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Abstract

We develop operator renewal theory for flows and apply this to obtain results on
mixing and rates of mixing for a large class of finite and infinite measure semiflows.
Examples of systems covered by our results include suspensions over parabolic rational
maps of the complex plane, and nonuniformly expanding semiflows with indifferent
periodic orbits.

In the finite measure case, the emphasis is on obtaining sharp rates of decorrelations,
extending results of Gouézel and Sarig from the discrete time setting to continuous time.
In the infinite measure case, the primary question is to prove results on mixing itself,
extending our results in the discrete time setting. In some cases, we obtain also higher
order asymptotics and rates of mixing.

AMS Subject Classifications: 37A25, 37A40, 37A50, 60K05
Keywords: Infinite ergodic theory, continuous time operator renewal equation, mixing
rates.

1 Introduction

This paper is concerned with mixing for continuous time dynamical systems. To set the
background for our results, we begin by discussing developments for discrete time.

Much recent research has centered around the statistical properties of smooth dynam-
ical systems with strong hyperbolicity (expansion/contraction) properties. Results such as
exponential decay of correlations and statistical limit laws are by now classical for uniformly
hyperbolic diffeomorphisms [6, 32, [34]. In particular, if f: X — X is uniformly hyperbolic
and p is an equilibrium measure corresponding to a Holder potential, then the correlation
function [y vwo f"du— [y vdu [ wdp decays exponentially quickly as n — oo for Holder
observables v, w : X — R.

Young [38] extended this result to a large class of nonuniformly hyperbolic systems,
including planar dispersing billiards, and also established polynomial decay of correlations
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for systems that are more slowly mixing [39]. The results were then shown to be optimal by
Sarig [33] and Gouézel [17]. Turning to the infinite measure case, the fundamental difference
is that limy, oo [ y vwo f"du = 0 for reasonably well-behaved observables v, w. Hence there
arises the preliminary problem of showing that a, [y vwo f"du — [y vdu [ wdp for a
suitable normalising sequence a,, — oo and for sufficiently well-behaved v, w. The secondary
problem is to estimate the speed of convergence (rate of mixing). Definitive results on the
preliminary problem, and first results on the rate of mixing, were obtained recently in [2§].

In the continuous time situation, decay of correlations is less well understood. Ex-
ponential decay of correlations has been proved only for a very thin set of Anosov flows
(those that possess a contact structure or have exceptionally smooth stable and unstable
foliations), see [8, 24]. On the other hand, superpolynomial decay of correlations holds for
“typical” uniformly hyperbolic flows [9] [12] for observables that are sufficiently regular. The
typical set of flows includes those with a pair of periodic points whose ratio of periods is
Diophantine [9] and also includes an open and dense set of flows [12]. Results on super-
polynomial decay were extended by [26] to nonuniformly hyperbolic flows whose Poincaré
map is within the class considered in [38]. For flows whose Poincaré map lies in the class
considered in [39], it was shown in [27] that typically polynomial decay holds for sufficiently
regular observables.

In the current paper, we develop a continuous time operator renewal theory, and thereby
obtain results on sharp lower bounds for finite measure semiflows with polynomial decay of
correlations, and mixing (as well as higher order asymptotics) for infinite measure semiflows,
extending the discrete time results of [17, [33 2§]. Our results hold typically in the same
sense as discussed above (so it suffices that there exists a pair of periods with Diophantine
ratio, see hypothesis (A2) and Remark [2.1| below).

