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Abstract

We establish decay of transfer operators in a Holder norm for observables
of uniformly and nonuniformly expanding semiflows with exponential decay of
correlations. Our results fall short of establishing a spectral gap; indeed we

prove that such a result is impossible for Hélder exponent greater than %

1 Introduction

Decay of correlations (rates of mixing) and strong statistical properties are well-
understood for Axiom A diffeomorphisms since the work of [9] 19, 20]. Mixing rates
are computed with respect to any equilibrium measure with Holder potential. Up to
a finite cycle, such diffeomorphisms have exponential decay of correlations for Holder
observables. In the one-sided (uniformly expanding) setting, this is typically proved
by establishing a spectral gap for the associated transfer operator L. Such a spectral
gap yields a decay rate ||[L"v — [v|| < C,e™®" for v Holder, where || || is a suitable
Holder norm and a, C, are positive constants. Decay of correlations for Holder
observables is an immediate consequence of such decay for L™. This philosophy has
been extended to large classes of nonuniformly expanding dynamical systems with
exponential [23] and subexponential decay of correlations [24].

Many statistical properties such as the central limit theorem do not require strong
control on L™ in norm, but such control is often useful for finer statistical properties.
For example, rates of convergence in the central limit theorem [15] and the associated
functional central limit theorem [4] rely heavily on control of operator norms.

In this paper, we consider analogous questions for uniformly and nonuniformly
expanding semiflows. The usual techniques [13] [16, (18] bypass spectral gaps; the only
exception that we know of being Tsujii [21]. However, the result in [21] is for suspen-
sion semiflows over the doubling map with a C? roof function, where the smoothness
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of the roof function is crucial and very restrictive. We note also a corresponding
result for contact Anosov flows [22]; unfortunately it seems nontrivial to extend this
to nonuniformly hyperbolic contact flows (or uniformly hyperbolic contact flows with
unbounded distortion), see [7] which proves exponential decay of correlations for bil-
liard flows with a contact structure but does not establish a spectral gap. Indeed,
apart from [21],22], there are previously no results on norm decay of transfer operators
for semiflows and flows.

The results of Tsujii [21), 22] provide a spectral gap in an anisotropic Banach space.
Our first result yields a restriction on the Banach spaces that can yield a spectral
gap. We work in the following very general setting:

Let (A, d) be a bounded metric space Borel probability measure u, and let F; :
A — A be a measure-preserving semiflow. We suppose that ¢t — F} is Lipschitz a.e.
on A. Let L; : L*(A) — L'(A) denote the transfer operator corresponding to F; (so
[y Levwdp = [, vwo Fydp for all v € L'(A), w € L™(A), t > 0). Let v € L®(A)
and define v, = fotfu oF.dr fort > 0.

Theorem 1.1 Let n € (%,1). Suppose that Lyv € C"(A) for all t > 0 and that

Jo” 1 Levlly, dt < co. Then vy is a coboundary:
vu=x0F, —x forallt>0, a.e. on A
where x = [° Ly dt € C"(A). In particular, Sup,sg || < 00.

Here, |glo = esssupy |g| and [|g]ly = |gloo +5up,sy l9(2) — g(y)| /d(x, y)". Theorem|[L]]

implies that any Banach space admitting a spectral gap and embedded in C"(A)
1

for some 1 > 5 is cohomologically trivial. However, for nonuniformly expanding
semiflows of the type considered in this paper and in the aforementioned references,
coboundaries are known to be exceedingly rare, see for example [I1, Section 2.3.3].
Hence, Theorem|1.1{can be viewed as an “anti-spectral gap” result for such continuous
time dynamical systems.

The proof of Theoremuses a Gordin-type argument [14] to obtain a martingale-
coboundary decomposition. The martingale part has C"-sample paths with n > %
and hence is constant, so the result follows.

Nevertheless, our aim of controlling L; in Holder norm for a large class of semi-
flows remains viable, and we obtain positive results in this direction. We consider
uniformly and nonuniformly expanding semiflows satisfying a Dolgopyat-type esti-
mate [I13]. Such an estimate plays a key role in proving exponential decay of correla-
tions for the semiflow. Our second main result, Theorem [3.2] shows how to use the
Dolgopyat estimate to prove exponential decay of L;v in a Holder norm for mean zero
Holder observables satisfying a good support condition. Apart from the Dolgopyat
estimate, the main ingredient is an operator renewal equation for semiflows [17].

The remainder of the paper is organised as follows. In Section [J, we prove The-

orem [L.1] In Section [3| we recall the set up for nonuniformly expanding semiflows



with exponential decay of correlations and state Theorem on decay in norm. In
Section [4] we prove Theorem [3.2]

Notation We use “big O” and < notation interchangeably, writing a,, = O(b,,) or
a, < b, if there are constants C' > 0, ng > 1 such that a,, < Cb, for all n > ny.

2 Proof of Theorem 1.1

We begin by recalling the setup of Theorem . Let (A,d) be a bounded metric
space with Borel probability measure u, and let F; : A — A be a measure-preserving
semiflow. We suppose that ¢ — F} is Lipschitz a.e. on A. Let L; : L'(A) — LY(A)
denote the transfer operator corresponding to Fj.

Let v € L®(A), with Lyw € C"(A) for all ¢ > 0 and [;° ||Lyvl], dt < oo where
n € (3,1). Define x = [~ Lyvdt € C"(A), and

t
vt:/voFTdr, my = v — x o Fy + x,
0
for t > 0. Let B denote the Borel g-algebra on A.

Proposition 2.1 (i)t — my is C" a.e. on A.
(i3) E(my|F, ' B) = 0 for all t > 0.
Proof (i) For0<s<t<1andzx€A,

Ims () — my(2)| < |vs(2) — ve(@)| + [X(Fox) — x(Frr)]
<|s = t||v]oo + |x|y d(Fsx, Fyx)".

Since t — F} is a.e. Lipschitz, it follows that ¢ — m, is a.e. C".
(ii) Let Uyv = v o F}, and recall that L,U; = I and E(:|F;'B) = U,L,. Then

Lemy = Ly(v, — Ux +x) = [y LUwdr — x + [ LiLyvdr
= fg Ly ,vdr—x+ fooo Ly vdr = fot L.ovdr —x + ftoo L,vdr =0.
Hence E(m,|F; 'B) = U,Lym, = 0. |
Proof of Theorem Fix T > 0, and define
Mr(t) =mpr —mpr_y =myo Fry, tel0,T].

Also, define the filtration Gy, = F;.!,B. It is immediate that My (t) = m; o Fr_; is
Gr-measurable. Also, for s < t we have My (t)— My (s) = mp_s—mp_y = my_s0Fp_y,
SO

E(Mr(t) — Mr(s)|Gr.s) = E(my_s 0 Fr_|Fpt B) = E(my_s|F- . B)o Fr_, =0
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by Proposition (ii). Hence M7y is a martingale for each T" > 0. Next,
[ Mz (t)]oo = | © Fr—tloo < |miloc < [0t]oc 4 2[X|oe < T0]oc 4 2[X]ox-

Hence Mr(t), t € [0,7], is a bounded martingale.

By Proposition (i), My has C" sample paths. Since n > %, it follows from
general martingale theory that My = 0 a.e. Taking t = T, we obtain mr = 0 a.e.
Hence vy = y o Fr — x a.e. for all T' > 0 as required.

For completeness, we include the argument that My = 0 a.e. We require two
standard properties of the quadratic variation process ¢t — [Mr](t); a reference for

these is [12, Theorem 4.1]. First, [Mr](t) is the limit in probability as n — oo of

n

Su(t) =Y (Mr(jt/n) = Mr((j = 1)t/n))*.

j=1

Second (noting that M7 (0) = 0),

[M7)(t) = Mp(t)* — Q/Ot My dMry,

where the stochastic integral has expectation zero. In particular, E([My]) = E(M?).
Since M7 has Holder sample paths with exponent n > %, we have a.e. that

1S,(t)] = O(t"n~ 17Dy 5 0 asn — oo.

Hence [Mr] = 0 a.e. It follows that E(M2) = 0 and so My = 0 a.e. n

3 Setup and statement of Theorem |3.2

In this section, we state our result on Hélder norm decay of transfer operators for
uniformly and nonuniformly expanding semiflows.

Let (Y, d) be a bounded metric space with Borel probability measure p and an at
most countable measurable partition {Y;}. Let F': Y — Y be a measure-preserving
transformation such that F' restricts to a measure-theoretic bijection from Y; onto Y’
for each j. Let g = du/(dp o F) be the inverse Jacobian of F.

Fix n € (0,1). Assume that there are constants A > 1 and C' > 0 such that
d(F"y, F"y') > CX\"d(y,y') and |log g(y) —log g(y')| < Cd(Fy, Fy')" for all y,y' € Y7,
j > 1,n > 1. In particular, F' is a Gibbs-Markov map as in [2] (see also [II, B]) with
ergodic (and mixing) invariant measure .

Let ¢ : Y — [2,00) be a piecewise C" roof function. We assume that there is a
constant C' > 0 such that

lp(y) — ()] < Cd(Fy, Fy')" (3.1)
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for all y, v/ € Y;, j > 1. Also, we assume exponential tails, namely that there exists
0o > 0 such that
(Ve < o, (32)

Define the suspension Y? = {(y,u) € Y x [0,00) : u € [0,¢(y)]}/ ~ where
(y,0(y)) ~ (Fy,0). The suspension semiflow F; : Y¥ — Y% is given by F,(y,u) =
(y,u + t) computed modulo identifications. We define the ergodic Fj-invariant prob-
ability measure p¥ = (u x Lebesgue)/@ where ¢ = [, p dp. H

Let L; : L'(Y¥) — L'(Y¥) denote the transfer operator for F; and let Ry :
LY (Y) — LY(Y) denote the transfer operator for F. Recall (see for example [2]) that
(Rov)(y) = >_;9(y;)v(y;) where y; is the unique preimage of y under F'|Y}, and there
is a constant C' > 0 such that

l9(y)] < Cu(Y;), l9(y) — 9(v)| < Cu(Y;)d(Fy, Fy')", (3.3)
forally,y €Y;, 7> 1.

Function space on Y¢ Let Y = {(y,u) € Y¥ :y € Y;}. Fixn € (0,1], 0 > 0.
For v : Y? — R, define |v]s00 = SUp(, 1)eye e~%v(y,u)| and

/

ol = olsoe + foline— Tolsy =sup sup el =R

321 (yu) (' )Yy’ (y.y')"
Then F;,,(Y¥) consists of observables v : Y¥ — R with ||v||5, < oo.

Next, define d,v to be the partial derivative of v with respect to u at points (y,u) €
Y¥ with u € (0,¢(y)) and to be the appropriate one-sided partial derivative when
u € {0, p(y)}. Form > 0, define Fy,, ,,(Y¥) to consist of observables v : Y¥ — R such
that &2v € F;,(Y?) for j =0,1,...,m, with norm [[v||5;m = max;j_o,_m [|050]]s,-

Definition 3.1 We say that a function u : Y¥ — R has good support if there exists
r > 0 such that suppv C {(y,u) € Y xR :u € [r,p(y) —r]}.

For functions with good support, d,v coincides with the derivative v =
limy,_,o(v 0 Fj, — v)/h in the flow direction.
Let
Finm(Y?) ={v € Fopm(Y?) : [y,vdu? = 0}.

We write Fs,(Y¥) and F3, (Y¥) when m = 0.

Function space on Y Forv:Y — R, define

[vlly = [v]oo + V], |vlp=sup  sup  [v(y) —v(y)|/d(y,y')".
721 yy' ey, y#y

Let F,(Y) consist of observables v : Y — R with ||v||, < oco.

'We call such semiflows “nonuniformly expanding” since they are the continuous time analogue of
maps that are nonuniformly expanding in the sense of Young [23]. “Uniformly expanding” semiflows
are those with ¢ bounded; they have bounded distortion as well as uniform expansion.



Dolgopyat estimate Define the twisted transfer operators
Ro(s) : LNY) — LY(Y),  Ro(s)v = Ro(e*%v).
We assume that there exists v € (0,1), € > 0, mg > 0, A, D > 0 such that
HEO(S)nHﬁ,(y)an(Y) < [b]™0" (3.4)

for all s =a+ib € C with |a| <e¢, |b| > D and all n > Alog|b|. Such an assumption
holds in the settings of [5] [0, 8, [13].
Now we can state our main result on norm decay for L.

Theorem 3.2 Under these assumptions, there exists e >0, m > 1, C' > 0 such that

||LtU

sm1 < Ce N ollsnm forallt >0
for allv € F3, . (Y¥) with good support.

Remark 3.3 (a) There is no contradiction to Theorem since the norm on Fjs,,
gives no Holder control in the flow direction when passing through points of the form
(y, ().

(b) The lack of control in (a) is also the barrier for mollification arguments of the
type usually used to pass from Fj, ,, to C" observables on an ambient space. In fact,
such arguments are doomed to fail at the operator level by Theorem when 7 > %
and hence seem unlikely for any 7.

Remark 3.4 Usually, we can take mg € (0,1) in (3.4)) in which case m = 3 suffices
in Theorem [3.2
There are numerous simplifications when {Y;} is a finite partition. In particular,

conditions (3.1 and (3.2)) are redundant and we can take § = 0.

4 Proof of Theorem 3.2

Our proof of norm decay is broken into three parts. In Subsection .1} we recall a
continuous-time operator renewal equation [I7] which enables estimates of Laplace
transforms of transfer operators at the level of Y. In Subsection we show how
to pass to estimates of Laplace transforms of L;. In Subsection [.3] we invert the
Laplace transform to obtain norm decay of L.

4.1 Operator renewal equation
Let Y =Y x [0,1] and define



with transfer operator R : LY(Y) — L*(Y). Also, define
7:Y = [2,00), Plyu) =)
Define the twisted transfer operators
R(s): L'Y) = L\(Y),  R(s)v= R(e ).
Let }7] —Y; x [0,1]. For v:Y — R, define

[v]ly = [v]se + V], |vly =sup sup  [u(y,u) — oy, u)l/d(y, y)".
IZ1 (yu),(y w)EY;, y£y

Let .7-"77(}7) consist of observables v : Y — R with |lv||, < oco. Let
f,?( )={veF, (Y ): [yvdi =0}
where it = pu x Lebp ).
Lemma 4.1 Write s = a+1ib € C. There exists € >0, my >0, C > 0 such that
(a) s (I — ﬁ(s))_1 : .7-'}7](?) — .7-"77(}7) is analytic on {|a| < €};

(b) s— (I ﬁ )t .7-"7,(17) — .7:,7(37) is analytic on {|a| < €} except for a simple

(s
pole at 0;
(c) I - R(S))_1||fn(y)an(;7) < Clb|™ for |a] <€, [b] > 1.

Proof It suffices to verify these propertles for Z(s) = (I — ﬁo(s))*l on Y. They
immediately transfer to (I—R(s))~ onY since (Rv)( u) = (Eov“)(y) where v"(y) =
v(y,u).

The arguments for passing from to the desired properties for Z(s) are stan-
dard. For completeness, we sketch these details now recalling arguments from [5].
Define F,(Y") with norm || ||, by restricting to u = 0 (this coincides with the usual
Holder space on Y'). Let A, D, € and mg be as in . Increase A and D so that
D > 1 and |p|moyAleeltll < 1 for |b| > D. Suppose that |a| < e, [b| > D. Then
[ Bo(s) 418, < [pfmonf41o6l < £ and (1 — Ro(s)4 sy, < 2

Asin [B, Proposition 2.5, we can shrink € so that s — Ro(s) is continuous on Fp(Y)

for |a| < e. The simple eigenvalue 1 for Ry(0) = Ry extends to a continuous family
of simple eigenvalues A(s) for |s| < e. Hence we can choose € so that 3 < A(a) < 2

for |a| <e. By [5, Corollary 2.8], ||§0(s)"||n < [b|A(a)™ < |b]2" for all n > 1, |a] <,
|b| > D. Hence
1Z(s)]], < (1 + ||Ro( Mo+ -+ ||Ro(s)[’41°g|b”_1||n)||(] — Ro(s )Aloglbl]) 1”
< (log b)) |5 2415 M < [of™,



with m; = 1 + Alog2. This proves analyticity on the region {|a| < ¢, |b] > D} with
the desired estimates for property (c) on this region.

For |a| <€, |b] < D, we recall arguments from the proof of [5, Lemma 2.22] (where
Ro(s) is denoted Q). For e sufficiently small, the part of spectrum of Ry(s) that is
close to 1 consists only of isolated eigenvalues. Also, the spectral radius of fio(s) is
at most A(a) and A(a) < 1 for a € [0, €], so s — Z(s) is analytic on {0 < a < €}.

Suppose that ]?io(ib)v = v for some v € F,(Y), b # 0. Choose ¢ > 1 such that
qb| > D. Since Ro(s) is the L2 adjoint of v — e*?vo F, we have ¢y o F = v. Hence
e y? o0 F = v? and so }A%O(iqb)vq = v?. But ||Z(igb)v?||, < oo, so v = 0. Hence
1 & spec ﬁo(ib) for all b # 0. It follows that for all b # 0 there exists an open set
U, C C containing ib such that 1 ¢ spec Ry(s) for all s € Uy, and so s — Z(s) is
analytic on Uj,.

Next, we recall that for s near to zero, A\(s) = 1+ ¢s + O(s?) where ¢ < 0.
Hence s — Z(s) has a simple pole at zero. It follows that there exists € > 0 such
that s — Z(s) is analytic on {|a|] < ¢,]b] < 2D} except for a simple pole at s = 0.
Combining this with the estimates on {|a| < €, |b] > D} we have proved properties (b)
and (c) for Z(s).

Finally, the spectral projection 7 corresponding to the eigenvalue A\(0) = 1 for
EO(O) = R is given by mv = fyvd,u. Hence the pole disappears on restriction to
observables of mean zero, proving property (a) for Z(s). |

Next define
EU = 157[1,5(1}71)), UtU = 1?Lt(1{$>t}v)

and

ﬂ@z/je“ﬂﬁ, iMﬂ:/ e U, dt,
0 0

By [17, Theorem 3.3], we have the operator renewal equation

~ ~

T=UUI-R)"

Proposition 4.2 There ezists € > 0, C > 0 such that s — U(s) : Fp(Y) = Fo(Y)
is analytic on {|a| < e} and |U(s)|| £ 37,5 < Cls| for |a] <e.

Proof By [17, Proposition 3.4],

Ny ) — 4 LW u=Olpn(u) 0<t<1
(V) (0, u) { o~ lafe) 05

where v,(y,u) = Lycp@)<t+1-a3V(y, u — t + ©(y)). Hence U(s) = Uy(s) + Us(s) where

~

(Ui(s)v)(y,u) = /Ou e "oy, u —t)dt, Us(s)v = /100 ¢~* Ru, dt.
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It is clear that ||ﬁ1(s)v||77 < ef||v]|,. We focus attention on the second term
Duls)o) ) = S000) [ oy ) e = 55,900V 5) 3500,
where V(s)(y, u) = ful est=u=¢)y(y, t) dt. Clearly, |1yj‘7(8)|oo < el y| . Also,
V(s) ) = V(s)(y'u) =+ J.
where

1
I— / (e5(t=u—p) _ eslt=u=sl D)y (. 1) i,

1
J= [ et ) = ol )

For y,y" €Y},
! 1 t 1
1] < o] / e et D)) o) — oy dt < |s][0]e €59 d(Fy, Py

by (1), and

1
1] < / el tu= 1) oy b)) dt < M5 o], d(y, ).

Hence [V (s)(y, u) = V(s)(/, )y < |sle?™ 7 [o]|, d(Fy, Fy')". R

It follows from the estimates for 1y, V(s) together with that || Ua(s)v], <
Zj|s|u(Yj)ee|lij|°"||v||n. By (3-2). ||(A]2(8)v||n < |s]||v]]; for e sufficiently small. We
conclude that ||U(s)vl, < |s|||v]l;- N

4.2 From fon Y to Z on Y%

Lemma [4.1| and Proposition 4.2 yield analyticity and estimates for T = U(I — R)~!
on Y. In this subsection, we show how these properties are inherited by L(s) =
Jo o e Lydt on Y¥.

Remark 4.3 The approach in this subsection is similar to that in [I0], Section 5] but
there are some important differences. The rationale behind the two step decomposi-
tion in Propositions [4.4 and below is that the discreteness of the decomposition in
Proposition 4.4] simplifies many formulas significantly. In particular, the previously
problematic term E; in [10] becomes elementary (and vanishes for large ¢t when ¢ is
bounded). The decomposition in Proposition remains continuous to simplify the
estimates in Proposition

Since the setting in [10] is different (infinite ergodic theory, reinducing) we keep
the exposition here self-contained even where the estimates coincide with those in [10].
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Define

A LNY) = LNY?), (A0)(3:1) = Lncuensn (Lav) (g, 1), 0> 0,
By LNY#) — LY(Y®), (Ew)(y, v) = L+1<usow)y (L) (Y, u), £ > 0.

[t]
Proposition 4.4 L; = ZAjlg,Lt_j + E; fort > 0.
3=0

Proof ForyeY, ue (0,0(y)),

[¢]
LtU y7 Z 1{]<u<]+1} Ltv) (97 ) + 1{[t]+1§"§‘ﬂ(y)}([’tv)(y’u>
7=0
(t]
(AjLe—jv)(y, u) + (Ew)(y, w).

o

Now use that A, = A,15.
Next, define

Y),  Bw=13L(1a),
Gy LNY¥?) — LY(Y), Giv = Bi(w(t)v),
Hy: LNY?) = LNY),  Hpo=13L(1a0),

for t > 0, where

Ar={(yu) €Y p(y) —t <u<p(y) —t+1}
Ay ={ly,w) €Y ru<oly) —t},  wt)y,v) =¢ly) —u—t+1

t

Proposition 4.5 13L; = / T, ;B,dr + Gy + H; fort > 0.
0

Proof Lety €Y, ue[0,p(y)]. Then

¢ ¢
/0 1A, (y, )dT—/O o) —ugr<p(y)—u+1} AT

= 1> @) —ut1} T Vo) —u<t<p@)—ur1} (t — @(y) +u)
=1 — <o) —ut1} T Lo —ust<p(y)—ut1} (t — @(y) + )
=1—1a(y,u) + 1a,(y,u)(t —@(y) +u—1).
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Hence f(f Ia, dr =1 —1pa,w(t) — 1a;. It follows that

t t t
/ T, .Bvdr = 1;/ L, 1¢Bvdr = 117/ L, ,B.vdr
0 . 0 0 .
- 1)7/ Lt—’TLT(]-ATU) dr = ].?Lt(/ 1ATU dT) = ]_?Ltv - GtU — HtU
0 0

as required. [

We have already defined the Laplace transforms E(s) and f(s) for s = a+ib with
a > 0. Similarly, define

E(s):/ e ' B, dt, E(s):/ e 5B, dt,
0 0

@(3):/ e "Gy dt, f[(s):/ e "' Hy dt.
0 0

[e.9]

Also, we define the discrete transform E(s) = Z e A,
n=0

~

Corollary 4.6 L(s) = A(s)T(s)B(s) + A(s)G(s) + A(s)H(s) + E(s) for a > 0.

Proof By Proposition [4.4

o) [t] 0 00
L(s) — E(s) = / et ZAjlfth—j dt = Z e_SjAjly/ e =D, . dt

=0 j
= g(s)lf, /00 e Ly dt = g(s)lf,f(s).
0
Hence L = ﬁlf/f +E In addition, by Proposition , 1)72 =TB+G+H. |
Proposition 4.7 Let 6 > € > 0. Then there is a constant C' > 0 such that
(@) 1A3) 5 5y vy < L
) 1B(5) L5y, 0y, ) < €

() 1H )5, veysr iy < €

for |a| <e.
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Proof (a) Let v € .7:77(17). Let (y,u), (y,u) € Y7, j > 1. Since (4,0)(y,u) =
1{n§u<n+1}v(y7 U — TL),

(A\(S)?}) (Z/, u) = Z 678n1{n§u<n+1}v(y> u— n) = €7S[U}U(y, U — [u])

Hence
[(A()v) (g, u)| < e[v]o,  |(Al)0)(y,u) — (A(s)0) (s w)] < o, d(y,y)".
That is, |A(8)0]cc0 < [0]o, [A(8)0]ey < [0l Hence [|A(s)v]|5, < [[A(s)0]le < 0]l

(b) We take C'=1/(0 —¢€). Let v € F5,(Y?). Let (y,u), (y,u) € Y, j > 1. Note
that (Ew)(y,u) = Lpy+i<uyv(y, u — t), so

B = [ e ol o
0
Hence

(B(s)0) ()] < / e 0]500 €@ dt = Clofs0
0

and

~

(E(s)v)(y, u) = (E(s)0)(y/, )| S/ efvlsy d(y, y')"e” 0 dt = Ce™|v]s, d(y, y')".
0

That is, |E(s)v]s.e0 < [V]s00 and |E(s)0]s, < |v]5n-
(c) Let v € fen(Y*”) Let (y, ) (y',u) €Y, j > 1. Then (Hv)(y,u) = Lyeuyo(y, u—

t) and (H(s) = [y e v(y,u — t) dt. Hence,
|H (5)v]oo < eﬁ|v|5,oo and  |(H (s)v)(y,w) — (H(s)0)(y,uw)] < |v]s, d(y,y')".
The result follows. [ |

Proposition 4.8 There exists § > € >0, C > 0 such that

1B 7,,,verry) < Clsl - and (|Gl 5, veymr, ) < Clsl forla| <e.

Proof Let v € LY(Y¥), w € L®(Y). Using that Fy(y,u) = (Fy,u+t — ¢(y)) for
(y7 u) € Ata

/Btvwdﬂ @/ Li(1a,0 )wd/ﬁ—@/ Ia,vwo Fdu?
Y Yo
/ / Lourt—ptny<1yo (4, ww(Fy, u + t — ) dudy
- | / L ozucryv(y, 1+ o(y) — yw(Fy, u) dudy
Y Ji—p(y)

:ﬁvtwoﬁdﬂzﬁévtwdﬁ
% Y
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where v, (y, u) = 1/\{0<u+sp(y)7t<<p(y)}v(yv u+(y) —t). _
Hence Bjv = Rv; and it follows immediately that Gyv = R(w(t)v);. But

(W()0)e(y, 1) = Locutow)—t<pw) (W) (Y, u + 9(y) = 1) = (1 = wuily, u),

so (Gyo)(y,u) = (1 — u)(Bw)(y, u).
Next, B(s)v = RV (s) where

~

00 ute(y)
Ve = [ e tuad= [ ot o) - o
0 u

»(y)
:/ e~ PWIru=ty (4 1) dt.
0
It is immediate that
(G(s)v)(y,u) = (1 — u)(B(s)v)(y, u). (4.1)

Suppose that 6 > € > 0 are fixed. Let v € F5,(Y¥). Let (y,u), (v',u) € 37]-, j>1
Then

. »(y)
P < [ e Ol de < s
0

and so |1yj‘7(5>’00 < My oo
Next, suppose without loss that ¢(y') < ¢(y). Then

~

V(s)(y,u) = V()¢ su) = T+ o + Js

where

©(y) )
= / (c=s(EW+u=t) _ o=s(o =) (0 1 .
0

»(y) ,
Jy = / e WDy 1) — (1)) dt,
0
»(y) ,
J3 = / e s(ely )'i‘u—t)v(y/7 t) dt.
(y)
For notational convenience we suppose that a € (—¢,0) since the range a > 0 is
simpler. Using (3.1)),
PW) ity ol 1t) ) 5t
< [ eI o) — ool
0
< Jslo(y)e i1 d(Fy, Py )" |u]5.00 < |55 d(Fy, Fy')|v]500,

o(y)
| Jo| < / e Iy let =0 |5 et (y, o) dt < M1 d(y, i )]s,
0

e(y)
FARS / 66(|1Yj@|°°+1_t)|v|5,00 St dt < 625|1yj<9|oo|v|67oo d(Fy, Fy')".
e(y')
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Hence R R
V(s)(y,u) — V(s)(y, )| < |s]e*59=|v]ls,, d(Fy, Fy')".

Now, for (y,u) € Y,
(B(s)v)(y,u) = (RV(5))(y,u) = 3=,9(u;)V () (yj, w),

where y; is the unique preimage of y under F|Y;. It follows from the estimates for
V (s) together with (3.3)) that

5 8|1y oo
1B (s)olly < [s32;0(Y;)e* 54 o]l
Shrinking ¢, the desired estimate for B follows from (3-2). Finally, the estimate for
G follows from (4.1]). |

Proposition 4.9 [ B(O)vdi =@ Jye vdp# forve L'(Y?).

Proof By the definition of E,

[ Bowdi= [ [ nsoddi—e [ [ L) de d
Y Y JO 0 Y

= (P/ / lAtU d:wp dt = 90/ / 1{tpfu<t<<pfu+l}v dt d,u(p = 90/ v dlwpv
0 Y Ye JO Y

as required. |

Lemma 4.10 Write s =a+1ib € C. There exists e >0, d > 0, my >0, C' > 0 such
that

(a) s L(s) : Fin(Y?) = Fs,(Y¥) is analytic on {|a| < e};

(b) s — L(s) : Fsn(Y¥) = F5,(Y?) is analytic on {|a| < €} except for a simple
pole at s = 0;

(¢) IL(s)vllan < CloI"[[vllsy for lal < e, [l > 1, v € Fop(¥?).

Proof Recall that

L=ATB+AG+AH+E, T=UI-R)"
where U , 121\, B , @, H and F are analytic by Propositions , and . Hence
part (b) follows immediately from Lemma [.1(b). Also, part (c) follows using

Lemma [4.1](c).
By Proposition M, B(0)(F3,(Y?)) € F)(Y). Hence the simple pole at s = 0

for (I — R)~'B disappears on restriction to F3,(Y?) by Lemma (a). This proves
part (a). |
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4.3 Moving the contour of integration

Proposition 4.11 Let m > 1. Let v € Fs, ., (Y¥?) with good support. Then L(s)v =
> (=175~ 4 (=1)ms~™L(s)OMv for a > 0.

Proof Recall that suppv C {(y,u) € Y? : u € [r,p(y) — r|} for some r > 0. For
h € [0,r], we can define (V,v)(y,u) = v(y,u — h) and then (¥,v) o F}, = v.

Let w € L®(Y*%) and write p,.(t) = [, vw;du? where w, = w o Fy. Then for
h € [0,r],

Pow(t+h) :/ vwg o By, du? = / (Upv) o Fywy o Fp du? :/ UL w du?.
Y Y¥ Y
Hence h™" (puw(t + 1) — pow(t)) = [0 B (Phv — v) wy dp? so

Powt)=— [ Owwdp?=— [ Owwo Fdu® = —pyuw(t).
Y© Y

Inductively, p%( t) = (—-1) Pajvw(t)~

Now wa sowdp? = [Fe [, Lpwdufdt = [ ep,.(t) dt, so repeat-
edly integrating by parts,

m— 00
| Bewwdu - z ) s [ e
Ye¥ 0

= (—1)j3_(j+1)pagv’w(0) + (—1)”‘3"”/ e pom,w(t) dt
0

m—
.2

=0

,_.

~UDYyw dp? + (— 1)msm/ e~ popmu,w(t) dt.
0

.

Finally, [~ e pomyw(t)dt = [, L(s)@™vwdp? and the result follows since w €
L>(Y%) is arbitrary. n

We can now estimate ||L,v]|s,,.

Corollary 4.12 Under the assumptions of Theorem[3.9, there exists € > 0, mz > 1,
C > 0 such that

| Liv|lsn < Ce™vl|smms for allt >0
for allv e Fg, . (Y¥) with good support.

Proof Let ms = my + 2. By Lemma [4.10(a), L(s) : Famms Y?) = Fon(Y¥) is
analytic for |a| < e. The alternative expression in Proposition is also analytic on
this region (the apparent singularity at s = 0 is removable by the equality with the
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analytic function E) Hence we can move the contour of integration to s = —e 4 @b
when computing the inverse Laplace transform, to obtain

) m3—1
L= [t (30 (-1 0+ (<1 (s)ore) db
Ll

mg—1 o) [e'¢)
e (eW%b/ a%+ﬂn%+w—wMad/ s~ L (5)0pm v db.

The final term is estimated using Lemma [4.10(b,c):

H / e"btsf’mE(s)@,f”3

Clearly, the integrals [°°_e®s~UT db converge absolutely for j > 1, while the in-
tegral for j = 0 converges as an improper Riemann integral. Hence altogether we
obtain that || Lv||s, < e~|v]]s5ms- |

For the proof of Theorem [3.2] it remains to estimate [|0,Lv||s,. Recall that the
transfer operator Ry for F' has weight function g. We have the pointwise formula

(RE0)(y) = X pry—y 96y )0() where g =g ... go F*L Let @ = Y5 o FY.

Proposition 4.13 Let v € L'(Y¥). Then for allt > 0, (y,u) € Y?,

B D)0 s d < [l

— 00

ibt

[t/2]

(L) (y, u Z Z 91 (Y) Lo<u—t+en <oV (Vs u =t + or(y))-
k=0 Fkqy

Proof The lap number N,(y,u) € [0,¢/2] NN is the unique integer & > 0 such that
u+t—pu(y) € [0,0(F*y)). In particular, Fy(y,u) = (FY@y,u+t — o, (y))-
For w € L>(Y%),

/ Le(1{n,= k}v)wd,u‘p—/ Lin=rpvw o Fy dp?
Y
_1/ / Locuri—pu(n) <oy 0 (Ys ) w(F*y, u+t — i (y)) du dp

Fk
‘1// L{o<u—t+or ) <o) V(Y u — t + ¢i(y)) w(F*y, u) dudp.

Writing v () = Lo<u—t+on () <o)} V(¥ © — t + @r(y)) and w*(y) = w(y, u),
/ Li(Lve=iyv) w dp? = @‘1/ / Lucporry Uy 0" o F* dpdu
Y¥

o [ [ o Bietio dudu = [ (Rt (o)
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Hence,

[t/2] [t/2]
(Lev)(y,u) = Y (Le(Lmwmgv) (g, 0) = D (Rovity) ().
k=0 k=0
The result follows from the pointwise formula for Rj. n

Proof of Theorem 3.2 Let m = ms+1. By Corollary[£.12] || Lyv||s,, < €= |0]|5.,m-

Recall that 0, denotes the ordinary derivative with respect to u at 0 < u < ¢(y)
and denotes the appropriate one-sided derivative at u = 0 and u = ¢(y). Since v
has good support, the indicator functions in the right-hand side of the formula in
Proposition are constant on the support of v. It follows that 0,Lv = L;(0,v).

By Corollary 4.12]
10uLevls = (1 Le(0u0)ls < €™ NOu0 ]l mms < €™ N[V]l60m-

Hence, ||Liv|[s,1 < e ||v|[5,.m as required. |
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