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Abstract

We give a review of results on superpolynomial decay of correlations, and poly-
nomial decay of correlations for nonuniformly expanding semiflows and nonuniformly
hyperbolic flows. A self-contained proof is given for semiflows. Results for flows are
stated without proof (the proofs are contained in separate joint work with Balint and
Butterley). Applications include intermittent solenoidal flows, suspended Hénon at-
tractors, Lorenz attractors and singular hyperbolic attractors, and various Lorentz gas
models including the infinite horizon Lorentz gas.

Contents

(1__Introductionl
1.1  Rapid mixing for nonuniformly hyperbolic flows|. . . . . . . . . .. ... ..
[1.2  Statistical limit laws for time-one maps| . . . . .. . .. ... ... ... ..
[1.3  Polynomial mixing for nonuniformly hyperbolic flows| . . . . . . .. ... ..

([ Statement of results|

|2 Preliminaries on suspensions|

|3 Mixing rates for nonuniformly expanding semiflows|

3.1.1 Approximate eigenfunctions| . . . . . . . ... ... ...
B8.1.2 Observableson Y% . . . . ... ... ... .. ... . ... ...
13.1.3  Decay of correlations| . . . . . . . . . ... ... ... L.
13.2  Nonuniformly expanding semiflows on metric spaces| . . ... ... ... ..
13.3  Dynamically Holder semiflows and observables| . . . . ... ... ... ...

4  Mixing rates for nonuniformly hyperbolic flows|
4.1 Skew product Gibbs-Markov flows| . . . . .. ... . ... ... ...
4.2 General nonuniformly hyperbolic flows| . . . . . . . ... ... ... ... ..

*Mathematics Institute, University of Warwick, Coventry, CV4 TAL, UK

o N

10
10
11
11
14

15
15
16



[ Criteria for absence of approximate eigenfunctions| 17

[5.1  Diophantine condition on periods| . . . . . . . .. .. ... L. 18
5.2 Good asymptotics| . . . . . . ... e 18
5.3 Temporal distance function| . . . . . . .. . . ... oL 19
I __Proof of theorems for semiflows| 22
|6 Strategy for obtaining rates of mixing| 22
6.1 Laplace transtorms and inversion formulas| . . . . . . . . ... ... ... .. 22
[6.2  Formula for py.| . . . ... ... oo 23
|7 Proof of rapid mixing for semiflows| 25
7.1 Background on Gibbs-Markovmaps| . . ... ... ... ... ... . ... 25
7.2 Smoothness of RV : Fy(Y¥) = Fo(Y)| . . . . ... 26
7.3 Smoothness of R : Fy(Y) — Fp(Y) and spectral properties|. . . . . . .. .. 27
7.4 Dolgopyat estimatel . . . . . . . ... 29
7.5 Smoothness of T = (I —R) 1 : Fo(Y) = Fo(Y)| . . . . .. ... .. .. ... 32
[(.6 Proof of Theorem3.7. . . . . . ... ... ... .. ... . ... ....... 33
I8  Proof of polynomial mixing for semiflows| 33
8.1 DSome conventionsl . . . . . . ... e e e e e e e e e e 34
8.2 Refined estimates for Jy, wg, RV and R.l .................... 35
[8.3  Further estimates for dealing with the singularity at zero|. . . . . . . .. .. 40
8.4 Truncationl . . . . . . . . . ... 41
8.5 Small b: Proof of Lemmal822 . . . . .. ... ... ... ... 0 .. 44
[8.6 Large b: Proof of Lemma/|8.23|. . . . . . . ... ... ... ... ..., . 46
9 Some open questions| 47

1 Introduction

Let (A, pa) be a probability space. Given a measure-preserving flow 73 : A — A and
observables v,w € L*(A), we define the correlation function py . (t) = [y v wo Tydus —
Jyvdpa [y wdps. The flow is mizing if limy—oo puw(t) = 0 for all v,w € L2(A).

Of interest is the rate of decay of correlations, or rate of mixing, namely the rate at
which p, ,, converges to zero. For nontrivial mixing flows, the decay rate is arbitrarily slow
for L? observables. Hence the aim is to establish decay rates under regularity hypotheses
on the flow T3, the measure uy, and the observables v, w.

Consider a mixing uniformly hyperbolic (Axiom A) basic set A C M for a smooth
flow T; : M — M with invariant probability measure pua that is an equilibrium state for
a Holder potential [24]. Bowen & Ruelle [24] asked whether A is exponentially mixing
(pow(t) = O(e) for some ¢ > 0) for sufficiently regular v, w. (In the discrete time case, it
is well-known that mixing Axiom A diffeomorphisms are exponentially mixing.) However,
Pollicott [73] and Ruelle [78] showed that mixing Axiom A flows need not mix exponentially,
and Pollicott [74] showed that the decay rates could be arbitrarily slow.



Building upon results of Chernov [39], Dolgopyat [47] showed that geodesic flows on
compact surfaces of negative curvature are exponentially mixing. Liverani [59] extended
this result to arbitrary dimensional geodesic flows in negative curvature and more generally
to contact Anosov flows. Subsequent developments include [5, [10] 1T, 13} B2] 75, 81 82,
83]. However, exponential mixing remains poorly understood in general. Two major open
questions, even for Anosov flows, are

e Is exponential mixing typical in any reasonable sense?
e Does mixing imply exponential mixing rate?

Indeed, it is only recently that the first robust examples of exponentially mixing Axiom A
flows [3] and Anosov flows [33] have been obtained.

Dolgopyat [48] introduced the weaker notion of rapid mizing (superpolynomial decay of
correlations) where p, ., (t) = O(t79) for sufficiently regular observables for any fixed ¢ > 1,
and showed that rapid mixing is ‘prevalent’ for Axiom A flows: it suffices that the flow
contains two periodic solutions with periods whose ratio is Diophantine. In addition, Dol-
gopyat [47] showed that for Anosov flows, joint nonintegrability of the stable and unstable
foliations (an open and dense condition by Brin [25 26]) implies rapid mixing. Field et
al. [50] introduced the notion of good asymptotics and used this to prove that amongst C”
Axiom A flows, r > 2, an open and dense set of flows is rapid mixing.

The topic of this review article is the extension of the rapid mixing method to the
nonuniformly hyperbolic setting. In [63] 64], we obtained results on rapid mixing and poly-
nomial mixing for nonuniformly hyperbolic semiflows and flows, combining the rapid mixing
method of Dolgopyat [48] with advances by Young [85, 86] in the discrete time setting. The
purpose of this review article is twofold. In Part I, we state the results in a way that in-
corporates applications that have arisen since [63) [64]. (This should simplify the exposition
in future applications avoiding complicated referencing of the type in for example [8, Sec-
tion 4]). In Part II, we provide complete self-contained proofs for semiflows. The proofs for
flows are given in a separate joint paper with Péter Balint & Oliver Butterley [14].

In Subsections and below, we summarize the applications discussed in [63] [64]
as well as subsequent applications to Lorentz gases with cusps and in flowers, higher-
dimensional Lorentz gases, Lorenz attractors, and intermittent solenoidal flows.

The treatment here (and in [I4]) differs in two main respects from [63] [64]. The dif-
ferences apply equally to flows and semiflows so we just mention flows here. First, flows
are viewed as suspensions over a uniformly hyperbolic map with a possibly unbounded roof
function (rather than as suspensions over a uniformly or nonuniformly hyperbolic map with
a bounded roof function). This simplifies the analysis since it suffices to consider twisted
transfer operators with one complex parameter, whereas two complex parameters were re-
quired in [63]. A consequence of this is that the number of periodic orbits in the Diophantine
condition in Section reduces from 4 to 3. (On the other hand, the methods in [63] [64]
can be applied also to toral extensions of nonuniformly expanding maps, see [12, [67], and
the results here cannot.) Second, [48, 63, [64] use analyticity properties of the Laplace
transform of p, ., in the complex plane, whereas we use smoothness on the imaginary axis
incorporating ideas developed more recently with Dalia Terhesiu, especially [66]. One ad-
vantage is that Theorem on rapid mixing works for roof functions that lie in LP for all
p > 1, whereas [63] requires an exponential tails condition. Another advantage is that the



estimate in Lemma is much cleaner than the corresponding estimate in [64]. (Also,
the approach here leads to an estimate in Lemma [8.23] that is much better than might have
been expected.)

In addition, we resolve two issues that were overlooked in [64]:

(i) The Dolgopyat argument focuses on controlling high frequencies in the Laplace trans-
form of the correlation function p, ., but it is also necessary to deal with the singularity
at 0. This requires extra arguments in the slowly mixing cases.

(ii) The hypotheses in [64] for passing from semiflows to flows are too strong for the
intended applications where there is often slow contraction along stable leaves.

Issue (i) is covered in the proofs for semiflows in Part II of this article. Regarding
point (ii), similar problems have arisen even for discrete time dynamical systems. Various
polynomial mixing results in [40], 42 [61] described in Subsection [1.3|rely on a result of [86]
which is formulated only for noninvertible dynamical systems. The extra argument required
for passing to invertible systems is due to Gouézel [54] based on work of [34], and can be
found in [65, Appendix B] and [58, Theorem 2.10]. Resolving the corresponding problem
for flows turns out to be more subtle (even formulating the correct hypotheses is difficult),
and is completed in Balint et al. [14].

In the remainder of the introduction, we give an overview of rapid and polynomial
mixing, as well as consequent statistical properties, for various classes of flows.

1.1 Rapid mixing for nonuniformly hyperbolic flows

Young [85] established exponential mixing for a large class of nonuniformly hyperbolic maps
modelled by Young towers with exponential tails, including dispersing billiards and Hénon-
like maps [23]. In [63], we extended the ideas of Dolgopyat [48] to the corresponding class of
nonuniformly hyperbolic flows where there is a suitable Poincaré map modelled by a Young
tower with exponential tails. Roughly speaking, one of the main results described in this
review article is that

A ‘prevalent’ set of nonuniformly hyperbolic flows with exponential tails are rapid
mixing.

Rapid mixing is established for sufficiently regular observables, and prevalence is understood
in terms of a Diophantine condition on the periodic data and also in terms of the good
asymptotics condition [50] which is open and dense.

Planar Lorentz gases A rich class of examples of three-dimensional nonuniform hyper-
bolic flows is provided by planar Lorentz gas models [80, B7]. See [38] for a survey of results
about these models. From now on, all Lorentz gases are planar unless stated otherwise.

In particular, the periodic Lorentz gas is a billiard flow on T2 \ Q where  is a dis-
joint union of convex regions with C® boundaries. (The phase-space of the flow is three-
dimensional; planar position and direction.) The flow has a natural global cross-section
corresponding to collisions and the Poincaré map is called the billiard map. The Lorentz
flow satisfies the finite horizon condition if the time between collisions is uniformly bounded.
For the billiard map associated to the finite horizon Lorentz gas, Bunimovich, Sinai & Cher-
nov [31] proved stretched exponential mixing rates, and exponential mixing was established



by Young [85]. Chernov [35] extended Young’s method to prove exponential mixing for
billiard maps corresponding to (i) periodic Lorentz gases with infinite horizon, (ii) periodic
Lorentz gases with external forcing, and (iii) Lorentz gases in bounded domains with sides
that are convex inwards and corner points with positive angles. (For the third case, billiards
with corners, a technical condition in [35] was removed in [44].) For the corresponding flows,
we have:

Finite horizon planar periodic Lorentz flows, and planar Lorentz flows with cusps
or corner points, are rapid mizing. A prevalent set of externally forced finite
horizon planar periodic Lorentz flows are rapid mizing.

Except for the flows with cusps, this is a consequence of [63]. (When there is no external
forcing, the contact structure ensures that the prevalence assumption is unnecessary [64],
see Remark [5.7})

The case of cusps is treated in [17]. Here, the billiard map mixes only at the rate O(n 1)
so [63] does not apply directly. However, collisions within a cusp occur in quick succession
so it is reasonable to expect much quicker, possibly even exponential, mixing in continuous
time. As shown in [I7], the billiard map on the ‘natural’ cross-section can be replaced by
a Poincaré map (with cross-section bounded away from the cusps) that is modelled by a
Young tower with exponential tails in such a way that [63] applies. The same idea applies
to a class of billiards called Bunimovich flowers [29] (see also [17), Section 3.1] for a precise
description). It was shown in [40] that the billiard map mixes at roughly the rate O(n=2).
By [17],

For Bunimovich flowers, the corresponding Lorentz flow is rapid mizing.

For the finite horizon planar periodic Lorentz flow, Chernov [36] proved stretched expo-
nential mixing, and exponential mixing was finally achieved in the recent paper of Baladi,
Demers & Liverani [I1I]. The methods of [11, B6] rely crucially on the contact structure.
It is reasonable to expect that these methods also apply to the Lorentz flows with corners
and cusps, as well as the Bunimovich flower examples, though the technical details have not
been verified at the time of writing. However, it seems unlikely that the result on prevalent
rapid mixing for externally forced Lorentz flows [63] will be improved upon in the near
future — the lack of contact structure and the irregularity of the foliations means that the
current technology for proving (stretched) exponential mixing is insufficient.

Once again, we emphasize that the rapid mixing results above are proved for observables
which are smooth along the flow direction. Unfortunately this excludes certain important
physical observables such as position and velocity. In contrast, the results in [IT], 36] cover
all Holder (and dynamically Holder) observables, including position and velocity, but the
methods apply less generally.

For higher-dimensional periodic billiards, there is a technical and unresolved problem
concerning “growth of complexity” [I5]. It is conjectured that growth of complexity is typ-
ically bounded, but there are no examples where the growth is known to be subexponential
and there are counterexamples where the growth of complexity is exponential [20]. Balint
& Té6th [19] proved that this is the only obstruction, obtaining the following conditional
result: For higher-dimensional Lorentz gases, if the growth of complexity is subexponential,



then the billiard map is modelled by a Young tower with exponential tails and in particular
is exponentially mixing. Hence by [63],

Higher-dimensional periodic Lorentz gas flows with subexponential growth of
complexity are rapid mizing.

Flows near homoclinic tangencies Benedicks & Carleson [21] studied the Hénon map
Top(z,y) = (1 — ar? + y,bx) and proved the existence of a strange attractor for a positive
measure set of parameters a,b. The attractor admits an SRB measure [22] and is expo-
nentially mixing by Benedicks & Young [23]. Mora & Viana [71] showed that Hénon-like
attractors arise for positive measure sets of parameters in the unfoldings of homoclinic tan-
gencies for surface diffecomorphisms and this was extended to higher dimensions by [84] 40].
By [63],

Positive measure sets of flows near a homoclinic tangency are rapid mixing.

Again, (stretched) exponential mixing is beyond the current technology.

Lorenz attractors and singular hyperbolic attractors The classical Lorenz attractor
is exponentially mixing [5], but the proof relies on the smoothness of the stable foliation
for the flow [6 8]. General Lorenz attractors (and singular hyperbolic attractors) have a
Hoélder stable foliation [6] but this foliation need not be smooth. Building upon [9], it is
shown in [7] that an open and dense set of Lorenz attractors (and codimension two singular
hyperbolic attractors) are rapid mixing even when the stable foliation is not smooth.

1.2 Statistical limit laws for time-one maps

In situations where we obtain rapid mixing for a nonuniformly hyperbolic flow, certain
statistical properties such as the central limit theorem (CLT) and almost sure invariance
principle (ASIP) hold for the time-one map of the flow. (Such properties for the flow itself
are much simpler since they are inherited from the statistical properties of the Poincaré
map and no mixing properties are required [77, [45] [69].)

In particular, given any of the rapidly mixing flows described in Subsection and a
mean zero observable v : A — R sufficiently smooth in the flow direction, setting v, =
> 14 v o Tj, the following hold by [8]:

(a) (CLT) n~Y?v, —4 N(0,0%) where 0% = lim, yoon ™! [y v2dus = 300 [ vvo
Thdup.

(b) (Nondegeneracy) If 0% = 0, then for every periodic orbit ¢ there exists t, > 0 such
that fotq v(Tyg) dt = 0. (The value of ¢, is independent of v but in general is not
directly related to the period of ¢. A formula for ¢, is given in Remark )

(c) (ASIP) Passing to an enriched probability space, there exists a sequence Xy, X1, ... of
iid normal random variables with mean 0 and variance o2 such that v, = E;:Ol X+

O(n'/*(logn)*/?(loglogn)'/4) a.e.



The proof uses [43] to obtain the ASIP for time-one maps of rapidly mixing semiflows and
then passes as in [68] from the semiflow to the flow. See also [68] for the CLT. The ASIP
has various consequences including the CLT and law of the iterated logarithm as well as
their functional versions. For a more complete list of consequences see [72].

1.3 Polynomial mixing for nonuniformly hyperbolic flows

Young [86] established polynomial mixing rates for a large class of nonuniformly expand-
ing maps including intermittent maps of Pomeau-Manneville type [76]. We consider the
corresponding class of nonuniformly hyperbolic flows with Poincaré map modelled by a
polynomially mixing Young tower. Roughly speaking, the second main result in this review
article is that for ¢ > 0,

Amongst nonuniformly hyperbolic flows for which the Poincaré map has mizing
rate O(n~1?), a prevalent set have mizing rate O(t™ 7).

Here, prevalent has the same meaning as in Subsection This result applies in particular
to intermittent solenoidal flows (Example [4.2)).

Remark 1.1 The statistical properties described in Subsection for rapid mixing flows
hold also for flows that decay at rate O(t~7) for ¢ large enough. The CLT requires only
that ¢ > 1. For the ASIP with error term O(n'/*(logn)/?(loglogn)'/4), it suffices that
q > 2v/2 (see [8, Theorem 5.2]).

Again, planar Lorentz gases provide a rich source of examples. For the billiard maps,
Markarian [61] combined the work of [35] 86] to prove the mixing rate O(n~1) for Bunimovich
stadia [30], and the method was extended by Chernov & Zhang [40, 42] to obtain the rate
O(n~1) for semidispersing billiards (rectangular tables with at least one convex obstacle).
Our results apply to the corresponding flows (again the contact structure ensures that there
is no prevalence restriction).

It has been conjectured (especially for the infinite horizon Lorentz gas flow in [51] [62])
that the decay rate for the flow is O(¢t7!). (An elementary argument in [I6] shows that this
rate is optimal; see [I4, Proposition 9.14].) The conjectured decay rate O(t~!) is proved
in [14]:

Lorentz flows in Bunimovich stadia, semidispersing Lorentz flows, and infinite
horizon planar periodic Lorentz gas flows have mizing rate O(t™1).

Notation We use the “big O” and < notation interchangeably, writing a, = O(by,) or
an, < by if there is a constant C' > 0 such that a, < Cb, for all n > 1. As usual, a,, ~ b,
means that lim,_,~ a,/b, = 1. There are various “universal” constants C1p,...,Cs; > 1
depending only on the flow that do not change throughout the article.



Part 1
Statement of results

In this part of the review article, we describe in detail the main results on rapid and poly-
nomial mixing for nonuniformly expanding semiflows and nonuniformly hyperbolic flows.
In Section [2 we recall the notion of a suspension (semi)flow, as well as associated notation.
Sections [3| and [4] contain the main results for semiflows and flows respectively. These rely on
a technical condition, absence of approximate eigenfunctions (Definition . In Section
we discuss criteria ensuring that this condition holds.

2 Preliminaries on suspensions

It is standard to model flows and semiflows as suspensions. Here, we review the basic
definitions and notation that will be used throughout the review article. For brevity we
speak of semiflows, even when some of them are flows.

Suspension semiflows in their own right Let (Y, ) be a probability space and let
F : Y — Y be a measure-preserving transformation. Let ¢ : Y — RT be an integrable
roof function. Define the suspension Y% = {(y,u) € Y x [0,00) : u € [0, ¢(y)]}/ ~ where
(y,p(y)) ~ (Fy,0). The suspension semiflow F} : Y¥ — Y¥ is given by Fi(y,u) = (y,u+1)
computed modulo identifications. We obtain an Fj-invariant probability measure on Y¥
given by u¥ = p x Lebesgue/ [, ¢ dpu.

Suspension semiflows as models for ambient semiflows Let 7; : A — A be a
semiflow defined on an ambient measurable space A. (We assume that (z,t) — Tz is
measurable from A x [0,00) — A.) Let ¥ C A be a measurable subset with probability
measure . We suppose that F : Y — Y is a measure-preserving transformation and
¢ :Y — RT is an integrable function such that T,y = Fy for all y € Y. Then we can
form the suspension semiflow F; : Y¥ — Y¥ with invariant probability measure u®.

Define 7 : Y¥ — A by 7(y,u) = T,y. This is well-defined since 7(y, p(y)) = Ty, )y =
Fy =7(Fy,0), and defines a measurable semiconjugacy from F; to T;. Hence the measure
A = mep? is a Ti-invariant probability measure on A.

Given observables v, w € L?(A), define o = vom, @ = wonw. Then ¥, w € L?(Y¥) and

/vontduA—/vduA/wduA:/ ﬁﬁ)oFtd,u‘p—/ 6du@/ wdp?.  (2.1)
A A A Y Y Y

Hence rates of mixing for the ambient semiflow T; and observables v, w on (A, pp) reduces
to rates of mixing for the suspension semiflow F} and observables 0, w on (Y%, u?).

Remark 2.1 For the systems considered in this article, the measure p on Y is ergodic by
construction, and the form of F' ensures ergodicity of u® and hence .

Remark 2.2 Throughout this review article we suppose that inf ¢ > 0, though some of
the results, particularly Theorems and below, do not require this. In any case, this
condition is not very restrictive — if inf ¢ = 0, then this can be circumvented either by
shrinking the cross-section Y or by waiting for a later return to Y (see for example [I7]).



3 Mixing rates for nonuniformly expanding semiflows

In this section, we review results on rapid mixing and polynomial mixing for nonuniformly
expanding semiflows. In Subsection we define a class of Gibbs-Markov semiflows and
state the main results for such semiflows. In Subsection we consider nonuniformly
expanding Holder semiflows on an ambient metric space M, with Holder observables, and
show how these reduce to the situation in Subsection As an application we consider
intermittent semiflows. In Subsection we generalise to dynamically Hoélder semiflows
and observables.

3.1 Gibbs-Markov semiflows

In this subsection, we consider a class of Gibbs-Markov semiflows built as suspensions over
Gibbs-Markov maps. Standard references for background material on Gibbs-Markov maps
are [I, Chapter 4] and [2].

Suppose that (Y, ) is a probability space with an at most countable measurable partition
{Y;,j > 1} and let F : Y — Y be a measure-preserving transformation. For § € (0, 1),
define dy(y,y’) = 65¥') where the separation time s(y,y’) is the least integer n > 0 such
that F"y and F™y' lie in distinct partition elements in {Y;}. It is assumed that the partition
{Y;} separates trajectories, so s(y,y’) = oo if and only if y = y'. Then dp is a metric, called
a symbolic metric.

A function v : Y — R is dg-Lipschitz if |v|g = sup, ., [v(y) — v(y')|/de(y,y’) is finite.
Let Fy(Y') be the Banach space of Lipschitz functions with norm ||v|lg = |v]|so + |v]g-

More generally (and with a slight abuse of notation), we say that a function v : Y — R
is piecewise dg-Lipschitz if |1y,v|g = sup, ey, y2 [v(y) — v(Yy')|/do(y,y') is finite for all j.
If in addition, sup; |1y].’U|9 < 0o then we say that v is uniformly piecewise dg-Lipschitz. Note
that such a function v is bounded on partition elements but need not be bounded on Y.

Definition 3.1 A measure-preserving transformation map F' : Y — Y is called a (full
branch) Gibbs-Markov map if

e Fly, :Y; = Y is a measurable bijection for each j > 1, and

dO“F :Y — R is uniformly piecewise dy-Lipschitz for

e The potential function p = log n

some 6 € (0,1).

Definition 3.2 A suspension semiflow F; : Y¥ — Y% is called a Gibbs-Markov semifiow
if there exist constants C; > 1, § € (0,1) such that F : Y — Y is a Gibbs-Markov map,
¢ : Y — RT is an integrable roof function with inf ¢ > 0, and

[1y,¢lg < Ciinfy, for all j > 1. (3.1)

It follows that Supy, ¢ < 2Cyinfy; ¢ for all j > 1. As mentioned in Remark the assump-
tion inf @ > 0 is not really needed, though condition would need to be changed to
1y, 0le < C1(infy;p+1) to avoid being too restrictive (similarly, in the definition of F4(Y%)
below), and this would result in more complicated formulas throughout.



3.1.1 Approximate eigenfunctions

For b € R, we define the operators
My:L®(Y) = L®(Y),  Myw=¢"voF.

Evidently, L>°(Y") here denotes complex-valued essentially bounded measurable functions
on Y. As is standard, we often pass to complexifications of various Banach spaces without
comment, for example when discussing spectral properties. In particular, the functions in
Fy(Y) in Definition below are complex-valued.

Definition 3.3 A subset Zy C Y is a finite subsystem of Y if Zy = ﬂnZO F~"Z where Z is
the union of finitely many elements from the partition {Y;}. (Note that F|z, : Zg — Z is
a full one-sided shift on finitely many symbols.)

Definition 3.4 We say that M; has approrimate eigenfunctions on a subset Zg C Y if
for any ap > 0, there exist constants a,& > ag and C' > 0, and sequences |bg| — oo,
Y € 10,27), ug, € Fp(Y) with |ug| = 1 and |ug|g < Clbg|, such that setting ng = [£ In |bg]],

(M ur) (y) — eVrug(y)| < Clbp| ™ for all y € Zg, k > 1. (3.2)

Remark 3.5 For brevity, the statement “Assume absence of approximate eigenfunctions”
is the assumption that there exists at least one finite subsystem Zy such that M; does not
have approximate eigenfunctions on Zj.

3.1.2 Observables on Y¥
Given v :Y¥ — R and 0 € (0,1), we define

oy = sup lv(y,u) —v(y',u)l
) weye, vy PY)do(y,y)

o olle = [vleo + [vle-

Let Fy(Y'¥) be the space of observables v : Y¥ — R with |Jv]|p < oo.
Also, for n € (0, 1], we define

_ |v(y,u) *U(y,’LL/)|
V)00, = sup

S R ol = ol ol
y’u’y?u 7uu

(Here and elsewhere, |u — u'| denotes absolute value, with u,u’ regarded as elements of
[0,00).) Let Fp,(Y¥) be the space of observables v : Y¥ — R with [|v]|g,, < oco.

We say that w : Y¥ — R is differentiable in the flow direction if the limit dyw =
limg_,o(w o F} — w)/t exists pointwise. Note that dyw = % on the set {(y,u) 1y €Y,0<
u < ¢(y)}. For m > 0, let w be m-times differentiable in the flow direction and define
[Wleom = D1l |0/ w|oo. Let L™(Y¥) be the space of observables w : Y¥ — R with

|W|oo,m < 00.
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3.1.3 Decay of correlations

We can now state the main results for Gibbs-Markov semiflows.

Theorem 3.6 Let F; : Y¥ — Y% be a Gibbs-Markov semiflow such that u(e > t) = O(t~9)
for some B > 1. Assume absence of approximate eigenfunctions.
Then for any n € (0,1], there exists m > 1, 6 € (0,1) and C > 0 such that

10w ()] < Cllvllom|wlcomt™ PV for all v € Fy, (Y¥?), w e L™(Y¥), t > 1.

For rapid mixing, we obtain a slightly stronger result where v lies in Fyp(Y¥) (instead of
Fon(Y?)). For convenience, we state the result on rapid mixing separately.

Theorem 3.7 Let F; : Y¥ — Y% be a Gibbs-Markov semiflow such that ¢ € LY(Y") for all
q > 1. Assume absence of approximate eigenfunctions.
Then Fy is rapid mizing: for any q € N, there exists m > 1, 8 € (0,1) and C > 0 such
that
|pv.w(t)] < Cllvllo|w]comt™®  for allv e Fo(Y¥), we L™(Y¥), t > 1.

The proofs of Theorems and are given in Sections [§] and [7] respectively.
Theorem is sharp. Precise asymptotics and error rates hold for “nicely” supported
observables:

Theorem 3.8 ( [66, Theorem 2.4(a)] ) Assume the setup of Theorem[3.6] and suppose
further that supp v, suppw € Y x [0,inf ¢]. For B € (1,2), set s = 2(8 —1). For § > 2,
choose any s < 3. Then

(o)
poas®) =lel! [ van® [ wan® [ o> ) dt + Oollofuwlem ™).
Yo ye t
In particular, if [ p(e >t')dt ~ ct=B=Y for some ¢ > 0, then

Pow(t) ~ ol fyovdu? [, wdpft= B~ ast — oo. ]

We also mention a result which is the continuous time analogue of [53, Theorem 1.3,
last statement].

Theorem 3.9 ( [66, Theorem 2.4(b)] ) Assume the setup of Theorem[3.8 If in addi-
tion [y, vdu? =0 or [y, wdp? =0, then |pyw(t)| < Clv]lg|w|oom t~ B~ for alle > 0. B

3.2 Nonuniformly expanding semiflows on metric spaces

Let Ty : M — M be a semiflow defined on a metric space (M,d) with diam M < 1. Fix
n € (0,1].

Given v : M — R, define |v|, = sup,_, [v(z) — v(z')|/d(z,2")" and |[v|cy = [v]eo +
0| Let CT(M) ={v: M — R: |jv]|g, < oo}. Also, define [v|qo,y = Supgens, =0 [v(Ti) —
v(z)|/t" and let COM(M) = {v : M — R : |v]|oo + [v|gom < o0}. (Such observables are
Holder in the flow direction.)
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We say that w : M — R is differentiable in the flow direction if the limit dw =
limyo(w o Ty — w)/t exists pointwise. Define [w|oom = D711, |0/ w|oo and let L™(M) =
{w: M —=R:|wem < 00}

Let X C M be a Borel subset and define C"(X) using the metric d restricted to X. We
suppose that Tjyz € X for all z € X, where h: X — RT lies in C"7(X) and infh > 0. In
addition, we suppose that there exists C' > 0 such that

d(Tyz, Tyz") < Cd(z,2")" for all t € [0, |h|so], ,2" € M. (3.3)

Define f : X — X by fz = Tj,)z. We assume that f is modelled by a Young tower
with polynomial tails [86]. This means that there is a Borel subset Y C X with finite Borel
measure fo and a return time 7 : Y — Z% with puo(r > n) = O(n=?) for some g > 1
such that Fy = fTWy € Y for almost all y € Y. Moreover, there is an at most countable
measurable partition {Y;} such that 7 is constant on partition elements, and constants
A> 1, C >0, such that for all j > 1,

(1

F restricts to a (measure-theoretic) bijection from Y; onto Y.

)
2) d(Fy,Fy') > Md(y,y') for all y,y' € Y;.
) G

(
(3 du B0 satisfies |log (o(y) — log Co(y')| < Cd(Fy, Fy')" for all y,y' € Y.
(4) d(ffy, fYY') < Cd(Fy, Fy') for all 0 < £ < 7(y), y, ¢ € Yj.

A standard consequence of conditions (1)—(3) is that there is a unique ergodic F-invariant

absolutely continuous probability measure g on Y. Moreover, du/duy € L*(Y) and F :
Y — Y is a Gibbs-Markov map.

Define the induced roof function ¢ : ¥ — Rt by p(y) = Z;iyo)*l h(f*y). Since ¢ <
|h|ooT, it follows that p(¢ > t) = O(t~?) and in particular ¢ is integrable. We can now
define the suspension semiflow F; : Y¥ — Y% and ergodic Fj-invariant and Ti-invariant
probability measures u? and py; = mepu? as in Section

Proposition 3.10 Let T; : M — M be a semiflow satisfying conditions (1)-(4) and (3.3)
with h Hélder and inf h > 0. Set = A", Then
(a) F; : Y¥ = Y% is a Gibbs-Markov semiflow.

(b) Observables v € C"(M) N C%1(M) lift to observables © = vor : Y% — R that lie in
Fon(Y?). Moreover, there is a constant C > 0 such that ||0]|g, < C(||v]|cn + |v]lcom)-

Proof Set 1 = \7". Let y,y € Y with separation time n = s(y,v). By (2),
1 > diamY > d(F™y, F™y') > \"d(y,v),

so d(y,y')" < (A7) =07 = d, (,9).
Define hy = Zg;(l)hofj. By (4), for y, v/ €Y;, £ =0,...,7(y) — 1,

T(y)—1 T(y)—1
[he(y) = he(y)] < Z B(f7y) = B(FIY) < Thly D d(fy f1y)" < 7(y)d(Fy, Fy')"
7=0
< 7(y)dg, (Fy, Fy) < 91 (inf h)_linfngodg1 (y,y) < infy, ¢ dy, (v, y). (3.4)

12



Taking ¢ = 7(y) in (3.4), we obtain [p(y) — ¢(y')| < infy,¢ da(y, ) proving part (a).
Next, let (y,u), (¢/,u) € Y¥ with s(y,y’) > 1. There exists ¢,¢ € {0,...,7(y) — 2} such
that

w € [he(y), herr (W] O [ (Y), her 1 (y)]-
Suppose without loss that ¢ < ¢'. Then

u=he(y) +r=hey)+7,
where r € [0, |h|oo] and 7' = u — hy(y') > u — hp(y') > 0. Note that Ty = T, T,y =

T, f*y and similarly Ty’ = T,/ f'. Hence 9(y,u) — 0(y',u) = v(Trfy) — v(T f%'). By
conditions (4) and (3.3)),

2
[0(Tr fly) — o(T f9")| < |0 gnd(Tr foy, Tr )" < 0 cnd(fPy, foy')"
< [ulend(Fy, Fy' )" < 07 ol cudo(y, o),

and by (3.4)),
(T fy') = (T Y] < ol gonlr = 71" = [v] o he(y) = he()|" < [vlcone(y)do(y. y).

Hence [6(y,u) — 55/ w)| < ([Wlen + [0lgom)9()ds(y,3/), whenever s(y,/) > 1. For
s(y,v') =0, we have the estimate [0(y,u) — (v, u)] < 2|v|e = 2/v|aods(y,y) <
[oloo $()ds(y3/), 50 i all cases we obtain [3(y,u) — o] < (lolle +
vl con)e(y)do(y, y'). Also,

[5(y, u) — 3y, w)| = [v(Tuy) — v(Twy)| < [Vl con|u—u|".

Hence © € Fp ,(Y'¥) completing the proof of part (b). |

It follows that the main results in Subsection [3.1] go over to semiflows T, : M — M
satisfying (1)—(4):

Theorem 3.11 LetT; : M — M be a semiflow satisfying conditions (1)-(4) and with

h Hélder and inf h > 0. Suppose that uo(t > t) = O(t=P) for some 3 > 1. Assume absence

of approximate eigenfunctions for the corresponding Gibbs-Markov semiflow Fy : Y% — Y¥.
Then there exists m > 1 and C > 0 such that

o] < CUl[vll e + [0l gom)wloo,m t~ 7Y,

for allv e CT(M)NCM™O (M), w e L*>™(M), t > 1.

Proof By Proposition (a), F} is a Gibbs-Markov semiflow with u(p > t) = O(t=?). By
Proposition |3.10(b), © = vor € Fp ,(Y?). Also, 0 = wom € L*™(Y¥?). Hence by and
NN .S A A i o W i
for m sufficiently large. |

If h is the first return to X and 7 is the first return to Y, then observables supported on
Ute[o,inf n Y lift to observables supported on Y x [0, inf ¢| and we can apply Theorem
to obtain lower bounds for such observables.
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Example 3.12 (Intermittent semiflows) We consider a class of two-dimensional Hélder
semiflows T} : M — M, with an intermittent Poincaré map of Pomeau-Manneville type [76].
Let X C M be the interval [0,1] and suppose as above that h : X — R is Holder with
infh > 0 such that f(x) = Tj(,)x defines a map f : X — X. We continue to assume

condition .
1
Suppose that f: X — X is given by f(x) = p(l+277) we [?’ 2)
22 — 1 zeli]

is fixed. The maps f were studied by [56] 60, [86] and decay of correlations for Hélder
observables is O(n~(#~1) where 8 = 1/v. This rate is sharp [79, 53].

Here we obtain the analogous results for semiflows. Let Y = [%, 1]. The first return map
F :Y — Y satisfies conditions (1)—(4) and the first return time 7 : Y — Z7 satisfies u(r >
n) ~ con~? for some ¢y > 0. Hence we obtain decay of correlations O (||v]| | w]oc,m t*(ﬁfl))
for the semiflow by Theorem [3.11] If in addition A is the first return to X, then a standard
calculation (see for example [52, Theorem 1.3] or [66, Proposition 2.17]) shows that ¢(y) ~
h(0)7(y) as y — %Jr, (i >t) ~ ert™? where ¢; = h(0)Pco, and [ p(p > ') dt' ~ ct=(B=D
where ¢ = ¢;/(8 — 1). Hence for Hélder observables supported on (J;c(o inf 5 7tY we obtain
the asymptotic pu,.(t) ~ clo|; " [y, vduar [ wdpar =B,

The Markovian nature of the map f simplified the analysis above but is not necessary.
In the nonMarkov case, the first return map F' is certainly not Gibbs-Markov, but there still
exists a induced map F' : Y — Y (not the first return map) on a suitable set Y such that
F is Gibbs-Markov and the return time 7 has the same tails as the first return time [80,
Section 7]. Hence we still obtain the upper bound O(t~(3~1) for mixing rates of Hélder
observables by Theorem [3.11] For sharpness of this bound we refer to forthcoming work
of [28] which extends [66] to a general functional analytic framework including nonMarkov

intermittent (semi)flows.

where v € (0,1)

3.3 Dynamically Holder semiflows and observables

It is standard that the assumptions on 73, h and v in Theorem can be relaxed from
Holder to dynamically Holder, as we now describe.

We continue to assume that v € C%7(M) and that inf A > 0. Condition (3.3) on the
semiflow is removed, as are the assumptions that h is Holder and v € C"(M). Instead, we
require that there are constants C' > 0, v € (0,1) such that for all y,y' € Y}, j > 1,

Ih(ffy) — h(fy)| < Cy*@¥) for 0 < ¢ < 7(y) -1,
0(Tuy) — v(Tuy')| < Coly)v* @) for u € [0, 0(y)] N [0, o(y)].

Here, s(y,y’) is the separation time for the Gibbs-Markov map F'.
It is easily verified that the proof of Proposition [3.10, and hence Theorem [3.11] goes
through under these more relaxed assumptions on 73, h and v.

Remark 3.13 The notion of dynamically Hélder can be relaxed even further, see [14,
Section 7.3]. This turns out to be crucial for Lorentz gas examples [14, Remark 9.2].
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4 Mixing rates for nonuniformly hyperbolic flows

In this section, we review results on rapid mixing and polynomial mixing for nonuniformly
hyperbolic flows. In Subsection we define a class of Gibbs-Markov flows with skew
product structure (the roof function ¢ is constant along stable leaves) and state our result
on rates of mixing for such flows. In Subsection [4.2] we discuss several situations where the
skew product assumption can be relaxed; these include all the examples in the introduction.

4.1 Skew product Gibbs-Markov flows

Let (Y, d) be a metric space with diamY < 1, and let F': Y — Y be a piecewise continuous
map with ergodic F-invariant probability measure p. Let W* be a cover of Y by disjoint
measurable subsets called stable leaves. For each y € Y, let W#(y) denote the stable leaf
containing y. We require that F(W#(y)) C W*¥(Fy) for ally € Y.

Let Y denote the space obtained from Y after quotienting by W*, with natural projection
7:Y — Y. We assume that the quotient map F : ¥ — Y is a Gibbs-Markov map
as in Definition with partition {Y;}, separation time s(y,y’), and ergodic invariant
probability measure i = . pu.

Let Y, = 7’1_117]-; these form a partition of Y and each Y is a union of stable leaves. The
separation time extends to Y, setting s(y,y') = s(7y, 7y’) for y,3' € Y.

Next, we require that there is a measurable subset Y C Y such that for every y € Y
there is a unique 7 € Y N W?(y). Let m : Y — Y define the associated projection 7y = 7.
(Note that Y can be identified with Y, but in general m,u # ji.)

We assume that there are constants C' > 0, v € (0, 1) such that

(a) d(F™y, F™y') < C~™ for all n > 0 and all y,y’ € Y with ¢/ € W#(y).
(b) d(F™y, F™y') < Cy*@¥)=" for alln > 0 and all y,y' € Y.

Let ¢ : Y — R* be an integrable roof function with inf ¢ > 0, and define the suspension
flow F; : Y% — Y% with ergodic invariant probability measure p¥ (see Section [|

In this subsection, we suppose that ¢ is constant along stable leaves and hence projects
to a well-defined roof function ¢ : Y — RT. It follows that the suspension flow F}; projects
to a suspension semiflow Fy : Y — Y”. We assume that ¢ : ¥ — Rt satisfies condi-
tion , so F is a Gibbs-Markov semiflow. We call F} a skew product Gibbs-Markov flow,
and we say that F} has approzimate eigenfunctions if F; has approximate eigenfunctions
(Definition [3.4)).

Fix n € (0,1] and let H,,(Y¥) be the space of observables v : Y¥ — R with ||v||,,, < oo,
where

/ /
thyy = sup oy w) —vly, )| follg = olee + o

(o), o' aneve eW{d(y, ') + 5@V} + Ju — /|1
(yu)# (Y u)

We also define H. 0., (Y¥) to consist of observables that lie in #.,(Y¥) and are m-
times differentiable in the flow direction with derivatives in . (Y¥), with norm ||w||~,0,m =

Z;nzo 10/ w]l+.

'Strictly speaking, F; is not always a flow since F' need not be invertible. However, F; is used as a model
for various flows, and it is then a flow when ¢ is the first return to Y, so it is convenient to call it a flow.
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In [14], we prove:

Theorem 4.1 Suppose that Fy : Y¥ — Y¥ is a skew product Gibbs-Markov flow such that
p(p >t) = Ot=P) for some B> 1. Assume absence of approzimate eigenfunctions. Then
there exists m > 1 and C > 0 such that

0o ()] < Cllvllymllwllyomt™ P for all v € Hypy(Y?), w € Hayom(V?), t > 1.

4.2 General nonuniformly hyperbolic flows

In this subsection, we drop the assumption that ¢ is constant along stable leaves, and
mention various classes of nonuniformly hyperbolic flows that do not possess a skew product
structure to which our methods apply. For details we refer to [14] who introduce a class
of Gibbs-Markov flows that are conjugate by a Holder conjugacy to a skew product Gibbs-
Markov flow. As shown in [14], our results on rapid and polynomial mixing go over to
Gibbs-Markov flows and to nonuniformly hyperbolic flows that are modelled by Gibbs-
Markov flows. This includes the following situations.

(i) Flows with exponential contraction along stable leaves Condition (a) in Sub-
section asserts exponential contraction along stable leaves for the uniformly hyperbolic
map F : Y — Y. This means that exponential contraction is assumed only on returns to
the inducing set Y. Note that such a return occurs at the flow time ¢, = Z?:_& po FJ,
so an alternative stronger condition is that d(F"y, F™y) < C#»®) for all n > 0 and all
y,y € Y with 4/ € W#(y). This condition was assumed in [63, 64] and incorporates all
of the rapidly mixing examples in Section Indeed, it is automatic for flows modelled
by Young towers with exponential tails. However for flows modelled by Young towers with
polynomial tails, the condition is very restrictive and excludes the slowly mixing billiard
examples.

(ii) Roof functions with bounded Hélder constants Condition reflects the fact
that the variation of ¢ on partition elements is likely to be as large as the size of ¢. The
argument in Section [3.2]indicates that this is the “correct” condition in general. A stronger
condition is that |¢(y) — p(y)| < C16°%¥) along unstable leaves. This includes [14] the
slowly mixing Lorentz gas examples in Section

(iii) Flows with Holder stable foliation Under the assumption that 73 has a Holder
stable foliation W** (in a neighborhood of the attractor A) we can reduce to the skew
product case by using a cross-section Y comprising leaves in W#**. (For flows with a DT;-
invariant dominated splitting Th M = E* @ E*, results on the existence of a Holder stable
foliation W** can be found in [0, Section 4] and [7, Theorem 6.2].)

Example 4.2 (Intermittent solenoidal flows) The classical Smale-Williams solenoid
construction can be adapted (see for example [4, Section 5] and [70, Example 4.2]) to
construct intermittent transformations f : X — X that are the invertible analogue of the
intermittent maps in Example These have polynomial decay rates O(n_(ﬁ_l)) for any
specified 5 > 1. Hence we can construct intermittent flows 7y : M — M with f: X — X
as a Poincaré map and Holder return time function h : X — R with inf h > 0.
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The examples in [4] and some of the examples in [70] have exponential contraction
along stable leaves and hence fall within scenario (i). However even the examples in [70]
with slow contraction along stable leaves are covered by scenario (iii). Hence we obtain
polynomial mixing O(t_(ﬁ _1)) for general intermittent solenoidal flows. Again these results
are sharp by [66] in the Markovian case and [28] in the general case. Optimal lower bounds,
asymptotics and error rates are achieved by observables that are supported away from the
neutral periodic orbit and constant along stable leaves.

5 Criteria for absence of approximate eigenfunctions

The approximate eigenfunction condition in Definition is somewhat technical. In this
subsection, we discuss three sufficient conditions to rule out the existence of approximate
eigenfunctions. We suppose throughout that F; : Y¥ — Y¥ is a Gibbs-Markov semiflow or
skew product Gibbs-Markov flow, but it is immediate from the definitions in [14] that the
conditions apply to the situations mentioned in Subsection

In Subsection [5.1], we show that a Diophantine condition on the periods of three periodic
solutions ensures absence of approximate eigenfunctions. This condition is satisfied with
probability one but is not robust. In Subsection [5.2] we use good asymptotics of periodic
data to give an open and dense condition. In Subsection we define the temporal
distortion function and give a condition involving the dimension of its range.

In preparation for Subsections and [5.2] we recall the relationship between periodic
data and approximate eigenfunctions. Define ¢, = Z?:_ol o FJ. If y is a periodic point of
period p for F' (that is, FPy = y), then y is periodic of period £ = ¢,(y) for F; (that is,
Fry =1y).

Proposition 5.1 Suppose that there exist approximate eigenfunctions on Zg C Y. Let
a, C, b, ng, be as in Definition[34 If y € Zy is a periodic point with FPy =y and Fry =y
where L = ¢,(y), then

dist(bynp L — piy, 27Z) < C(inf )" 1L|bk| ™  for all k > 1. (5.1)

Proof Forn,p>1,

M]Pu — ¥y = Mg‘(Mbn(p_l)u — 1Yy 4 PV (N Iy — ey,
so |MyPu — ePVu| < |M;1(p71)u — ! P=D¥y| 4+ | My — e u|. Inductively, |M,Pu — eP¥u| <
p|Mpu — ¢™u| and hence by (3.2)),

(MPui) () — PP (y)] < Cpltn| @ forall y€ Zo, k>1,p> 1. (5.2)

Next, (MPv)(y) = Wy (FPy) = ey (y). Hence substituting y into (5.2)), we obtain
|eibrmil — eiPVr| < Cplb| = Also £ = p,(y) > pinf . |

Remark 5.2 We now have the notation required to provide the formula for ¢, promised in
Section Recall that ¢ is a periodic point for the flow. Let y € Y be a point lying on the
periodic orbit through ¢ with FPy = y. By [8, Corollary 6.2], we can choose t; = ¢, (y), so
tq coincides with the period of ¢ for the suspension flow Fy. (If ¢ is the first return time to
Y then ¢, is also the period of ¢ under T;.)
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5.1 Diophantine condition on periods

Proposition 5.3 Let yi,y2,y3 € Y] be fized points for F', and let L; = ¢(y;), i =1,2,3,
be the corresponding periods for Fy. Let Zy be the finite subsystem corresponding to the
three partition elements containing y1,y2, ys-

If (L1—L3)/(L2—L3) is Diophantine, then there do not exist approzimate eigenfunctions
on Zy.

Proof We give the proof when Fj is a Gibbs-Markov semiflow. It is immediate from the
definitions that the result is the same for skew product Gibbs-Markov flows.

Define L;3 = L; — L3, 7 = 1,2. For L13/L23 Diophantine, there exists o’ > 2 such that
|L13/ Lo — mi/ma| < C’\mgl_a, has only finitely many integer solutions mq,mso for each
C>0.

Arguing as in [48, Section 13], we choose a@ > «o'. Suppose for contradiction that
there exist approximate eigenfunctions on Zy. Substituting y = y; in , we obtain the
estimates

dist(bgnieLi — Vi, 27Z) = O(|bg| ™), i=1,2,3,

where |b;| — oo and ny = O(In |bg|) as k — oo. Eliminating 1, we obtain
dist(bgngLis, 2nZ) = O(|bg|™%), i=1,2.
Hence, for each k£ we have integers my, ms such that
bniLiz = 2mm; + O(|bg| ™),

where in particular ma = O(bgng) = O(by In |bg|). Also, mi/ma ~ Li3/La3 so my = O(ma).
Hence
b Lis :27rmi—|—0(|m2|_a ), 1=1,2.

It follows that %3 =+ O(Jmz|~®"), which is the desired contradiction. n

5.2 Good asymptotics
We recall the following definition from [50]:

Definition 5.4 Let yp € Y be a fixed point for F' with period Ly = ¢(yo) for the flow. A
sequence of periodic points yn € Y, N > 1, with FNyy = yn has good asymptotics if their
periods Ly = ¢n(yn) for the flow satisfy

Ly = NLo+ x4+ ExnvyY cos(Nw + wy) + o(vY),
where kK € R, v € (0,1) are constants, Exy € R is a bounded sequence with
liminfy_,oo |[En| > 0, and either (i) w = 0 and wy = 0, or (ii) w € (0,7) and wy €

(wo — m/12,wp + 7/12) for some wy.

Proposition 5.5 If there exists a sequence of periodic points with good asymptotics in a
finite subsystem Zy, then there do not exist approximate eigenfunctions on Zy.
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Proof We argue as in the proof of [50, Theorem 1.6(a)]. The proof works for any fixed
a > 0.

Note that Ly = O(N + 1). Suppose for contradiction that there exist approximate
eigenfunctions on Zy. Substituting yy into we obtain the estimates

dist(bknkﬁN — Ny, ZTFZ) = O(N|bk‘7a), dist(bknkN,Co — Ny, 27TZ) = O(N‘bkra),
for all £ > 1, N > 1. Hence we can eliminate v¢;, and £y simultaneously, yielding
dist(bgng (5 + ExyY cos(Nw + wy) + o(vY)), 20Z) = O(N|by| =), (5.3)

forallk>1, N > 1.

Momentarily, choose N = N (k) = [pln|bx|] in (5.3). For p > 0 large enough but fixed,
we have |bg|[neyV®) = O(|bg| ). It follows that dist(bgnyk, 27Z) = O(|be|~* In |by|) for all
k > 1. Combining this with (which still holds for all N > 1), we obtain for any o/ < «
that

dist(bpng (En~yY cos(Nw 4+ wy) + o(vN)), 27Z) = O(N|b.| ™), (5.4)

forallk>1, N > 1.
Let S = supy |En| and set M(k) = [In(|bg|nxS)/(—Inv)] + 1. Then |bg|ngSyM®*) €
[v,1). Taking N = M (k) + j in (5.4]), we obtain

Jim brk Eng oy 157 *) cos((M (k) + j)w + wargrys;) =0 for all j € Z.

Since |bpnpy™ )| > ~/S and liminf o |En| > 0, it follows that
%m%){(M(k‘) +J)w + W)+ = 5 mod 7 for all j € Z. (5.5)
—

This is clearly impossible when w = wy = 0 for all N, so it remains to consider the case
w € (0,7) and |wy —wp| < 7/12. Taking differences of for different values of j, we
obtain that fw € [—m/6,7/6] mod m for all ¢, which is impossible, providing the desired
contradiction. |

As shown in [50], for any finite subsystem Zj, the existence of periodic points with
good asymptotics in Zy is a C?-open and C*-dense condition. (Although [50] is set in
the uniformly hyperbolic setting, the construction of periodic points with good asymptotics
uses only the existence of a transverse homoclinic point yg.)

5.3 Temporal distance function

In this subsection, following [64, Section 5.3] and [8, Section 3], we extend an argument of
Dolgopyat [48, Appendix| for Axiom A flows to the nonuniformly hyperbolic setting. We
assume throughout that we are in the setup of Section In particular, ¢ is constant
along stable leaves in the cover W?*.

First, we recall the notion of product structure on Y, taking only the parts from [85]
that are needed here. Assume that there is a second cover W" of Y by disjoint measurable
subsets (called unstable leaves) such that each stable leaf intersects each unstable leaf in
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precisely one point. For each y € Y let W*(y) denote the unstable leaf containing y. We
require that F(W*"(y)NY;) D W*(Fy) for ally € Yj, j > 1.
Also we assume that there are constants C > 0, v € (0, 1) such that

e(y) — ()] < Cy* @YD for all y,y € Y with s(y,y/) > 1 and y € W"(y).

Given y,y € Y, ¢y € W*(y), we define compatible inverse branches F"y, F™y' for
n < —1 as follows. First, set 29 =y, z(, = y'. By transitivity of F', there exists z; € ¥ such
that Fz1 = 2z9. Let Y}, be the partition element containing z;. Since F(W*"(z1)NYj,)) D
W(zp), there exists z; € W"(z1) NYj, such that Fz] = z;. Inductively, we obtain a
sequence of partition elements Yj, and pairs of points z,, z;, € Yj, with 2], € W¥(z,) for
all n > 1. Note that |@(z,) — @(2,)] < Cy*Gn#) < Oy for all n > 1, so we obtain a
well-defined function
00 —1
Do(y,y) =Y (p(zn) —0(z)) = D (o(F"y) — o(F"y")).
n=1 n=-—o00
Now, let y1,y4 € Y and set yo = W5 (y1) N W¥(yq), y3 = W (y1) N W*(y4). For n < —1
choose compatible inverse branches F™y; and F™y3 as done in the definition of Dy, and
similarly for F™y, and F™ys. Define the temporal distance function D : Y xY — R,

[e.o]

D(yr,ya) = > (@(F"yl) = o(F"y2) — p(F"ys) + @(F"y4))

L
= > (@(F ) — o) — o(F ) + 9(F"ya) ),

n=—oo

where the last equality follows from the assumption that ¢ is constant along stable leaves.
This coincides with Do(y1,y3) — Do(ys,y2) and hence is well-defined.

Theorem 5.6 Let Zy = ("o F~"Z where Z is a union of finitely many elements of the
partition {Y;}. Let Zy denote the corresponding finite subsystem of Y. If the lower box
dimension of D(Zy x Zy) is positive, then there do not exist approximate eigenfunctions
on Z()-

Proof We suppose that there exist approximate eigenfunctions on Z; and show that
BD(D(Zy x Zp)) = 0.
First, note that D(y1,y4) = Dm(y1,y4) + O(7™) where
-1
Din(y1,ya) = > (@(F"yl) — @(F"y2) — p(Fy3) + w(F”y4)>

n=-—m

= om(F7"y1) — om(F"y2) — om(F~"y3) + om(F"ys).
Hence

exp{ibpm (F~"y1) } explibon (F~"ya)}

exp{ibD(y1,ya)} = - {ibom (F—™y2) } explibgm(F-"ys)}

+O(jbly™). (5.6)
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By Definition there are sequences such that
| exp{ibg@n, Yur 0 F™ — eVkyy| < |bp|™®  on Zy.
Recall from Definition (3.4] that |ug| = 1, so

. o _ eiwkuk o _
eXp{Zbngnk} = eXp{ZkaOnk} o = W + O(|bk‘ Oc) on ZO.

Substituting into (5.6 and using that 7y; = 7Tya, Tys = Tys, we obtain

. uy, o T(F "k Ukofr(FinkyZL) —a n
explitu Dlyn, )} = BT T I O TE I 00y ) + (™).

Recall from Definition that |ug|p < |bg|. Also, a can be fixed arbitrarily large and
nk = [£In|bg|] where & can be fixed arbitrarily large, We choose £ so that {Inf + 1 < —«
and ¢£lny+1 < —a. Then

‘bkwnk < 971|bk‘9£1n|bk| _ gflybk|£ln9+1 < 971|bk|fa7
and similarly |bg|y™ < 67!|bx|~. Hence

ug o T(F "k yy)

1l = — (N _ — (N
w0 7 (Fys) 1 |ug o T(E ™™ y1) —up o w(F~"*ys3)|

< Juplodg (T (F~"y1), W (F " ys)) < |blo* T TR0y <y gme < 67 by |~
The same estimate holds with y; and y3 replaced by y2 and y4, so
lexp{ibeD(y1,ya)} — 1| = O(1b| ™) for all 1, ys € Zo, k > 1.

This means that there is a constant C' > 0 such that

21y C 21y C
D(Zy % Z (— - il 7) for all k > 1.
(Zy x Zy) C ngZ by Do By + Es or a z

Hence BD(D(Zy x Zy)) < 1/(a+ 1). The result follows since « is arbitrarily large. |

Remark 5.7 For Axiom A attractors, Zj can be taken to be connected and D is continuous,
so absence of approximate eigenfunctions is ensured whenever D is not identically zero [47),
Section 9]. For nonuniformly hyperbolic flows, where the partition {Y;} is countably infinite,
Z is a Cantor set of positive Hausdorff dimension [64, Example 5.7]. In general it is not clear
how to use this property since D is generally at best Holder. However for flows with a contact
structure, a formula for D in [57, Lemma 3.2] can be exploited, see [64, Example 5.7]. Hence
when there is a contact structure (which includes the Lorentz gas flows in the introduction
when there is no external forcing) absence of approximate eigenfunctions is automatic.
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Part 11
Proof of theorems for semiflows

In this part of the review article, we give a self-contained proof of the main results on
rapid and polynomial mixing for semiflows. In Section [0, we recall how to use the Laplace
transform of the correlation function to deduce rates of mixing. Theorems|3.7|(rapid mixing)
and Theorem (polynomial mixing) are proved in Sections [7| and |8 respectively.

We note that the proof of Theorem plays a crucial role in the proof of Theorem [3.6
justifying the movement of certain contours of integration to the imaginary axis in Sec-
tion Theorem also illustrates many of the main ideas while avoiding numerous
technical issues needed for Theorem [3.6

6 Strategy for obtaining rates of mixing

In this section, we recall how to use smoothness of the Laplace transform p, . to deduce
decay rates for p, . Basic facts about inversion of Laplace transforms and decay rates are
recalled in Subsection In Subsection we prove a version of Pollicott’s formula [74]

for Py w-

6.1 Laplace transforms and inversion formulas

Define H= {s € C:Res >0} and H= {s € C: Res > 0}.

The Laplace transform py, ., (s) = fooo e % py 4 (t) dt is analytic on H. We deduce decay
of py. from smoothness of p, .. It is convenient to make a C°° modification so that py .
is unchanged for ¢ > 1 but vanishes near zero. (Such a modification does not affect the
asymptotics of p, ., nor the smoothness of p, ,,.) Abusing notation, we still write p,, ., and
pu,w for these modified functions.

Let A be a subspace of L>(Y¥) with norm || || 4 > | |oc. For m > 0, define A, = {w €
At fjwl] 4, < 00} to be the subspace of observables that are m-times differentiable in the
flow direction, where [lw|| 4, = > 7L, HGZU}HA Note that A, C L>®"™(Y?) = (L>®(Y?))m.

Ifv e LY(Y¥) and w € L°™(Y¥?), then p, ,, is m-times differentiable and pS,"JJ = Po,orw-
Hence, performing integration by parts m times, we obtain

Pow(8) = 8" Py omw(s) for s € H. (6.1)
Corollary 6.1 Letv e LY(Y%), w € L®%*(Y¥). Then
poaw(t) = [ et ®lp, (e +ib)db  for any e > 0.

—0o0

Proof Note that |pyu(a+ib)| < a L pywleo < 2a7|v|1|w|so for all s = a +ib € H. Also,
by (6.1)), |pv,w(a +ib)| = \s\*2|ﬁv’at2w(a +ib)| < 2a7]s]72|v|1|0?w|s. Combining these,

1pow(8)] < da (s> + 1) ol |w]ewa for all s =a+ib e H.

Hence, we can apply the classical inverse Laplace transform formula. |
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Lemma 6.2 Let v € LY(Y¥), e >0, ¢ > 1. Suppose that

(1) s = puw(s) is continuous on {Res € [0,€]} and b — py.(ib) is C? on R for all
w € A.

(ii) There exist constants C,co > 0 such that
[uw($) < C(Ibl + )% wloo and |51, (ib)] < C(b] + 1)* w4,
forallwe A, j<gq, and all s = a+ ib € C with a € [0, €.
Let m = [a] +2. Then there exists a constant C' > 0 depending only on C, q, a, such that

o ()] < C'lJwll gt for all w € Ap, t > 1.

Proof By Corollary pow(t) = [T eletis (e 4 ib) db. By (6.1) and condition (ii),
Pow(a + i) = O(|b|~*) uniformly in a € [0,€¢] as b — oo. Using this together with the
continuity property in (i) and a standard extension of the Cauchy integral theorem, we can
move the contour of integration to the imaginary axis, so

Pow(t) = [T € Py (ib) db.
Again, by (6.1) and conditions (i,ii), ﬁgj}v(zb) is integrable for all j < ¢, so the result

follows by standard Fourier analysis. (See also Proposition below.) |

6.2 Formula for p,,

We use the following variant of Pollicott’s formula [74]. Since pyw(t) = [y, (v— [y, v dp) wo
F; du¥, we may suppose throughout that fyw vdu¥? = 0.
Given observables v, w : Y¥? — R, define

V() (y) = v(y, p(y) — 1) = Ljo<i<pown vy, p(y) — 1),
w(t)(y) = w(y,t) = Ljo<i<pw)w(y, ).

The corresponding Laplace transforms 17(3), w(s):Y — C, s € H, are given by
~ e(y) e(y)
Ve = [ e g de, a6 = [ e () du
0 0

Also, define vs(y) = fo(p(y) e o(y, u) du.

Let R: LY (Y) — L'(Y) denote the transfer operator corresponding to F': Y — Y. So
Jyvwo Fdu= [, Rowdpy for all v € L*(Y) and w € L=(Y).

For s € H, define the twisted transfer operators

R(s): LY(Y) = LY(Y),  R(s)v = R(e"*%v).
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Proposition 6.3 Let v, w € L™®(Y?) with [y, vdu? = 0. Then pyw = Y pegJn where
1 Jo ()] < |v]oo]w]oolelT! Jy Lipseypdp for allt >0 and

Tn(s) = |g0\1_1fyefs@”vs w(s)o F™"du for all s € H, n > 1.
Proof Write

olt) = /Y Litrucotyv(y.u) w o Fuly, u) dp?

2 /w Lpn)<trusgn @O (¥ ) wo Fi(y, u) du? = 3 Ju(t),
n=1

n=0
where
J (t) _ fYq: 1{t+u<<p(y)}v(y7 u)w(yv 1+ u) du?, n=20
Jye Lionty)<tu<onsi@)0(¥ Ww(F "y, t +u — on(y)) du?, n>1

In particular,
0 > oo |Woo {e>t} = Voo |W]oco 1_1 {p>t} :
[Jo(t)] < [voo|w] Lipsty dp? = [v]oo|w|oo|| Ligstypdp
Y Y
Forn > 1,
T(s) = / =S () dt
0
. e rentrly)—u .
= [l // / e " o(y, ww(F"y,t +u — ¢n(y)) dt dudp.
Y JO n(y)—u
Making the substitution v’ =t 4+ u — v (y),
~ o(y) o(F"y) ,
Jn(s) = |g0]11/ (/ oy, u) du> (/ e w(FMy,u') du') e=5n ) dy
vy Mo 0
= lefl/ e " rugw(s) o F" dp,
Y
as required. ]

Corollary 6.4 Let v € L'(Y¥) and w € L*(Y¥) with [y, vdu? =0. Then

Po,w(s) = Jo(s) + ol Jy (I - R(s))™'RV(s)@(s)dp for all s € H.

Proof Note that e *?v, = V(s). Hence

R (e™*%n0,) = R R(e- 19 e=5¢0,) = R (=1 R(e%,)) = R(s)" 'RV (s),
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and so
Tu(s) = Il [ e runits) o P
Y
= @III/YR"(e_S“""vs)@(S) du = Iw\fl/yﬁ(t?)"_lR‘A/(S) w(s) dp.

The result now follows from Proposition [6.3 |

Remark 6.5 In contrast with the formula in [74], we do not write o(s)(y) =
fépw) e*"v(y,u) du since such a function is not analytic on H. We reserve the hat nota-
tion for functions that are analytic on H, such as @w and V.

The following estimate is immediate from the definition of w(t).

Proposition 6.6 |w(t)|1 < |w|eo (e > t) for allw e L*(Y¥), t > 0. |

7 Proof of rapid mixing for semiflows

In this section, we consider Gibbs-Markov semiflows F; : Y¥ — Y% for which the roof
function ¢ : Y — R* lies in L9(Y) for all ¢ > 1. For such semiflows, we prove Theorem [3.7]
namely that absence of approximate eigenfunctions is a sufficient condition for rapid mixing.

Subsection [7.1] contains background material on Gibbs-Markov maps. The only results

we assume without proof are Propositions and [7.4] below. Subsections and
establish smoothness of the expressions RV and R that arose in Subsection T he key
estimate, Dolgopyat’s estimate, is established in Subsection [7.4] and is used to establish
the smoothness of T = (I — }?)71 in Subsection and thereby p, ., in Subsection
completing the proof of Theorem

Throughout this section, ¢ € N ={0,1,2...}. Also we take A = L>®(Y¥) in Lemma
If A; and Ajg are normed vector spaces, we denote by B(.A;1, Az2) the space of bounded linear
operators from A; to Ag, and we write B(A;) instead of B(A1,.A4;).

7.1 Background on Gibbs-Markov maps

Let F: Y — Y be a (full branch) Gibbs-Markov map as in Section [3.1] with partition {Y;}.
For each n > 1, let D,, denote the partition of Y into n-cylinders d = mi:l,...,n FY;,,

where j1,...,J, range over positive integers. Define p, = Z?:_(]l po F*.
Proposition 7.1 There is a constant Cy > 1 such that

Oy uld) < W) < Cop(d), [ (y) — e (y)] < Copld)de(F™y, F"y/), (7.1)
for ally,y' €d, d € Dy, n > 1.

Proof This is standard, see for example [1, 2]. n

The transfer operator corresponding to a Gibbs-Markov map F' has the pointwise ex-
pression (Rv)(y) = Zj>1 ep(yf)v(yj), where y; is the unique preimage of y in Y;. More
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generally, (R"v)(y) = > 4ep., ePrWa)y(yq), n > 1, where yq is the unique F™-preimage of y
in d.

Corollary 7.2 Let v € Fyp(Y). Then

Rl < C2) gep, M(d)(2[1qv|o0 + 0™ [14v]g)  for n > 1.
In particular ||Rvllg < 2C2 3 ;51 p(Y5) || 1y;v]lo-
Proof For y,y' €Y, it follows from that

|(R™0) ()= (R™0)(y))] < S gle? @D — P W0 ||o(ya)| + 3 467 a0 (ya) — 0(y)]
< O3 gi(d)do(F"ya, F™yg)|1av|oe + C23- gu(d)| 1avlede (yas vy)
= Co3 g d)d(y, v ) Lavles + Co3-gua(d)[Lav]et" da(y, ).
Hence |R"v|g < C2) 4u(d)(|1qv|00 + 6™[14v]p). A simpler argument shows that |R"v|s <
G2 gi(d)[1av]oo- n

Remark 7.3 Often we consider operators S : Fyp(Y) — Fp(Y) of the form Sv = R(gv)
for some fixed g € Fp(Y). Since |gv|lg < ||gllollv]le it follows from Corollary that

15lle < 2C 32551 1Y)y 9lle-

Proposition 7.4 The operator R : Fop(Y) — Fop(Y) has spectral radius 1 and essential
spectral radius 8. There is a simple eigenvalue at 1 with eigenfunction 1, and no other
eigenvalues on the unit circle. Moreover, there are constants C3 > 1, v1 € (0,1) such that

|R"™ — [yvdullo < Cartllvlle  foralln>1, v e Fy(Y).

Proof See for example [I}, Section 4.7], [2]. |

7.2 Smoothness of RV : Fo(Y?) — Fo(Y)

Recall that V(s)(y) = fO@(y) e=5@W =%y (y, u) du. In this subsection, we obtain estimates

for RV as a function of s and the observable v € F3(Y#). For convenience of notation, the
dependence on v is kept implicit.

Proposition 7.5 RV : H — B(Fo(Y?), Fo(Y)) is C* and

IRV @ (s)[|g < (2C1)1Cs(|s| + q + 1) fy 72 dpa 0],
forallgeN, sc H, ve Fp(Y?).

iThroughout, when we estimate derivatives on H, it is to be understood that the estimates for ¢ = 0 hold
on H and the estimates for ¢ > 0 hold on the imaginary axis as required in Lemma
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Proof We have V(@ (s)(y f“o e=5eW= (p(y) — u)%(y,u) du. In particular,

‘1YV )(8)]oo < |1Y 30|q+1’7)|oo
Next, let y,v" € Y; with ¢(y) > ¢(y'). Then

V@ (s)(y) = VO(s)(y)) = (1)1 + L + I3 + L),

where

©(y)
I = / e W (o (y) — u)o(y, u) du,
e(y')

W(y/) ’
I, = / {e—sso(y) — sy )}e—SU(¢(y) —u)?v(y, u) du,
0
e(y") , ,
I = / e W (o(y) — w)? = (o(y) — W)}y, u) du,

e (') ,
L= [T e ) — w{uly,) - oy ) du
0
Since v € Fyp(Y¥), we obtain

1] < (e(y) — o) 1y, 0|2 [v]oo, 1I2] < [s](e(y) — o)1y, |2 [v]oo,
113] < q(e(y) — o)y, |2 v]oo, L] < [1y, 0% sup, |v(y, u) — v(y',u)].

Also, we have the estimates [p(y) — @(y')| < |ly;¢loda(y,y') < Cilly;¢looda(y,y’) and
vy, u) = vy, u)| < [ly;leolvlo do(y, y'), so

1y, V@ (s)]p < CL(Is| + g + 1|1y, @[22 v]lo-
Hence
11y, VO(s)[lg < Cu(ls] + g + 2) |1y, 0|2 vllg < (2C1)TT3(|s| + q + 1)infy, o2 [[v]lo.

The result follows from Corollary |

7.3 Smoothness of R : F5(Y) — F»(Y) and spectral properties
Proposition 7.6 R : H — B(Fg(Y)) is C* and
IR (s)]lp < Co(2C1)73(|s| + g+ 1) [y 9% du for all g €N, s € H.

Proof First note that }?i(q)(s)u = (—1)qR(fq(s)v), where fq(s) = e,
It is immediate that |1y, f4(s)|ee < |ly,¢|%. Next, let y,y’ € Yj. Then f,(s)(y) —
fqo($)(y') = I + Iy where

I ={e=*W — =W o(y), L =e W {py)? — oy}

These terms contribute

1] < [s|Ch|ly, 0% do(y,y'), |12 < qChilly, 0|l do(y, y).
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It follows that |1y, fy(s)[e < C1(]s| + q)]lngolgil and so

11y fa(s)llo < Cr(ls] + q + 1)[1y;]" < (2C1)772(|s| + ¢ + D)infy, 7.
By Remark [[3 [RO(s)ly < 20X u()llyfo(lls < Ca(201)73(s| + ¢ +
1) 37 pu(Yy)infy, ot < Co(2C1) 73 (|s| + ¢ + 1) [y, 97 dp. n
Proposition 7.7  (a) \ﬁ(s)v|p <|vl|p for all s e H, ve LP(Y), 1 <p < cc.

(b) |§(s)”v\9 < C{(|s| + D|v]oo + 0™v|g} for all s € H, n > 1, v € Fp(Y).

Proof Part (a) is immediate. For part (b), see [27, Corollary 4.3(a)] where it is shown
that |R(ib)"v|p < {C3+]b|Ce0(1—0)~1 > j>1 (Y5 1y, ¢lo}v[oo +C20"[v]g. The proof given
there extends immediately to s € H as follows.

Write R(s)"v = R"(fn(s)v) where f,(s) = e *#". Fix an n-cylinder d € D,, and let
v,y € d. Then

n—1 n—1
1£n(5) (W) = Fa(S) W] < Is1D lo(Fly) — o(FIy)| < |s] Y [1psaplade(FTy, FIyf)
J=0 =0
n—1
< Cils| Y (inf pigp)0 I do(y,y)-
j=0

Hence [14fn(s)lec < 1 and [1gfn(s)le < 01’8‘2?:_3(ianjdgp)0*j' It follows that
[14fn(8)v|oo < |v]oo and

n—1

Lafn(5)0lo < [Lafu(8)lolvloo + |1afn(8)loolvls < Culs| Y (infpigp)07|v]oo + [v]p.
=0

Hence by Corollary

1R(s)"0llg < CoXgtt(d)(2[1afn(5)0]o0 + 0" Lafn(s)v]o)
< Co)2qnl(d)(2[v]oe + 0" v]g) + CoCils||v]ec K = (20 + CaC1s|K)|v]oo + C2b"|v]g,

where
n—1 . n—1 . .
K = Z p(d) Z 0" inf i p = Z wu(d) Z 0" Jinf 40 o F?
d€Dp j=0 d€Dp j=0
n—1 ' . n—1 .
< / > 0" g0 Fldp = Zen—ﬂ/ odp <61 — 9)—1/ ©dp.
Y i3 o Y Y
j J
This completes the proof of part (b). |

Proposition 7.8 (a) R(ib) has spectral radius at most 1 and essential spectral radius at
most 0 for all b € R.

28



(b) The spectral radius of fi(s) is less than 1 for all s € H.

(c) }Ai(ib)v = \v for some A € C with |A\| =1, v € L*>(Y), b € R if and only if v o F =
Av.

Proof (a) Since Fy(Y) is compactly embedded in L*°(Y’), the estimate on the essential
spectral radius follows from Proposition (a,b), see for example [55]. Now apply Proposi-

tion [7.7)(a).

(b) Again the essential spectral radius is strictly less than 1 by Proposition (a,b). Also,

if R(s)v = A for some v € Fy(Y), A € C, |A| = 1, then Jy vl dp = [y |R(e™*%v)|dp <

[y €% |v] dp where a = Res > 0. But ¢ > 0so v =0.

(c) Recall that Myv = eib‘% o I'. Note that R(ib)M, = I and that M, and R(ib) are L>

adjoints, i.e. (R(ib)v, w) fY R(ibvwdp = [, v Myw dp = (v, Myw). If Myv = lv, then
= R(ib)Myv = AR(ib)v so R(ib)v = Av. Conversely, if R(ib)v = Av, then

(Myv — Av, Myv — Av) = (Myv, Myv) — {Myv, Av) — (Av, Myv) + (\v, \v)
= (v,v) — (v,v) — (v,v) + (v,v) =0,
so Myv = \v. [ |
Corollary 7.9 There exists 6 > 0 and a C™ family of simple eigenvalues A : HNB5(0) — C
such that A(0) = 1 and X(s) is isolated in spec R(s) : Fo(Y) — Fp(Y). Moreover N(0) =

—|¢l1. The corresponding family of spectral projections P(s) is C* with P(0)v = [, vdu
for allv e Fy(Y).

Proof The existence of the C°° families A(s) and P(s) follows from Propositions [7.4 [7.4
and [7.6l Differentiating RP = \P and applying P to both sides,

PR'P 4+ PRP' = APP' + X'P.
Since PR = RP = AP, this reduces to PR'P = X'P. In particular, \'(0) = P(0)R'(0)1 =
Jy R(0)ldp = — [} Rpdp = —|ol:. u

7.4 Dolgopyat estimate

In this subsection, we prove the following key estimate.

Theorem 7.10 Assume absence of approximate eigenfunctions. Then

(a) The spectral radius of R(s) is less than 1 for all s € H\ {0}.
(b) For any § > 0, there exist a,C' > 0 such that

(I —R(s)) " g <Cb|®  foralls=a+ibeC with0<a<1, |b>d.
Define the scale of equivalent norms

vl

———— %, beR
204(|b|+2)}

Jolly = max { [0]oc,
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By Proposition (a,b), for alln > 1,
IR(s)"|lp < Ca+ 3 foralls=a+ibe C with a e [0,1].

For each b, define the unit ball Fyp(Y), = {v € Fp : ||v]|p < 1}. Let C5 = 2C4(Cy + %)
Then for all v € Fy(Y)p, n > 1,

IR(s)"|oo <1 and |R(s)™|g < Cs(|b| +2) for s =a+ibe C with a € [0,1].

Let Z denote a fixed subset of Y consisting of a finite union of partition elements of
Y, with finite subsystem Z; = ﬂj>0 F~7Z. Note that p is uniformly bounded on Z; and
moreover |p,(y)| < n|lz,ple for all y € Zy and n > 1.

Lemma 7.11 Fiz ag > 0. Then there exists ay > 0 and there exists & > 0 arbitrarily
large such that the following is true for each fizred s = a + ib € C with a € [0,1], setting
n(b) = [¢ In(|b| +2)]:

Suppose that there exists vg € Fg(Y )y such that for all y € Zy and all j =0,1,2,

|(R(s)"Pvo) (y)] > 1 — (b] +2)7*.

Then there exists w € Fp(Y) with |w(y)| = 1 and |wlg < 8C5|(b] + 2), and there exists
Y € [0,27) such that for all y € Zy,

b)

(M Pw) (y) — e w(y)| < 8(1b] +2) 0.

Proof We write b = |[b|+2 and n = n(b). Choose & such that 8C5b0™ = 8C5b0l¢ Inb] < f-oaz
for all b, and set
a1 = max{1l,2as + &|12,p|cc }-

Write v; = R(s)"™vy and vj = rjw;, where |w;(y)] =1 and 1 — b~ < ri(y) < 1 for
y € Zy. Note that |rjlg < |vjlp < Csb, so

|wjlg = |r; vjle < 2C5b(1 —b~*1) "2 < 8C5b.

Rearrange v; = R(s)"y to obtain wl_lﬁ(s)”(vo) =7 >1—b Hence 1 —
w; ' R(s)™(vg) < b1 Tt follows that

R™(1 — Re{e ™ rwgw; o F}) <1 — R™(roe” " Re{e rwow;* o F"})
=1—-ReR"(e *mvgw; ' o F") = Re{l — wl_ll/%”(s)vo} <b ™,

Hence ‘ R
e’ W1 — Re(e PP Wy (y)wi 1 (Fy))] < b~

for all y € Y with F"y € Zy. It follows that

‘G*ib%"n(y)wo(y) B ’wl(Fny)| < 2(€*pn(y)67a1)1/2.

30



Similarly, with wg and w; replaced by w; and ws. Restricting to y € Zy, we have
e Pr¥p—a1 < ph=202 a1 hence

e~ enWwg(y) — wi (Fry)| <267°2,  |e” "W (y) — wa(FMy)| < 2072,  (7.2)

for all y € Zy. Fix z € Zy and choose 99,11 € R such that w;(z) = ¢ for j = 0,1 and
such that ¢ = ¥y — 11 € [0,27). To each y, we associate the point y* € Zy with symbol
sequence y* = 29 - Zn—1YnYn+1 - - - (recall from Definition that F'|z, is a full one-sided
shift). Then y* is within distance 6" of z and F"y* = F"y. We obtain

le=en W) o _ ) (Fy)| < 26722 4 8C500™ < 3b~92

le=en W) 1 o (F™y)| < 26722 4 8C5b0™ < 3b~°2,

by the choice of £&. Hence |e™™w (F"y) — wy(F™y)| < 6b=22. Substituting into (7.2) yields
the required approximate eigenfunction w = w;. |

Lemma 7.12 Let a1, > 0. Suppose that for any v € Fp(Y )y there exists yo € Zy and
J < [& In(|b] 4 2)] such that

IR(s) v(yo)| < 1— (16| +2)"*  for all s = a+ib € C with a € [0, 1].
Then there exists o, &, € > 0, C > 0 such that
(a) ||R(s)EWIBHDN), <1 — ¢(|b] +2)~ for all s = a+ib € C with a € [0, 1].

(b) (I — ﬁ(s))_lﬂg < C(Jb] + 2)* for all s =a+ ib € C with a € [0, 1].
Proof We use the pointwise estimate on iterates of f?(s) to obtain estimates on the L,
L* and || ||, norms. Set b= [b| + 2. R R
Let & = R(s)’v and note that |d[o < 1, [dfp < C5b. Hence, |a(y)| < 1—1/(20") for
all y within distance 1/(2C5b%1+1) of yy. Call this subset U. If d € Dy, is a k-cylinder, then

diam d = 0%, so provided 0¥ < 1 / (205(30‘1“), the k-cylinder containing 1o lies inside U. It
suffices to take k ~ (ay +1)Inb/(—1n0). By (7.1)),

w(U) > p(d) > Cglefpk(yo) > Cglefkllzoploo > 61(}*(&1+1)a2’
where ag = |1z,p|o/(—In0). R )
Next, let u = R(s)"®)v where ny(b) = [&11nb]. Again, |ule < 1, |ulg < Csb. Also,
n1(b) > j so |uly < |a|; by Proposition [7.7|(a). Breaking up Y into U and Y \ U,
juh < [l < (1= 1/25)a() + 1 - u(U) = 1 - p(U)/(26) < 1— e,
where a = a1 + as + ajae. By Proposition [7.4] and using that || |ul [lp < ||ull,

|B(s)"uloo < |R"([ul)loo < [R™(Jul) = [y |ul dplos + July < Caa7 Jullo + [uh
< (1 + 056)03’7711 +1-— 622)_Oé.
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Choosing n = na(b) = [¢2Inb] where & > 1 ensures that
[R(s)ym OFm0)y| = |R(s)™ Pl < 1 - b,
Setting n(b) = [€Inb] where & = £, + &,
IR(s)"Pv|o <1 — b
By Proposition ( b), [R(s)"®+1y| o <1 — b~ for all n > 0, and
|R(s)" O/ (2C4D) < Cufb+ 0" Csb)/(2C4b) < L + Lesom < 8

for n sufficiently large (independent of b). Increasing ¢ slightly, [|[R(s)"®vl|, < 1 — eb=@
proving part (a).

It follows that ||(I — R(s)"®)~||, < e 'b*. Using the identity (I — A)~! = (I + A+
--—i—Am*l)(I—Am)*l

I(Z = R(s)) " ls < Z IR(sY 151 (T = R(s)"®) Iy < £1nb (Ca + 3)e 10 = O(b+1).

Hence ||(I — R(s))_1||9 = O(b**2). Increasing a, we obtain part (b). |

Proof of Theorem By Lemmas and [7.12|(b), there exists by > 0 such that
that part (b) of the theorem holds for all [b| > by. Moreover, by Proposition [7.8(b) and
Lemma (a), the spectral radius of R(s) is less than one for all s € H and all s = ib with
|b] = bo.

Suppose that the spectral radius of R(ib) is 1 for some b € R\ {0}. Then R(ib)v = v for
some A € C with |[A| = 1 and some nonzero v € Fy(Y). By Proposition(c), ePPyoF = M,
so embvy™ o F = X™y™ for all m > 1. Again by Proposition (c), R(imb)v™ = X™v so
the spectral radius of R(imb) is equal to 1 for all m > 1. Choosing m so that m/|b| > by, we
obtain a contradiction, hence proving part (a).

Finally, by part (a) and continuity of R (Proposition , part (b) holds for |b] €
[0, bo]. n

7.5 Smoothness of T = (I — R)™!: Fy(Y) — Fp(Y)

Proposition 7.13 Assume absence of approximate eigenfunctions. Then T:H \ {0} —
B(Fp(Y)) is C°. Moreover, for each ¢ € N, 6 > 0, there exists a,C > 0 such that
| T (s)|lg < C|b|* for all s =a +ib e H with 0 < a < 1, |b| > 6.

Eroof By Proposition (b) and Theorem ( ), 1 & spec R(s) for s € H \ {0}. Hence
T(s) is a bounded operator on Fp(Y) for all s € H\ {0}. By Proposition s — R(s) is
c> oanosHT( ) is C*° on H \ {0}.

By induction, T'¢ T4 is a finite linear combination of finite products of factors of the form
T and RY, 1 < j < q. Each of these is O(|b|*) for some a > 0 by Proposition and
Theorem [T.10l |

Let Fop(Y?)? = {v € Fp(Y?¥) : [y, vdu? = 0}. As shown in the next result, TRV
extends smoothly from H \ {0} to H when restricted to Fy(Y#)0.
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Corollary 7.14 Assume absence of approximate eigenfunctions. Then TRV : H —
B(Fy(Y?)°, Fy(Y)) is C>°.

Proof By Propositions and it suffices to work on H N Bs(0) for some § > 0. By
Corollary we can choose 6 > 0 so that

TRV = (1 - \)" PRV + Q1,

where s = Q1(s) : Fop(Y?) — Fp(Y) is C®. Also (1 — A(s))™" = s | 1 (1 + sA(s)),
P(s) = P(0) + sP(s), V(s) = V(0) + sV(s) where A\ € R, P : Fp(Y) — Fo(Y), RV :
Fo(Y¥) = Fy(Y) are C*° functions of s. Hence

T(s)RV(s) = 5" |ol; ' P(O)RV(0) + Qo,
where s — Q2(s) : Fo(Y¥) — Fy(Y) is C*.
Finally, restricting to F5(Y*)?,

P(0 )RV = [y RV 0)du = fY 0)du = [, fo u) dudp = |ol1 [y, vdp? =

This completes the proof. |

7.6 Proof of Theorem

By Corollary Pow = Jo + i Iy TRV @ dp.

Since ¢ € LP(Y) for all p > 1, it follows from the Cauchy-Schwarz and Markov inequal-
ities that [, 1{go>t}90dﬂ < (ulp > ) 2lel2 < (lplpt ) 2[pla < t77/% for all p > 1. By
Propositions [6.3] and [6.6] for each ¢ € N there exists C' > 0 such that

57 (5)] < Cloloclwwloe < Cllollolwles and  [@9 (s)]1 < Cluwlo,

for all v € Fp(Y?), w € L®(Y¥), s € H.
By Propositions and and Corollary for each ¢ € N, there exist C,a > 0
such that
(TRV)D(s)|oe < |(TRV)W(s)[lg < C(Ib] + 1)*|[0]|o,

and so
1550, (5)] < C(Ib] + 1)*[|v]lg|w]so,

for all v € Fp(Y?)", w € L®(Y¥), s = a +ib € C with a € [0,1]. Hence we have verified
the hypotheses of Lemma Consequently |py.w(t)| = O(||v|lg|w|oo,m t79) for all ¢ € N,
completing the proof of Theorem

8 Proof of polynomial mixing for semiflows

In this section, we consider Gibbs-Markov semiflows F; : Y¥ — Y% for which the roof
function ¢ : Y — R¥ satisfies u(p > t) = O(t=%) for some B > 1. For such semiflows,
we prove Theorem namely that absence of approximate eigenfunctions is a sufficient
condition to obtain the mixing rate O(t~(#=1).
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The assumption on ¢ implies that ¢ € LI(Y) for all ¢ < 8 but in general ¢ & LP(Y).
Nonintegrability of p, ., (a priori for § > 2 and even a posteriori for § € (1,2]) makes
inversion of the Laplace transform problematic.

To circumvent this, we use a truncation idea from [64]. The truncated semiflows are
rapid mixing by Section [7] and all components of the Laplace transform are C*°. The
approach in [64] allows for control of the errors that come from truncation.

In Subsection we introduce some notation and recall some elementary properties of
Fourier transforms and convolutions. Subsections 8.2] and [8.3] contain various refinements
of the estimates in Section [} In Subsection we reduce to truncated semiflows. The
Laplace transform for truncated semiflows is studied for small b and large b in Subsections

and [8.6] respectively.

8.1 Some conventions

From now on, we allow ¢ to take noninteger values. (Eventually, we require ¢ € (1, 8) with
q > B — 1. Hence simplified proofs are available for § > 2, though certain estimates for
intermediate results become less sharp.)

As usual, a function f: R — R is said to be €9 if f is Cl4 and f(9) is (¢ — [¢])-Holder.
Moreover, we write | f(@| < g for some function g : R — [0, 00) if for all b, b’ € R,

|FE ()] < g(b), k=0,1,....[q], and [ f1DD (b) — FUD@)| < (g(b) + g(v'))|b— b9~ 10

Definition 8.1 Let f: R — R be integrable. We write f € R(a(t)) if the inverse Fourier
transform of f is O(a(t)). We use the same notation for Banach space valued functions.

Proposition 8.2 Let g : R — R be an integrable function such that g(b) — 0 as b — +oo.
If|f@] < g, then f € R(t79).

Proof Let S denote the inverse Fourier transform of f. Write ¢ = k + r where k = [¢] and
r € [0,1). Up to a multiplicative constant, S(t) = [0 €™ f(b) db. Integrating by parts,

. b=o00 o o
S(t) = (it) e f(b))bi — (i)~ / e f'(b) db = (—it) " / e f'(b) db
Inductively, S(t) = (—it)™" [ et fIEl(b) db. In particular, |S(t)| < t~* [ g < t=F proving
the result when q = k is an 1nteger
Next, S(t) = (—it)™ [°° —e®t fFl(b + m/t)db so S(t) = (—it)™F [>_e®t{ fIF(b) —

FE (b 4 7/t)} db. Hence

sl <50t [~ (s +90+ D) (5) w<ae [o<rn

—0o0

as required. |

Deﬁnltlon 8.3 Let fyg:]0,00) — R be integrable. The convolution f x g is defined to be
(f*g)( fo g(t —x)dx.
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Proposition 8.4 Fiz b > a > 0 with b > 1. Suppose that f,g : [0,00) — R are integrable
and there exists a constant C' > 0 such that |f(t)] < C(14+)"% and |g(t)| < C(1 + 1)~ for
t > 0. Then there exists a constant K > 0 depending only on a and b such that

(f*xg))] < CPK(1+t)"" fort>0.

Proof Write the convolution as a sum of two integrals

L(t) = [P fa)glt —2)de,  D(t) = [}, f@)glt — ) da.

Note that |I1(t)| < C2(1+1t/2)~" [[(1+2)~%dx and |I>(t)] < C2(1+1/2)~ [{(1+ )" da.
Clearly we can restrict attention to ¢ > 1. Since b > 1, it follows that |I5(t)] < C?t~% and
|11(t)] < C*=b(1 + t17%) < 2C%t—. |

8.2 Refined estimates for .Jy, wy, RV and R.

Throughout the remainder of this section, we fix
max{1l,5 — 1} < ¢ < f.

Let n € (0, 1] be as in the statement of Theorem Shrinking 7 if needed, we may suppose
without loss that
q+2n<p.

Let 61 = 0". Since 61 > 0, condition (3.1)) holds also with 6 replaced by ;. Hence results
from Section |7}, for example Theorem hold also in Fp, (V).
We begin by giving improved estimates for Jy(t) and w(t).

Proposition 8.5 Let & € (0,). There exists a constant C > 0 such that [y, 1{@>t}g0€ dp <
Ct=B=9 for all t > 0.

Proof Let G(z) = p(e < z). Then

fyl{¢>t}g05 dp = ftoo x¢ dG(z) = — ftoo x¢ d(1 —G(x))
= —2f(1 = G(2) [T+ [T a8 (1= G(a)) do <t B9 4 [ 077148 dy < 4= (79,

as required. |

Corollary 8.6 |Jy(t)| = O(|v|sc|w|eo t=BV) and |w(t)]; = O(|w|eet™?) for all v,w €
L>(Y%).

Proof This is immediate from Proposition [8.5] together with Propositions [6.3] and |
Next, we mention an improvement to Proposition
Proposition 8.7 R : iR — B(Fp,(Y)) is C4. Indeed,

IRD @), < Co(2C)TH (bl +q+1) fy 9747 dps for allb e R.

35



Proof The proof is a refinement of that for Proposition Write R(ib)v = R(f(b)v),
where f(b) = e~". We claim that

1y, fOB)oe < 2lyy0ll, 1y F9B)]o, < 2C1(200] + g + D)1y, 0| X7. (8.1)
J

It then follows that |1y, f{@(b)lls, < 2C1(2b] + q + 2)|1y,0/%" < (2C1)43(|b] + ¢ +
1)infy, 7", Now apply Remark

It remains to prove the claim. Write ¢ = k + r where £ = [¢] and r € [0,1).
Then |1yjf(k)(b)’00 < \1yj4p\f§0. Hence \1yj{f(k)(b+ h) — f(k)(b)}]oo < 2|1ng0]§0. Also

‘1yjf(k+1)(b)‘oo < llngp\fﬁjl so it follows from the mean value theorem that |1yj{f(k)(b +
h) — fRO(0)} e < |1y, |5 [h]. Combining these two estimates and using the inequality
min{1,z} < 2" which holds for all x > 0, r € [0, 1],

1y, {f b+ h) = B (0)} oo < 2Ly;0l% min{L [y, @loolh]} < 2/1y,0l57|RI",

yielding the first part of (8.1)).
Next, for y,y' € Y}, we have f*)(b)(y) — f® (b)(y') = (—i)*(I1 + I2) where

I = {e7 W) — =W Yok I = e W) o(y)F — o(y)F Y.

We have |[;| < |b|C'1|1ng0|§j1d9(y,y’) and |[5] < kC’l\lyjcpvgodg(y,y’). Also, |L| <
2[1y,¢|%,, so

11| < 20b|Ch |1y, |% min{1, |1y, ¢|cdo(y,y')}
< 20b|C1 |1y, |5 g (y, y)" = 2[b|C1 |1y, |5 dg, (y,1/).-

Hence g%)(b) = 1y, {f®)(b)(y) — F¥) (b)(1/)} satisfies
g™ (b)] < C1(20b] + k) |1y, 0|5 do, (4, )
Now we repeat the mean value theorem argument above to obtain

9™ (b4 ) — g (b)] < 201208l + k + 1)| Ly, 0lad "dp, (y. y') min{1, |1y, ¢loc ]}
< 201(20b] + k + 1)|Ly; 0|5 dg, (y,y') R

Hence |1yj{f(‘I)(b)(y)—f(Q)(b)(y’)H < 2C’1(2|b|—i-q+1)|1yj<,0|g:>”7dg1 (y,9'), yielding the second
part of (8.1)). |

Remark 8.8 Clearly, the estimate for R@ holds equally for R@) for all q < q. We use
this observation without comment throughout.

Remark 8.9 During this section, we obtain many estimates of the form |f*)(b)| <« @F**
for all £ € N. By the mean value theorem argument used in the proof of Proposition
it follows that |f(9)(b)] < @it for all ¢ € [0,00). From now on, we write “by the MVT
argument” and omit the details.
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Corollary 8.10 Assume absence of approzimate eigenfunctions. Then T = (I — E)*l :
iR\ {0} — B(Fp,(Y)) is C?. Moreover, for all 6 > 0, there exists a,C > 0 such that
| 7D (ib)||g, < C|b|* for all b € R with |b] > 4.

Proof The proof of the Dolgopyat estimate in Theorem [7.10] is completely unchanged
(Proposition (b) used only the integrability of ¢). Hence T is C'? by Proposition

Let £ € N with £ < . By induction, T®) is a finite linear combination of finite
products of factors of the form T and RY), 1 < j < k. Each of these is O(|b|*) for some
« > 0 by Theorem [7.10| and Proposition [8.7] Hence there exist constants C, a > 0 such
that || 7" (ib)||g, < C|b|* for each k =0, ..., [q].

Next, write ¢ = k + r where k = [¢] and r € [0,1). By the resolvent identity together
with Theorem [7.10] and Proposition [8.7]

IT(ib) = T lo, < IT(@b)lo, | R(ib) — R(it)lo, [ T(i0)]lo, < CbP*|b—b'|",

so | TT)(ib) g, < C3[bf*. R
__ Finally, T is a finite linear combination of finite products of factors of the form T,
T and R®), p < ¢, each of which is now covered. |

In the last part of this subsection, we refine the estimate for RV. First, we recall a basic

calculus estimate from [66].

Proposition 8.11 Let g(z) = (e — 1)/x. For any k > 0, there exists a constant C > 0
such that |g*) (z)| < C and |g™®) (z)| < C/|z| for all z € R.

Proof This is [66, Proposition 13.2]. We give the proof for completeness.
Define the analytic functions ¢x,r; : C — C for k£ > 1,

By Taylor’s theorem, there exists £ between 0 and z such that
ae(2) = > g™ (0)2" /ml + g (6)2" /K = 524 R,
so that |qg(iz)| < |z|¥/k! Similarly,
ar(2) = D_ q" ()" fml + V(O (k— 1) = (¢~ )/ (k- 1)),
so that |qp(iz)| < |21 /(k — 1)!
Next, note by induction that r%k) € R{e?*/z, e*/2%,... €% )2F (& — 1)/2F1}. But

e*/z) —rj € R{1/z,...,1/27}. Hence there exist constants a, ..., ar+1 and a polynomial p
of degree at most k such that

Tgk)(z) = Zf;l a;ri(2) + p(z)/2F L.
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Since all terms in this identity are analytic with the possible exception of the last one, we
deduce that p = 0. Hence

r(2) = S5 ajri(2) = S5 ajgi(2) /0.

Since g(x) = ir1(ix), the result follows by substituting in the estimates for g;. |

Proposition 8.12 Let v € Fy(Y¥). Then |v(y,u) — v(y',u)| < 4C1[jv]lginfy,¢"ds, (y,y')
for all (y,u), (y',u) € Y¥ withy,y' €Y}, j > 1.

Proof We have [v(y) — v(y)| < min{2|v]oc, [v]g w(y)de(y,y")} < 2||v]lolly;pl2do(y, v')" <
4Cl||v\|9infy.g07’d91(y, y). [ ]
0.

It is convenient to split v into a part independent of u and a part that vanishes at u =

Proposition 8.13 RV : iR — B(Fy(Y?), Fy,(Y)) is C9 for v independent of u. More-
over, there exists C > 0 such that

IRV@(@b)lls, < Clollo fy o7 da o},
for allb € R\ {0} and v € Fp(Y?) such that v is independent of u.
Proof Write R‘A/(ib) = iR(f(b)v) where
FO) =671 —1) = pg(bp),  glz)=a" (e ~1).
By Proposition for any k € N, there exists a constant C' > 0 such that for all x € R,
9" (2)] < Cmin{1, |z[7'} = Clz|~  min{1, 2|} < C|z|~*7. (8.2)

Hence
11y, f P (0)]se < [y l&d (1Bl 1y0l00) ™47 = [Ly; ] 7o 1.
By the MVT argument

|1y, f D () |oo < [Ty, 0|27 (B~ < (201) Himfy, o7 |b| =0,
Next, let y,3' € Y;. Using the identity zg(bz) — 2'g(ba’) = € (x — 2’)g(b(x — 2')),
FO) ) = FOI) = e (o(y) — 0(y)) g (b(e(y) — (1))
By (8.2),

FHOw -1 ’<<Z<P NV lely) = o199 (be(y) = ()
< 290 NI o(y) — ()P |b| =)
N (k +1)(2C1)*Hinfy, o dg, (y,3/) o747
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By the MVT argument
IF D) (y) — FDb)(y)] < infy, " dg, (y,1/)]b] ="

It follows that [[1y, FDOb)]g, < infy, @9t1|p|=(1=1) By Proposition 1y, FD(b)vllg, <
|v]lg infy, ©1+21|p|~(1=1)  Now apply Corollary n

In the remainder of this subsection, we work with the function spaces Fy,(Y¥) with
norm || - [lg,; = | - |6 + | - |oo,y as defined in Section

Proposition 8.14 There is a constant C' > 0 such that |RV (t)|le, < C|lv|lg,,t™¢ for all
v € Fon(Y?¥) with v(y,0) =0, and all t > 1.

Proof Recall that V(t)(y) = Lioy)>0v(y, p(y) —t). By (3.1),

1y, V(D)oo < [vlcolipty, pla>ty < ‘”’ool{infngo»/@cl)}'

Also, for y,y' € Y;, j > 1, with p(y) > ¢(y/),

v(y, e(y) —t) — v, oY) —t), @) >t
V(t)(y) = V()Y) = { vy, ely) — 1), ely) >t >y .
0, (P(y) <t

If p(y') > t, then using Proposition
V) Y) = VIO < Ly plasa {v, 0(y) =) — vy oly) — 1)l
+ vy ely) —t) — vy e(y) = D)}
< L1y, ploe >t} {4CINEY; 0" 0] do, (4, ') + [V]oo nle(y) — ()"}
< 5C’11{|1yjap|o<,>t}||U|\9,77111ij8077 do, (y, 1)
If p(y) >t > ¢(y'), then
V(6)(y) = VO Y] = Lipw)>zew vy ¢(y) — )]
= Lotz [V 0(y) = 1) = 0(y, 0)] < Lip@)> ey Vloonle(y) — 2"
< Lpwy>y0loonl W) = e(W)I" < Ciljy o>ty [vlconinfy; " do, (4, 4).
Hence in all cases,

V(E)() = VO )] < 5C L1y plesa lVllominfy; " do, (y, 4).
By (3.1),

11y, V(t)]lo, < 501”v||97771{infyj<p>t/(2Cl)}ianjSon'
Hence by Corollary

RV (#)]lg, < 100102”””&?7 Z N(Yj)l{infyj Lp>1g/(201)}ianj ©"

< 10C1Colvllg,y [y Lipst/on)ye" dp.
Now apply Proposition 8.5 |
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Corollary 8.15 Let 1 : R — R be C* with |x*)(b)| = O((b* + 1)) for all k € N. Then
KRV € R(||v]lont79) in Fo, (Y) for all v € Fg,(Y¥?).

Proof Write v(y,u) = vo(y) + vi1(y,u) where vo(y) = v(y,0). The result follows by
combining Propositions and and applying Proposition |

8.3 Further estimates for dealing with the singularity at zero

By Propositions and there exists § > 0 such that ﬁ(zb) has a C'? family of simple
eigenvalues A(b), |b| < 0, with A(0) = 1 and N (0) = —i|p|;. Let P(b), |b| < §, denote the
corresponding C? family of spectral projections, with P(0)v = [,- vdu for v € LY(Y).

Proposition 8.16 b-'P(0)RV(ib) € R(|[v|ot V) for all v € L®(Y?) with
Jyovdu? =0.

Proof Let g(s) = s 'P(0)RV (s) = s} Iy f‘p e 5=y (y, u) dudy. Since v has mean

zero,
/ / e~ W= _ 1)y (y, u) dudp.

e(y)
g(t) = — /Y/O 1{50(y)>t+u}v(ya u) du dp.

Hence

By Proposition [8.5]

19()] < ol / / Loory dudp = [o]oc / Loty dpt < [o]oo =),

as required. |

~

Define R(s) = s }(R(s) — R(0)), s € H.

Proposition 8.17 Let ¢ > 0. There exists a constant C' > 0 such that

~ Clp|—1=n) —9
150 (i), < 4 1 WP b e R {0},
C g <p-—1

Proof Write R(ib)v = R(f(b)v) where f(b) = Ji e~™ dt. This is the same function as in
the proof of Proposition [8.13] leading to the same conclusmn for g1 < B —2n.

The argument for q; < 8 — 1 is much simpler since f*)( = [{ e " (—it)" dt and " T
is integrable. We omit the details. |

For b € (—46,6), define
P(b) =0~ (P(b) = P(0)), A(b) = (iblel1) (1 = A(D)).

Pr0p051t10n 8.18 The conclusion of Proposztwnm holds with || R (ib)|lg, replaced by
1P ®) g, or [N ()] for all [B] < 3.
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Proof Let I' C C be a sufficiently small circle centered at 1. Then P(b) = (2mi) ! [.(¢
R(ib))~ ! db for all |b| < &. Hence

P(b) = (2mi) ! [.(€ — R(ib)) "' R(ib)(¢ — R(0))~" de.

By Proposition (& — ﬁ)_l is C? uniformly in £ € I'. Hence the estimates for plai)
follow from Proposition
Next, write

AB)P(b) = {~R(ib)P(b) + (I — R(0))P(b)}/(ileh). (8.3)

Since P is C%, it follows from Proposition and the estimates for P(@) that
[(AP)@)(b) s, also satisfies these estimates. Let f(b) € Fp,(Y) denote the eigenfunc-
tion corresponding to A(b) normalised so that [y, f(b) dp = 1. (If necessary, shrink d so that
f(b) > 0 ensuring that the normalisation exists.) Then b+ f(b) is C?" and

b) = [y A(D)f(b) dpu = [y A(B)P(b)A(b) " £(b) dp,

yielding the estimates for A(9V). |

8.4 Truncation

Given N > 1, we replace ¢ by ¢ A N = min{p, N}. Consider the suspension semiflows F}
and Fiy;on Y?¥ and YN respectively. Let Pu.w and ptr‘mC denote the respective correlation
functions. In particular, ppi*®(t) = [y oan vwoFy d,u‘P/\N Jyonn v AN [ooan w dpe™N
where the observables v, w : Y“’/\N — R are the restrictions of v,w : Y¥ — R to YV,

Proposition 8.19 There are constants C, tg > 0, Ng > 1 such that
|po,w(t) — Pf;r&nc( )| < C’v|00|w‘00(tN_/8 + N_(ﬁ_l))a
for all v,w € L>®(Y¥), N > Ny, t > to. [ |

Proof This proof follows [64, Section 3] and [65, Appendix A]. We begin with some
definitions and preliminary estimates.

Let Fy; : YPMV — Y@V denote the truncated flow. Define the top of the tower
Ty = Y¥\ Y?" and the borderline region 0Tx = {(y,N) € Y¥ : ¢(y) > N}. Also, we
define the thickened borderline region

Ty ={(y,u) €Y?:p(y) > N, N-1<u<N}.
Now, u?(0T4) = |p|; " Jy Lpsny dp < N—# and by Proposition
p(T) = loli [ 1eomilo = Ny du< loli! [ 1mmppdi < N7,
We note the related estimate

\wh—soANh:/Y(so—(sof\N))dMZ/Yl{@N}(@—N)du«N‘(ﬂ‘l)-
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Choosing N sufficiently large, we can suppose that [ AN|; > 1|¢o|; and hence that |||, —
o AN < N7,

Fix t > 1. Note that if Fy(y,u) € T for some s € [0,t], then either (y,u) € Ty or
Fs(y,u) € 0Ty for some s € [0,t]. Hence

{(y,u) € Y 1 Ey(y,u) # Fni(y,u)} C {(y,u) € Y?™V . Fy(y,u) € Ty for some s € [0,1]}

cTyu |J Fl'orw=1Tyu |J F;j'oTy.
s€[0,t4+1] J7=0,...,[t+1]

It follows that

p{(y,u) € YN 1 Fi(y,u) # Faa(y, u)}
[t+1]

P(Tn) + Z pf(FLOTY) = p?(T) + [t + u? (0Tx) < N-F=D 4+ ¢N =7,
Now,

/ vwoFtdu‘P—/ UwoFMtdu‘pAN:Il—}-Ig—i—Ig,
Y YeAN

where
11:/ vwo Fydu?, 12:/ v(wo Fy —wo Fny)du?,
TN Y eAN

PAN
B=(eli = le AN [ [T vwo Fusdua™.
Y Jo
It follows readily from the preceding calculations that

1] < |v]oo|w]oo p?(Tn) < |v|00|w‘ooN7(ﬁ71)a 113 < |v|00|w‘ooN7(ﬁ71)v
|I] < 2[v]oo|wlootP{Fi(y, w) # Fine(y,u)} < [vloo|w]oo (NTED 4 tNTF).

Hence | [y, vw o Fydp¥ — [yonn vw o Fyyg dp?™| < [v]os|w]oo (N~(B-1) 4 tN—B).
A simpler calculation shows that | [y, vdu? — [poan vduf V| < [v]oe N1 and

hence that | [y, vdu? [y, wdp? — [yoan vdp?™ [o oy wdp?™| < 0] s |w]oe N~F=1),
This completes the proof. |

Below we prove:

Lemma 8.20 Assume absence of approximate eigenfunctions. There are constants C > 0,
m > 1, N; > 1 such that

o (D] < Cllvlloglwloemt=P Y,

for allv € Fy,(YP"N), w € Lo™(YP M), N > Ny, t > 1.
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Proof of Theorem In general, w € L°™(Y?) need not restrict to w € L™ (Y9 M),
but we can choose wy € L®™(Y¥ V) so that |WN |oo,m <K |W]oo,m and wy = w outside the
set Sy = {((y,u) € YN : o(y) > N, u € (N —1,N]}. Then

[P “(t) = Pl (B)] < [0]oo([w]o + Jwiv|oo) ™ (Fy 1Sw)
= [v]oo(Jwloo + [wnloo) Y (Si) < [Vlos|wloos(p > N) < [0]sofw]oo N7

Taking N = [t], the result follows directly from Proposition and Lemma |

In the remainder of this subsection, we outline the strategy for proving Lemma [8.20

By assumption, we can fix a finite union Z of partition elements such that the cor-
responding finite subsystem Zj does not support approximate eigenfunctions. Choose
N1 > 170|0-

For each fixed N, the truncated roof function ¢ A N is bounded and hence the results

in Section 7| apply. In particular, ﬁfffunc is C* on H and contours of integration can be

moved to the imaginary axis. From now on we suppress the superscript “trunc” for sake
of readability. The calculations in Proposition and Corollary now proceed on the
imaginary axis in identical fashion to the calculation on H. Hence

w . ~ A~ A~
pv,w(t) = / Gthﬁv,w(ib) db, ﬁv,w = JO,v,w + |<P|11/ TRV@d,LL,
oo Y

where the constituent parts jo,y,w, T = (I — E)*l, 17, w are C'°° “truncated” versions of
the originals.

It follows from rapid mixing for the truncated semiflow that t = (py.) "™ (t) lies in
LY(R) for all m > 0, so we can use integration by parts to show that

Pow(ib) = (ib) ™™ py gy (ib)  for all b # 0, m > 0.

Choose 1) : R — [0, 1] to be C*° and compactly supported such that 1) = 1 on a neighborhood
of zero. Let ku,(b) = (1 —(b))(ib)~™. Note that

Y, km € R(t7P) forall p >0, m> 2. (8.4)
We have
Pow(ib) = () po.w (i) + K (b) P, o7 (i)
= 0 Tonni) + 1617 00) | TRV () 06b)

+ i (0) Jo 0,070(ib) + @17 i () /Y T(ib)RV (ib) O w(ib) dp.  (8.5)
It remains to estimate the inverse Fourier transform of each term in (8.5)).
Proposition 8.21 After truncation, uniformly in N > 1,

Vo € R([0lso|wloot™P7D), kindoww € R{I0|oolw]o t77),

forallm >2,ve L*(Y?), we L>®(Y?).
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Proof By Corollary ’j}),v,w’ € R(|v|oo|w|oo t~#~1) uniformly in N. Using (8.4) and
Proposition [8.4L ¥Jovw € R(EP % (|0]oo]w]oo t~B~D) = R(|v]so|w|oe t=B~D)). Similarly,
for K Jo,v,w- [ |

The main two estimates are as follows. Recall that ¢ € (8 — 1, §).

Lemma 8.22 There exists N1 > 1 such that after truncation, uniformly in N > Ny, there
exist m > 2 and v such that

¥ [ TRV @dp € R(||v]|g,|w]e t~F~1),
for all v € Fopy(Y?) with [y, vdu? =0, we L®(Y?).

Lemma 8.23 There exists N1 > 1 such that after truncation, uniformly in N > Ny, there
exist m > 2 such that

km Jy TRV @ dp € R(|[0]lg,]w]oe t77),
for all v e Fy(Y?), we L®(Y?).

Proof of Lemma Substituting the results from Proposition [8.21] and Lemmas [8.22
and into (8.5), we obtain that py.. € R(||v]|o.|w|somt~B~) uniformly in N > Ny for
all v e Fy,(Y?) with [, vdu? =0, w e L®™(Y?). |

The proofs of Lemmas and are presented in Subsections[8.5]and [S.6]respectively.

8.5 Small b: Proof of Lemma [8.22

Let § > 0 be as in Subsection Temporarily, we introduce the notation EN(S)U =
R(e5@"\Ny).

Proposition 8.24 limy_, ||}A2§3) (ib) — R (ib)||g, = O uniformly for |b| < 6.
Proof Write R(ib)v — Ry (ib)v = R(f(b)v) where f(b) = g1(b) — g2(b), g1(b) = e~ %,
g2(b) = e~ ®@AN) Then R® (ib)v — }A%g\’f) (ib)v = R(f*)(b)v) for all k € N where

FOw) =g 0) = g 0), ¢ ) = (i)be Pk, gl (b) = (—i)Fe MV (o A N,

If supy ¢ < N, then f® () =0 on Yj.
If supy,¢ > N, then \1y].g§k)(b)]oo < supngpk < 2C’1infyj<pk for i = 1,2. By the MVT

argument ylyjf(q)(b)\oo < 4Chinfy; .
Next, for y1,y2 € Yj, we have ¢1(b)(y1) — ¢1(b)(y2) = I + Iz where

I = {e7eWn) _ emibeW2)y oy, ), I = e W2 {o(y)F — o(y)* .
Note that

L] < 200070 (y1) — @(ya)"p(y1)" < 20" |1y; plgsupy, " do(y1, y2)" < infy, " dp, (y,4/),
|Ia| < Elo(y1) — @ (ya)|supy, @' < k|Ly; plgsupy, " do(y1,y2) < kinfy, ¢ dg, (y,y),
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so \11/91 ()\91 < kinfy,@**. By the MVT argument, |1ng§q)(b)]91 < infy, @It

Similarly |1yj92 (), < lnfngo‘””. Hence |1y, f®)(b)]ls, < 1{Supyj<p>N}infng0k+" <
- k

1{infyj<p>1v/(201)}mej¢ o

By Remark [7.3]
IR (i)~ R (ib)[lg, < 2C2 > u(Y;)||1y, £V (B)]lo,

<) 1{infw>N/(201)}u( Y))infy, 07 < [ 1w/ 0y 0 dp.

The result follows since ¢ € LIT(Y). |

By Proposition 8.24] we can fix § > 0 and N; > 1 such that for all N > Nj there
exists a C4 family of simple eigenvalues Ay (b), [b| < 4, for Ry(ib) with Ax(0) = 1 and
Ny (0) = 1. There is also a corresponding C? family of spectral projections Py (b) with
Pn(0)v = [, vdp.

From now on, we write ]:’,, P and X instead of ]:?N, Py and Ay. Recall that T = (I—]%)_1
Choose the C* function 9 : R — [0, 1] so that supp € (—0,0), and write

T(ib) RV (ib) = (1 — A(b)) " P(b)RV (ib) 4+ T(ib)(I — P(b))RV (ib). (8.6)
We begin by dealing with the second term in .

Lemma 8.25 wfyf(f — P)RV @dp € R(||v[loplwlect™) for all v € Fy,(Y¥), w €
L>®(Y¥).

Proof By definition of P and Propositionm T(ib)(I — P(b)) is C? on Fp, (V) uniformly
in N. By Proposition YI'(I —P)eR(E9).
Choose 11 to be C°° with compact support such that ¥»; = 1 on supp®. By Corol-

lary

YT(I = PRV = {¢T(I — P)H1 RV} € R(t™ % |[vlgt7),
in Fp, (Y) and hence in L*°(Y’). Since ¢ > 1, it follows from Proposition [8.4] that WT(I —
P)RV € R(||v|lg,pt~7) in L=(Y).

By Corollary @ € R(w|lwt™®) in L'(Y), so the result follows from Proposi-
tion [R4l n

Still working with the truncated roof function ¢ A N, define
R(s) = s7'(R(s) = R(0)), P(b) =b""(P(b) = P(0), A(b) = (iblp A N[1)™H (1 = A(b)).
The estimates in Propositions and [8.18 remain valid uniformly in N.
Proposition 8.26 yA~! € R(t79).

Proof By Proposition [3.2 1‘5 suffices to Show that [(A~1)@(b)| < b=,

By Proposfmonu ()| < |b|=0= for p < f—2n and |)\(p)( )< 1lforp<p—1.
In particular, A is Holder unlformly in N and b. Recall that /\( ) = 1. Shrinking 4, we
obtain [A(b)| > 1 for all [b] < &, N > Nj.
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The case 3 > 2. Note that (A\~1)(9) is a finite linear combination of finite products with
factors A~ (each bounded by 2) and A\ ... X(%) where g +---+¢q, = ¢. If qi; > B—1 for
distinct values of i, then 8 < 23—2 < ¢;, +¢;, < g contradicting the assumption that ¢ < j.
Hence there exists at most one i such that ¢; > S—1 and |[A@) ... X)) | <« |X9)| < ||~
It follows that [(A~1)(@(b)] < |p]~(—").

The case 8 € (1,2). Let ¢ = 147 < 8. Then (A1) = —=A~2X and |(A~1)(b)— (A1) (V)| <
IN(b) = N ()] < [b]"0=|b — ¥|" for [b] < [b/|. Hence [(A\~1)@(b)| < ||~ N

Proof of Lemma [8.22] By Lemma it remains to handle the first term in (8.6)),
namely
(1= A(b)) " P(b)RV (ib) = (iblo A N|)"*A(b) "' P(b)RV (ib)
= (il A N|)7IADB) " P(0)RV (ib) + (il A N|)“*A(b) "' P(b)RV (ib).
Choose ¢q € (1,5), ¢ > f — 1. By Propositions and wﬁ, YAt e R(t79).
By Proposition [8.16
YO)ADL) T P(0)RV (ib) € R(t™ % |v]oe t =),
Choose ¥1 to be C*° with compact support such that ¥; = 1 on suppt. Using also
Corollary
YAT'PRV = (YA Y PH1 RV} € R(ETxt ™% ||v]lg, t™9)  in L(Y).
Hence by Proposition (1 —A)"LPRV € R(||v]lg.,t~#~Y) in L>(Y). Combining with
Corollary we obtain ¢ [, (1 — X\)"'PRV @Wdpu € R(||v]lg.n|w]0o t~B~1)) as required. W

8.6 Large b: Proof of Lemma [8.23
Define £, (b) = (1 — ¢(b))(ib) =™ where 1 is chosen as in Lemma

Proposition 8.27 There exists C > 0 and m > 2 such that
m T € R(t79) in B(Fy, (Y)) for all N > Ny, t > 1.

Proof By the choice of N > Ny, absence of approximate eigenfunctions passes over to the
truncated semiflow. By Corollary ||T\q(ib)||91 < C|b|* for b € supp ky,. Note that all
constants entering into C' and « are universal (Cs, Cs, etc) or depend only on the values of
o on the finite subsystem Zgy. In particular, C' and « are independent of N for all N > Nj.

Hence ||(kmT)@ (b)||g, < (Jb] + 1)*™. Choosing m > o + 2 ensures integrability and
the result follows from Proposition [8.2 |

Proof of Lemma [8.23| Write k,,, = km—_2k2, where k; is C°°, vanishes in a neighborhood
of zero, and is O(|b| %), for i = 2 and i = m — 2.
By Corollaries and and Proposition we obtain (for sufficiently large m)

b [y TRV @dp = [y (Km—oT)(kaRV) @ dp € R(t79 % ||v]|g.5t ™ % [w]oo 7).
Since ¢ € (1, ), the result follows from Proposition [ |
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9 Some open questions
We conclude this review article with some open questions.

e Improve the Diophantine criterion for absence of approximate eigenfunctions by reducing
the number of periods from three to two in Proposition It would suffice to show
that we can take 1, = 1 in (3.2) as is the case for uniformly hyperbolic systems [48].

(In particular, the proof of rapid mixing for two falling balls in [I8] seems to rely on
such an improvement. Alternatively, one could try to verify the good asymptotics con-
dition [50] described in Section this would also lead to a stronger conclusion (robust
rapid mixing rather than almost sure) in [18].)

e For flows with polynomial decay of correlations, the decay rates in this article are optimal
but the class of observables is not. An open problem is to remove the requirement that
observables are smooth in the flow direction. In general, this is a currently intractable
problem even in the superpolynomial case. However in situations where there is ad-
ditional structure in which exponential decay methods have proven successful (smooth
stable foliation or contact structure) there is the possibility of combining these methods
with the truncation method in Section A key example is the infinite horizon planar
periodic Lorentz gas where the optimal decay rate O(t~!) is obtained in [14] but for a
restricted class of observables.

e The statistical properties for time-one maps of rapid mixing flows in Section are
restricted to observables that are sufficiently regular in the flow direction, and this is
currently the best available result even when the flow is exponentially mixing. To fix
ideas, consider the finite horizon planar periodic Lorentz gas. The time-one map is ex-
ponentially mixing for Holder observables by [11], but currently this does not lead to any
statistical properties. On the other hand, the proof of superpolynomial decay for suffi-
ciently regular observables does lead to the statistical properties listed in Subsection [1.2
Hence a natural question is to to investigate how to use the result or method in [I1] to
extract statistical properties. This is currently the topic of work in progress with Mark
Demers and Matthew Nicol.

e As mentioned in Remark Theorem gives a simple criterion for absence of ap-
proximate eigenfunctions when Zy C Y is connected, namely that the temporal distance
function D is not identically zero. Such a nonintegrability property is not immediately
of use in general: Zj is a Cantor set of positive Hausdorff dimension and Y is often
connected, but D is only Holder. On the other hand, Zy can be constructed using any
finite subcollection of the partition elements Y}, and so in some sense exhausts Y. The
question is whether D has sufficient structure beyond being Holder (which on its own is
clearly insufficient) to imply that the lower box dimension of D(Zy x Zy) is close to that
of D(Y x Y) for suitable chosen Zjy. This would rule out approximate eigenfunctions
when Y is connected and D is not identically zero.

e Methods for suspension semiflows and flows can be adapted to toral extensions of maps,
replacing roof functions ¢ : ¥ — R by cocycles ¢ : Y — R%. Rapid mixing for toral
extensions (and general compact group extensions) of uniformly expanding/hyperbolic
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maps is analysed in depth in [49]. Results on rapid and slow mixing for toral extensions
of nonuniformly expanding maps are obtained in [67]. The results for skew product
flows in Section [4.1] should also go over to toral extensions of nonuniformly hyperbolic
transformations with ¢ constant along stable leaves.

For toral extensions that are not skew products, we expect that the methods described
in [I4] apply when there is exponential contraction along stable leaves (Section [4.2{i)),
or when ¢ has bounded Hélder constants (Section [4.2{ii)), but there is no analogue
of situation (iii) from Section [£.2] An open problem is to understand more fully toral
extensions of nonuniformly hyperbolic transformations (and hence understand more fully
nonuniformly hyperbolic flows).

e Continuing the previous question, although the results in [14] described here deal with
many important classes of flows, the situation is still not as satisfactory as for semiflows.
For example, Chernov & Zhang [41] consider a family of periodic dispersing billiards
where the nonvanishing curvature hypothesis on scatterers is violated. The associated
billiard maps exhibit polynomial decay rates O(n?) for any prescribed b € (1,00).
However the flows do not seem to be covered by the methods in [I4] even though the
results in this article yield decay rates O(t~°) at the semiflow level.
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