1.1 TIllustrative examples

To describe the main results, we consider (mainly for convenience) the family of Pomeau-
Manneville intermittent maps [31] considered by [25], and their suspensions in the contin-
uous time case. Specifically, define the interval maps f: X — X, X = [0, 1],

r(1+2727), 0<z<3i

f(x):{m—l lez<t’ (1)

where 7 > 0. There is a unique (up to scaling) o-finite absolutely continuous invariant
measure and this measure is finite if and only if v < 1. Such maps have a uniformly
expanding (or Gibbs-Markov, see Section [2| for precise definitions) first return map to the
set Y = [, 1]. Set =1/ and

t=8 B> 2
- =079, >
§(t) = { (lost)t—> s=2 fa,e<t>={t<m>, Y PTE

=262 1< pB<2

Discrete time, finite measure For v € (0,1), it follows from [39] 20] that correlations

decay like n=(8=1);
/ vwof”—/ U/ w=0(n~ V),
X X Jx
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for all v: X — R Holder and w : X — R lying in L. This decay rate is sharp [17, [33]:

Jovwor = [ o wee[ o[ wn s o),

for all observables v, w supported in a compact subset of (0, 1] with v Hoélder and w in L*°.
Here c is a positive constant depending only on .

Discrete time, infinite measure For v € (1,2), we showed [28] that there is a constant
¢ > 0 (depending only on ) such that

nlﬁ/vwof”%c/ v/ w,
b'e X Jx

for all observables v, w supported in a compact subset of (0, 1] with v Hélder and w in L*°.
The same result holds for v = 1 with n!~# replaced by logn. For v > 2, such results cannot
hold in the generality considered in [28] but, using the extra structure of the maps ,
the corresponding results were obtained by [19] for all 4 > 1. In addition, rates of mixing
and higher asymptotics for v € (1,2) were obtained in [28], improved upon in [35]. and
extended to the case v > 2 in [36].

Continuous time, finite measure Now suppose that px : X — R is a Holder roof
function bounded away from zero. We form the suspension flow f; : A — A in the usual way
(see Section [2| for definitions). This semiflow has an indifferent periodic orbit corresponding
to the indifferent fixed point 0 € X.

In the finite measure case v € (0,1), it follows from [27] that typically [, vw o f; —
fAvaw decays at the rate t~(8~1) as ¢ — oo for observables v,w : A — R where v is
Holder and w is sufficiently smooth in the flow direction.

Here we prove that such results are optimal: for any ¢ > 0

/Avwoft—/Av/Aw:c/Av/Awt<ﬂl>+0<£ﬁ,e<t>>,

for all observables v, w supported away from the indifferent periodic orbit with v Holder and
w sufficiently smooth in the flow direction. If moreover [, v = 0, then [vwof; = O(t=(B=9)),
This is the direct analogue of the results in [17, [33].

Continuous time, infinite measure Finally, consider the semiflow f; : A — A for
~v > 1. For v € (1,2) we prove in this paper that typically

tlﬁ/vwoft%c/v/w,
A A A

for all observables v, w supported away from the indifferent periodic orbit with v Holder
and w sufficiently smooth in the flow direction. Again the same result holds for v = 1 with
t'=P replaced by logt, and we obtain higher order asymptotics. This is the direct analogue
of the results in [28].



1.2 Ingredients of the proofs

The methods in this paper combine

(i) Operator renewal theory developed by [15, B3] for the discrete time finite measure
situation.

(ii) The methods we introduced in the infinite ergodic theory setting in [28] which built
upon [14. [15] 33].

(iii) The ideas of [9] for uniformly hyperbolic flows and their extension [26] 27] to the
nonuniformly hyperbolic setting.

However, there is a fourth and equally important component, namely
(iv) An operator renewal equation for flows (Theorem [3.3]).

As far as we can tell, the operator renewal equation for flows introduced in Section
below has no counterpart in the existing probability theory literature. Continuous time
versions of renewal theory have been developed previously in the probability theory litera-
ture. We refer to [I1, Ch. XI] for the general framework surrounding Blackwell’s renewal
theorem [4]. For such a theorem in the infinite mean setting (the continuous time ana-
logue of [14]) we refer to [10, Theorem 1]. We also mention the work of Kingman (see
for instance [23]) for the continuous analogue, developed for both finite and infinite mean
setting, of Feller’s theory on discrete regenerative phenomena. However, it is unclear how to
apply these methods here, and our approach seems to have certain advantages as discussed
in Remark

In Section [2] we state our main results for suspensions of nonuniformly expanding maps,
and recover the statements in the introduction (suspensions of intermittent maps) as a
special case. The remainder of this paper is then divided into three parts. In Part [, we
derive the operator renewal equation for flows. In Part [[I, we prove our results on infinite
measure systems. In Part [[TI, we prove our results on finite measure systems. The paper is
written in such a way that Parts [lI] and [III can be read independently.

Remark 1.1 For discrete time systems, operator renewal theory was developed first in the
finite measure case before being extended to the infinite measure situation. For continuous
time systems, we present the material in the reverse order. The reason for this is that
having formulated the continuous time operator renewal equation described above in (iv),
it is fairly straightforward to deduce our main results for infinite measure semiflows from
the existing work described in components (i) and (iii). (We note however that certain
technical estimates in the proof and usage of Lemma [5.2] are considerably more complicated
than in the case of discrete time, infinite measure.) In contrast, although our results for
finite measure semiflows follow from components (i), (iii) and (iv), it requires significantly
more work to glue these methods together.

Notation We use the “big O” and < notation interchangeably, writing a, = O(by,) or
an < b, if there is a constant C' > 0 such that a, < Cb, for all n > 1. Three positive
constants arise frequently throughout the paper: C7 and C5 introduced in Section [2| and
c2 = (O3 + 1)~ which appears for the first time in Section
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2 Statement of the main results

Suspension semiflows Let (Y, ) be a probability space and F' : Y — Y an ergodic
measure-preserving transformation. Let ¢ : Y — R be a measurable roof function. Form
the suspension Y% = {(y,u) € Y xR : 0 < u < p(y)}/ ~ where (y,¢(y)) ~ (Fy,0).
The suspension flow f; : Y% — Y¥ is given by fi(y,u) = (y,u + t) computed modulo
identifications and the measure u¥ = p x Lebesgue is ergodic and fi-invariant. In the finite
measure case, we normalise by ¢ = fY wdp so that p¥ = (u x Lebesgue) /¢ is a probability
measure.

Gibbs-Markov maps We assume throughout that /' : ¥ — Y is a full branch Gibbs-
Markov map. Roughly speaking F' is uniformly expanding with good distortion properties.

We recall the key definitions [I]. Let (Y,u) be a Lebesgue probability space with
countable measurable partition a. Let F' : Y — Y be an ergodic, conservative, measure-
preserving, Markov map transforming each partition element bijectively onto Y. For any
0 € (0,1), define dg(y,y') = 0°W¥) where the separation time s(y,y') is the least integer
n > 0 such that F™y and F"y’ lie in distinct partition elements in a. It is assumed that the
partition « separates orbits of F', so s(y,y’) is finite for all y # ¢/. Then dy is a metric. Let
Fy(Y') be the Banach space of dyp-Lipschitz functions v : ¥ — R with norm ||v|| = |v]eo +|v]s
where |v|g is the Lipschitz constant of v.

Define the potential function g = log d;lij Y — R. We require that g is uniformly
piecewise Lipschitz: that is, g, is dg-Lipschitz on each a € a and the Lipschitz constants
can be chosen independent of a.

For n > 1 we let a,, denote the partition into n-cylinders. Let g, = Z?;& g o FJ.
It follows from the Lipschitz property of g together with full branches that there exists a
constant Cq > 0 such that

W) < Cyp(a), and e — W) < O p(a)dg(F™y, F™y), (2.1)

for all 4,9’ € a, a € o, n > 1.

From now on, we adopt a convenient abuse of notation and define |l,v|g =
SUDy yreayy V(W) — v(¥)|/do(y,y').  We write 1,0 € Fy(Y) if 140 is bounded and
[1av]p < 0.

Roof function The roof function ¢ : Y — Z% is assumed to be piecewise Lipschitz with
respect to dg, for some 6y € (0, 1), (ie 1o € Fp, (YY) for all a € ), and satisfying inf ¢ > 0.
For convenience of notation, we suppose that inf ¢ > 2. In particular, the set Y =Y x [0, 1]
lies inside Y'¥.

We make various further assumptions:
(A1) There is a constant Cy > 0 such that |1,¢]p, < Cainf, ¢ for all a € a.

(A2) There exist two periodic orbits for f; with periods 71,72 such that 7 /7 is Diophan-
tine. We require that the periodic orbits intersect Y only in the interior of partition
elements.



Remark 2.1 Condition (A1) is automatic for a large class of examples discussed in Sub-
section Condition (A2) is sufficient for a rather technical “approximate eigenfunction”
criterion of Dolgopyat [9] to be satisfied. This criterion is stated precisely in Definition
and holds also for an open dense set of roof functions [12].

Observables We consider observables v,w : ¥ — R of the following form. Writing

v*(y) = v(y,u), define |v]g = sup,ejo1) [v*]p and [[v[lg = |v]es + [v]g- Then Fp(Y) is the
space consisting of those v € L>(Y') with [[v|lg < ooc. .
For m > 0, set |w|oso,m = max;—g,_m |0} w|eo. We write w € L™ (Y) if w is supported

inY x (0,1) with |w|sem < 0.

Define
pv,w(t) :/ vwo frdu?,
ye

and write v = pr vduf, w = fY(p wdp?. In the finite measure case, the correlation function
of v and w is given by py . (t) — vw. We can now state our main theorems.

Theorem 2.2 (Infinite measure) Assume that F: Y — Y is a full branch Gibbs-Markov
map with roof function ¢ : Y — RT satisfying conditions (A1) and (A2).

(a) Suppose that ¢ is nonintegrable and p(p > t) = £(t)t=5 where B € (3,1] and £ is a
measurable slowly varying function (so limy_oo £(Ax)/l(x) =1 for all X > 0).
Let dg = Lsinpr for <1 and dg =1 for B = 1. Define U(t) = L(t) for B <1 and
ot) = ffﬁ(s)sil ds for B =1.
Then there exist 8 € (0,1), m > 1, and a function a : (0,00) — (0,00) with
limy_,o0 a(t) = 0 such that

‘g(t)tl_ﬂpv,w(t) - dﬁmm < HU||0|w|00,m a(t),

for all v e Fy(Y), w € L™ (Y).

(b) Suppose moreover that p(p > t) = ct=? + O(t™7) where B € (3,1), ¢ € (1,28) and
¢ > 0. There exist constants di = cildg, do,ds,... € R, and for any € > 0, there exist
6 € (0,1), m > 1, such that

pow(®) =D dit 7D 5w + O(||v]|g|w]oom tF170 D=0,
i

for allv € Fp(Y), w € L>*>™(Y), t > 0. Here, the sum is over those j > 1 with
j(1=B) <Bl—-qg ' (28-1)—¢).
In particular, if plo > t) = ct=? + O(t=28), then the error term is of the form

O(]|v]|6|w|so,m tf(%fe)). If in addition B > 2 and dy # 0, then we obtain second order
asymptotics.



Remark 2.3 Explicit formulas for the constants d;, j > 2, can be found in [28, Section 9].
Write pu(p > t) = ct=?(1 + H(t)). Then d; = e, Jo~ H(t) dt where e; is a nonzero constant
depending only on j and . In particular, either all the constants d; are nonzero (the typical
case) or d; = 0 for all j > 2. (The functions H and H; in [28, Lemma 3.2] coincide in the
continuous time context.)

In the finite case, define

=79, p>2

C(t) = /t plp > 1) dr, gﬁ,e(t) = {t_(QB_Q) 1<B<2 : (2.2)

Theorem 2.4 (Finite measure) Assume that F: Y — Y is a full branch Gibbs-Markov
map with roof function ¢ : Y — RT satisfying conditions (A1) and (A2).

(a) Suppose that u(e > t) = O(t=P) where § > 1. Then for any € > 0, there exists
6 € (0,1), m > 1, such that

pow(t) —vw = (1/@)vw ((t) + O([[vllo|w]oom &p.c()),

for allv e Fy(Y), we L*™(Y), t > 0.

(b) