F. Recall (see for example [2])
that (Rov)(y) = >_;9(y;)v(y;) where y; is the unique preimage of y under F[Yj, and
there is a constant C' > 0 such that

g < Cu(Y;),  lgly) —g(y)| < Cu(Y;)d(Fy, Fy')", (2.3)

forally,y €Y;, 7> 1

Function space on Y¢ Let Y = {(y,u) € Y¥ :y € Y;}. Fixn € (0,1], 0 > 0.
For v : Y? — R, define |v]soc = SUp(, 1)eye e %v(y,u)| and

_ /
[0]l5.7 = [V]5.00 + [V]5., 0], = sup sup 6_5u!?)(y,u) 7/1(3/ ,u)\.
JZ1 (yu), (v )€Y E, yy’ d(y,y')"

Then F;,,(Y¥) consists of observables v : Y¥ — R with ||v||5, < oo.

Next, define 9,0 to be the partial derivative of v with respect to u at points (y,u) €
Y¥ with u € (0,¢(y)) and to be the appropriate one-sided partial derivative when
u € {0, ¢(y)}. Form > 0, define Fs,, (Y ¥?) to consist of observables v : Y¥ — R such
that &2v € F;,(Y?) for j =0,1,...,m, with norm |[[v||s;m = max;j_g,__m [|050]]s,-

Definition 2.1 Given r > 0, we consider the subset {(y,u) € Y x R:u € [r, p(y) —
r]} viewed as a subset of Y¥. We say that a function v : Y¥ — R has good support if
there exists r > 0 such that suppv C {(y,u) € Y xR :u € [r,¢o(y) —r]}.

For functions with good support, d,v coincides with the derivative dyv =
limy,_o(v o Fy, — v)/h in the flow direction.

Remark 2.2 It is standard to restrict to observables with good support when con-
sidering decay of correlations for semiflows, see for instance [12, 27].

Let
}})’"vm(yw) = {v € Foym(Y?): fy«pU du? = 0}.

We write Fs,(Y¥) and F3, (Y¥) when m = 0.

'We call such semiflows “nonuniformly expanding” since they are the continuous time analogue of
maps that are nonuniformly expanding in the sense of Young [29]. “Uniformly expanding” semiflows
are those with ¢ bounded; they have bounded distortion as well as uniform expansion.



Function space on Y Forv:Y — R, define

[vlly = [vloe + V], |vlp=sup  sup  |v(y) —v(y)|/d(y,y)"
721 yy'eY;, y#y

Let F,(Y) consist of observables v : Y — R with ||v||, < oo.

Dolgopyat estimate Define the twisted transfer operators
Ro(s) : L'(Y) = L*(Y),  Ro(s)v = Ro(e ).
We assume that there exists v € (0,1), € > 0, mg > 0, A, D > 0 such that
1Ro(8)" 7,3y, < 01" (24)

for all s = a+1ib € C with |a| <€, [b] > D and all n > Alog |b|. Such an assumption
holds in the settings of [5], [, [7, 1T].
Now we can state our main result on norm decay for L.

Theorem 2.3 Under these assumptions, there exists € >0, m > 1, C' > 0 such that

||LtU

sm1 < Ce N vllsnm forallt >0
for allv € Fgmm(Y“’) with good support.

Remark 2.4 Since the norm applied to v is stronger than the norm applied to L;v,
Theoremdoes not imply a spectral gap for L;. We note that the norm on Fj,, 1 (Y'%)
gives no Holder control in the flow direction when passing through points of the form
(y,o(y)). This lack of control is a barrier to mollification arguments of the type
usually used to pass from smooth observables to Holder observables. In fact, such
arguments are doomed to fail at the operator level by [20, Theorem 1.1] when 1 > %
and hence seem unlikely for any 7.

Remark 2.5 Usually, we can take mg € (0,1) in (2.4)) in which case m = 3 suffices
in Theorem 2.3

There are numerous simplifications when {Y;} is a finite partition. In particular,
conditions (2.1)) and (2.2)) are redundant and we can take § = 0.

Remark 2.6 At first glance, Theorem has some similarities with [10, The-
orem 1|. In particular, we mention formula (2.4) therein which takes the form
|Piplla < Cee || Zp||p where Z = 0;. However, || |4 corresponds to a “weak”
norm which would just be the L norm in our setting. Moreover, the hypothesis
in [10] that the operators T3 : B — B (Lt : Fsn1(Y¥) — Fs,,1(Y¥) in our notation)
are bounded looks to be unverifiable in our setting even for fixed ¢. On the other
hand, the expansion in equation (2.3) of [10] is beyond our methods.
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Remark 2.7 Numerous (non)uniformly hyperbolic flows are modelled (after induc-
ing and quotienting along stable leaves) by “Gibbs-Markov semiflows” F, : Y¥ — Y%
of the type considered here with the exponential tail condition . These include
basic sets for Axiom A flows, Lorentz gases with finite horizon, and Lorenz attractors
(see for instance [19, Section 1.1]). Whenever the Dolgopyat estimate is verified
in such examples, as in [5], 6] [7, 11], Theorem guarantees exponential decay for
the norm of the transfer operator for the corresponding Gibbs-Markov semiflow.

3 Proof of Theorem 2.3

Our proof of norm decay is broken into three parts. In Subsection |3.1] we recall a
continuous-time operator renewal equation [21] which enables estimates of Laplace
transforms of transfer operators at the level of Y. In Subsection we show how
to pass to estimates of Laplace transforms of L;. In Subsection [3.3] we invert the
Laplace transform to obtain norm decay of L.

3.1 Operator renewal equation
Let Y =Y x [0,1] and define

F:Y =Y, Fyu)=(Fyu),
with transfer operator R : L'(Y) — L*(Y). Also, define

7:Y = (2,00 @ly,u) = (y).
Define the twisted transfer operators

R(s): L'Y) = L'(Y),  R(s)v= R(e ).
Let §~/j =Y, x [0,1]. For v : Y — R, define

[v]ly = [v]oo + [y, |v], = sup sup [v(y, u) — vy, w)|/d(y,y)".
IZ1 (y ), (v )€Y, y#£y

Let ]:n(i;) consist of observables v : Y — R with |lvll;, < oco. Let
FUT) = {v € F,(V) : [yvdii =0)
where i = pu x Lebyg ).
Lemma 3.1 Write s =a+1ib € C. There exists e >0, my >0, C > 0 such that
(a) s+— (I —R(s))™": ]-'2(17) — F,(Y) is analytic on {|a| < €};
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(b) s+— (I — ]?2(5))’1 : .7-"77(}7) — }"77(}7) is analytic on {|a| < €} except for a simple
pole at s = 0;

(¢) I = R(9) " 5,y ry ) < ClOI™ for la| <€, [b] = 1.

Proof It suffices to verify these properties for Z(s) = (I — Ry s))"t on Y. They
immediately transfer to (I—}TZ(S))*1 on Y since (ﬁv)(y, u) = (ﬁov“)(y) where v"(y) =
v(y, u).

The arguments for passing from to the desired properties for Z(s) are stan-
dard. For completeness, we sketch these details now recalling arguments from [5].
Define F,(Y') with norm || ||, by restricting to u = 0 (this coincides with the usual
Holder space on Y'). Let A, D, € and mg be as in . Increase A and D so that
D > 1 and |b|moyAleeltll < 1 for [b| > D. Suppose that |a| < e, [b| > D. Then
| Ro(s) 415 P, < [plmoyt2 Pl < 5 and [|(1 — Ro(s) 5P 1), < 2

As in [5l, Proposition 2.5], we can shrink € so that s — }A*Zo(s) is continuous on F, (Y")
for |a| < e. The simple eigenvalue 1 for Ry(0) = R, extends to a continuous family
of simple eigenvalues A(s) for |s| < e. Hence we can choose € so that 3 < A(a) < 2
for |a| < e. By [B, Corollary 2.8], | Ro(s)"|l, < [b|A(a)™ < [b|2" for all n > 1, |a| < e,
|b| > D. Hence

1Z(5)]ly < (14 |[Ro(8) ||y + - - + || Ro(s) A BIIL Y |(T — Ro(s)AlePy—1,
< (log [b]) [b] 241081 < |p|™,

with m; = 1 + Alog2. This proves analyticity on the region {|a| < ¢, |b] > D} with
the desired estimates for property (c) on this region.

For |a| <, |b] < D, we recall arguments from the proof of [5, Lemma 2.22] (where
Ro(s) is denoted Q). For e sufficiently small, the part of spectrum of Ry(s) that is
close to 1 consists only of isolated eigenvalues. Also, the spectral radius of fio(s) is
at most A(a) and A(a) < 1 for a € [0, €], so s — Z(s) is analytic on {0 < a < €}.

Suppose that }Azo(ib)v = v for some v € F,(Y), b # 0. Choose ¢ > 1 such that
qb| > D. Since Ro(s) is the L2 adjoint of v — e*?vo F, we have ¢y o F = v. Hence
eyl o ' = v% and so Ro(igh)v? = v?. But | Z (igb)v?||, < oo, so v = 0. Hence
1 & spec ﬁo(z’b) for all b # 0. It follows that for all b # 0 there exists an open set
U, C C containing ib such that 1 ¢ spec Ry(s) for all s € Uy, and so s — Z(s) is
analytic on Uj,.

Next, we recall that for s near to zero, A\(s) = 1 + ¢s + O(s?) where ¢ < 0.
Hence s — Z(s) has a simple pole at zero. It follows that there exists € > 0 such
that s — Z(s) is analytic on {|a| < €,]b| < 2D} except for a simple pole at s = 0.
Combining this with the estimates on {|a| < €, |b] > D} we have proved properties (b)
and (c) for Z(s).



Finally, the spectral projection 7 corresponding to the eigenvalue A\(0) = 1 for

EO(O) = R is given by mv = fyvd,u. Hence the pole disappears on restriction to
observables of mean zero, proving property (a) for Z(s). |

Next define
T =1gL(15v),  Upw =15 L(1gsnv)

and - -
T(s) = / e T, dt, (7(3) = / e U, dt.
0 0
By [21, Theorem 3.3], we have the operator renewal equation
T=UI-R)"

Proposition 3.2 There ezists € > 0, C > 0 such that s — U(s) : Fo(Y) = F,(Y)
is analytic on {|a| < e} and |U(s)|| £, 57,5 < Cls| for |a] <e.

Proof By [21, Proposition 3.4],

N ) — @ =Dlpy(w) 0<t<1
(et {(th)(y,U) t>1

where v,(y,u) = Lycp@)<t+1-a3V(y, u — t + ©(y)). Hence U(s) = Uy(s) + Us(s) where

(ﬁl(s)v)(y,u) :/ e (Y, u — t) dt, (72(3)1) :/ e~* Ruy dt.
0 1
It is clear that Hﬁl(s)vﬂn < ef||v]|,. We focus attention on the second term

@wmmmzzﬂw[ﬂﬁmwwwzzﬂwﬂw%m

where V(s)(y,u) = ful est=u=)y(y, ) dt. Clearly, |1yjr/(s)\oo < el |yl . Also,

V(s)(y,u) = V(s)(y u) =T+ J,
where
_ / (e5(t=u=p) _ eslt=u—el D)y (y. 1) i,
=/ﬁ S (i, £) — vy, 1)) dt.
For y,y' € Y],

1
Ulﬁlﬂui/ 5Pt |o(y) — p(y)] dE < |s][v]o 57> d(Fy, Fy)"
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by (1), and

1
< [y ) — oy )] de < 5 o dly, )

Hence [V (s)(y,u) = V (s)(y/su)ly < |s]e57 o], d(Fy, Fy')". ~

It follows from the estimates for 1y, V(s) together with that ||Ua(s)v], <
Sl e = o]l By @2), [|Ua(s)vll, < |sll|vll, for e sufficiently small. We
conclude that ||U(s)v|, < |s|||v]l,- n

3.2 From fon Y to Z on Y%

Lemma and Proposition yield analyticity and estimates for T=U (I — }A%)*l
on Y. In this subsection, we show how these properties are inherited by L(s) =
Jo e ' Lydt on Y¥. Recall that Y =Y x [0, 1] which we view as a subset of Y.

Remark 3.3 The approach in this subsection is similar to that in [9, Section 5] but
there are some important differences. The rationale behind the two step decomposi-
tion in Propositions [3.4 and below is that the discreteness of the decomposition in
Proposition [3.4] simplifies many formulas significantly. In particular, the previously
problematic term E; in [9] becomes elementary (and vanishes for large ¢t when ¢ is
bounded). The decomposition in Proposition remains continuous to simplify the
estimates in Proposition |3.8

Since the setting in [9] is different (infinite ergodic theory, reinducing) we keep the
exposition here self-contained even where the estimates coincide with those in [9].

Define
Ay LNY) = LYY%),  (A0)(y,4) = Lncueniay (Do) (y, u), n >0,
By LNY?) — LY(Y®), (Ew)(y, v) = Lg+1<useow)y (L) (Y, u), £ > 0.

[t]
Proposition 3.4 L; = ZAjlf,Lt_j + E; fort > 0.
§=0

Proof Forye Y, ue (0,0(y)),

[t]

(Lev)(y, u) = Z Ljcucjrny (Lev) (Y, w) + Ly ri<u<o)) (Lev) (Y, v)
§=0

[t]
= Z(Ath_j’U)(y, U) + (Etv)(y> U)



Now use that A, = A,15. |
Next, define

Y),  Bw=13L(1a,v),
Gy LNY¥?) = L'(Y),  Gw=B,(w(t)),
Y),  Hw=13L(1av),

for t > 0, where

Ar={(y,u) €Y? 1 0(y) —t <u<p(y) —t+1}
Ay ={lyu) €Y ru<oply) —t},  wt)(y,u)=e(y) —u—t+1L

t
Proposition 3.5 13L; = / T, ;B,dr + Gy + H; fort > 0.
0
Proof Let y €Y, ue€[0,¢(y)]. Then

t t
/ I, (y,u)dr = / Lp(y)—usr<p(y)—u+t1} AT
0 0

= 1> @) —ut1} T+ Vo) —u<t<pw)—ur1}(t — @(y) +u)
=1- 1{t<s0(y)—u+1} + 1{w(y)—USt<go(y)—u+l}(t - 90(9) + U)
=1—1a(y,u) + 1a,(y,u)(t —@(y) +u—1).

Hence f(f Ia, dr =1 —1p,w(t) — 1a;. It follows that
t t t
/ T, Bovdr = 1}7/ L, ;1¢Bvdr = 1}7/ L,_.Bvdr
0 t 0 0 t
= 117/ Ly L.(1a,v)dr = I?Lt</ 1a,v dT) =1y Lw — Gy — Hyw
0 0

as required. [

We have already defined the Laplace transforms L(s) and T(s) for s = a -+ ib with
a > (. Similarly, define

E(s):/ e "' B, dt, E(s):/ e B, dt,
0 0

@(s):/ e G, dt, f[(s):/ e "' H, dt.
0 0

(e 9]

Also, we define the discrete transform A(s) = Z e A,

n=0



Corollary 3.6 L(s) = A(s)T(s)B(s) + A(s)G(s) + A(s)H(s) + E(s) for a > 0.

Proof By Proposition [3.4]

00 [t] o o0
L(s) — E(s) = / e st Z Ajlg Ly jdt = Z e_sjAjlf,/ eI, ;dt
0 =0 j=0 J

= A(s)1 / e Lydt = A(s)15L(s).
0
Hence L = A\lf,f +FE. In addition, by Proposition , 1173 —TB+G+H.
Proposition 3.7 Let § > e > 0. Then there is a constant C' > 0 such that

(@) 13O 57, ooy < 1,
(b) HE(S)H}'&W(YW)*)]—'&W(YA;J) S C,
() NG, ey < €

for |a| <.
Proof (a) Let v € F,(Y). Let (y,u), (v/,u) € Y, j > 1. Since (4,0)(y,u) =

1{n§u<n+1}v(y7 U= n):

(A(s)v)(y, u) = Z e L ncucniyv(y, u — n) = e Moy, u — [u]).

Hence

|[(A(s)v)(y, u)| < €v]s,
That is, |A(s)v]eo0 < [0]oo, [A(s)0ley < [0l Hence [[A(s)v[lsn < [[A(s)v]len < [0l

(b) We take C' = 1/(0 —¢€). Let v € F5,(Y?). Let (y,u), (',u) € Y, j > 1. Note
that (Ewv)(y,u) = Ligri<av(y,u —t), so

(E(S)U)(y, U) = / G_Stl{[t]+1§u}"0(y, u — t) dt.
0

[(A(s)o)(y,u) = (A(s)0) (', w)| < ol dly, y)".

Hence -
(B(s)v) ()| < / e [0]s00 €0 dt = Clolsoe ¢,
0
and
[(E(s)v)(y,u) — (E(s)0) (¥, u)| < / e [v]s, d(y, y')"e? D dt = Ce™|vls, d(y, y')".
0
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That is, |E(5)0]500 < |V]s.0e and |E(s)0]sy < [0]sm-

(9Lt 0 € £, Lat 1.1, W) €T, j > 1. Then (Hw)(y,u) = Lpcuoly, u
t) and (H(s) = Jo e v(y, u — t) dt. Hence,

[H(s)vloo < €|0lso0 and  [(H (s)0)(y,u) = (H(s)o) (' u)| < e[vls, dly,y)".

The result follows. |

Proposition 3.8 There exists 6 > € >0, C' > 0 such that

1B (s )“]—‘M Yoy Ty (F) = Cls| and |G(s )”]—"5,](Y<P)—>]-‘n < Cls| forla| <e.

Proof Let v € LY(Y¥), w € L®(Y). Using that F,(y,u) = (Fy,u+t — ¢(y)) for
(y7 U’) € Ata

/~Bt’U'lUdﬂ 90/ Lt<1At )wdluSO :90/ 1AtU’LUOFtd,LL<p
Y ®
/ / 1{0<qu1€ ey )<1}v(y, ) (Fya u+t— 90) du dﬂ

_ / / Losuen 0y, u + p(y) — yw(Fy, u) du dy
Y Jt—p(y)

—/vtwoﬁdﬂ—/ﬁvtwdﬂ
Y Y

where Ut(ya u) = 1’i0<u+90(y)—t<<p(y)}v(yv u + go(y) - t)' _
Hence Bjv = Rv; and it follows immediately that Gyv = R(w(t)v):. But

(W()0)e(y, u) = Locutow)—t<pw) (W) (Y, u + 9(y) — 1) = (1 = wuily, u),

o (Gr)(y,u) = (1 = w)(B)(y,w).
Next, B(s)v = RV (s) where

-~

V(s)(y,u) = /000 e vy (y, u) dt

Il
:\:
+
5
o~
o4
—~
<
IS
+
AS)
—~~
N
S~—
SN—
QU
~

It is immediate that

(G(s)0)(y,w) = (1 = w)(B(s)v)(y, u)- (3.1)
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Suppose that 0 > e > 0 are fixed. Let v € F5,(Y¥). Let (y,u), (v',u) € SN/j, j>1
Then

. ©(y)
1V (s)(y,u)| < / e_a(“"(y)JF“_t)|v|5,C>o Ot dt < e‘s"o(y)|v|5,Oo
0
and so |1yj‘7(8)|oo < 66|1YJ’(‘D|°°|U|57OO.

Next, suppose without loss that ¢(y') < ¢(y). Then

~

‘7(3)(%@ V()Y u)=Ji+ o+ Js

where

e(y) )
= / (e=5(EW+u=) _ o=s(e =) (0 1 .
0

For notational convenience we suppose that a € (—¢,0) since the range a > 0 is

simpler. Using (2.1)),

e(y)
A< [T o) — ()l
0

< |sle(y)e®™Mi?l d(Fy, Fy' Y1 olsse < |s|€™i%% d(Fy, Fy )" 0ls oo

o(y)
| o] < / e Iy loet =01 |5 &St (y, o) dt < M1 d(y, i )]s,
0

P iy, oot 1-0) 5 2611y, |
|J5] < / e Pl [0]5.00 € dt < €571 |05 o d(Fy, Fy')".
w(y")
Hence R R
V(s)(y,u) = V(s)(y,u)| < [s|e*59> 0|5, d(Fy, Fy')".

Now, for (y,u) € Y,

~

(B(s)v)(y,u) = (RV(s))(y,u) = 32,9(u)V (s) (g5, u),

where y; is the unique preimage of y under F|Y;. It follows from the estimates for
V (s) together with (2.3)) that

IB(s)vlly < |83 m(V;)e M58 |[v]|5,.
Shrinking ¢, the desired estimate for B follows from (2.2). Finally, the estimate for
G follows from (3.1]). |
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Proposition 3.9 [; B(O)vdji = ¢ [ye vdu? forve LY(Y?).

Proof By the definition of LA?,

[Bowai= [ [ nsvddi=g [ [ Liiae)d i
Y Yy Jo 0 ye

= 95/ / 1Atv d,ugo dt = @/ / 1{w—u<t<<p—u+1}v dt dlu%’ = @/ v du%’?
0 Y Y¥ JO Y¢¥

as required. [

Lemma 3.10 Write s =a+ ib € C. There exists € >0, 0 >0, my >0, C' > 0 such
that

(a) s L(s) : FynY¥?) = Fs,(Y?) is analytic on {|a| < ¢};

(b) s — L(s) : Fsn(Y¥) = Fs5,(Y?) is analytic on {|a| < €} except for a simple
pole at s = 0;

() 1L(s)0llsy < CO™[[v]ls for lal < e, [b] = 1, v € Fsy(Y¥).

Proof Recall that

L=ATB+AG+AH+E, T=UI-R)"
where U , E, E, CAJ, H and E are analytic by Propositions , and . Hence
part (b) follows immediately from Lemma [3.1(b). Also, part (c) follows using
Lemma [3.1f(c).
By Proposition , E(O)(an(Y“")) C ]:7(7)(37) Hence the simple pole at s = 0
for (I — R)~'B disappears on restriction to F3,(Y?) by Lemma (a). This proves
part (a). |

3.3 Moving the contour of integration

Proposition 3.11 Let m > 1. Let v € Fs,,,(Y¥?) with good support. Then L(s)v =
Zﬁ}l(—l)js*(j+l)8§v + (=1)"s™™L(s)0™v for a > 0.

Proof Recall that suppv C {(y,u) € Y¥ : u € [r,o(y) — r]} for some r > 0. For
h € [0,r], we can define (V,v)(y,u) = v(y,u — h) and then (¥,v) o F}, = v.

Let w € L>®(Y?) and write p,.,(t) = fw vw dp? where wy; = w o Fy. Then for
h € [0,r],

(Vo) o Fyw, o Ffydu? = / Upvw, dup?.
ye

pow(t + ) = /

Y

thOthuwz/

Y¥

13



Hence A (ppu(t + h) = pow(t)) = [yo b (¥ — v) wy du? so

Pow(t)=— [ Owwdp® =— | OwwoFdu? = —pyuu.t).
ve ye

Inductively, pq(]jq)u(t) = (=1 057, . (1)-
Now [i, L(s)vwdu? = [Ce ™ [, Lwwdp?dt = [ e p,.,(t)dt, so repeat-
edly integrating by parts,

[ Beowaw =Y s 00,0+ 5 [ e
Y¥ 0

7=0
m—1 00
:/ ~UD yw dp® + (—1)™ s_m/ e~ pom,w(t) dt.
Yo JZO 0
Finally, [;% e ™ pomo(t) dt = fw Ovwdp? and the result follows since w €
L>(Y?) is arbitrary. n

We can now estimate ||L,v]|s,,.

Corollary 3.12 Under the assumptions of Theorem [2.3, there exists € > 0, mg > 1,
C > 0 such that
| Lv|lsy < Ce=vllsnms for allt >0

for allv € .an’mg (Y'?) with good support.

Proof Let ms = my + 2. By Lemma [3.10(a), E(s) D F Sy (Y?) = Fop(Y¥) is
analytic for |a| < e. The alternative expression in Proposition is also analytic on
this region (the apparent singularity at s = 0 is removable by the equality with the
analytic function Z) Hence we can move the contour of integration to s = —e + b
when computing the inverse Laplace transform, to obtain

m3z—1

Lo = / e“( Z (=1 s~ Uy + (—1)””35*’”"’35(5)8{"3@) db
oo =
m3—1 ' 0o o0 ~
=e ) (=1)9v / st db 4 (—1)mse / es™" L(s)0)" v db.
=0 e -

The final term is estimated using Lemma [3.10|(b,c):

—0o0

H/ s (50 | <</ (1[B) =02 (1 [b])™ 75 015y db < [[0]l50ms-
oo n
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Clearly, the integrals [ e®s~UT db converge absolutely for j > 1, while the in-
tegral for j = 0 converges as an improper Riemann integral. Hence altogether we
obtain that || L5, < e~%|v]]sms- |

For the proof of Theorem [2.3] it remains to estimate [|0,Lv||s,. Recall that the
transfer operator Ry for F' has weight function g. We have the pointwise formula

(RE0)(y) = X pry—y 96y )0(y) where gy =g ... go F*L Let ¢ = Y5 o FY.
Proposition 3.13 Let v € L'(Y¥). Then for allt > 0, (y,u) € Y?,

[t/2]
Ltv ya Z Z gk 1{O<u 4ok (y) <e(y’ )}U<y/7 u—t+ @k(?/,))
k=0 Fkqy

Proof Recall that the roof function ¢ is bounded below by 2. The lap number
Ni(y,u) € [0,t/2]NN is the unique integer k£ > 0 such that u+t—y(y) € [0, o(F*y)).
In particular, Fy(y,u) = (FNWWy u+t — o, (y)). For w e L®(Y¥),

/ Li(1qn,=iyv) wdp? = / Lin=kyvw o Fydp?
_1/ / 1{0<u+t wr(y )<<p(Fky)}U<y7 ) (Fky7u +t— QDk(Zj)) du d,LL
Fk
“1/ / Lio<u—tton () <o V(¥ v — t + or(y)) wFry, u) dudp.
Writing v, (¥) = Ljo<u—t+op )<}V (¥, u — t + ¢ (y)) and w*(y) = w(y, u),
/ Li(1yn,=iyv) wdp? = @1/ / 1{u<¢oFk}’Uzj:k w" o F¥ dp du
Yo

= [ Rt dudu = | (Rt ) ol do”
©

Hence,
[t/2] [t/2]
(Lev)(y,u) = (Ll o) (g, w) = D (Rovit) ().
k=0 k=0
The result follows from the pointwise formula for RS. |

Proof of Theorem 2.3 Let m = ms+1. By Corollary [3.12] || Ly |5, < € [|0]|5.9,m-

Recall that 0, denotes the ordinary derivative with respect to u at 0 < u < ¢(y)
and denotes the appropriate one-sided derivative at v = 0 and u = ¢(y). Since v
has good support, the indicator functions in the right-hand side of the formula in

15



Proposition are constant on the support of v. It follows that 9,Lv = L;(0,v).
By Corollary [3.12]

10u Levllsn = [ L4(0uv)llsn < € |Outllanms < € [v]lsnm-

Hence, ||Lv||s,1 < €™ ||v]|s,.m as required. |

Acknowledgements We are grateful to the referee for a number of helpful sugges-
tions.
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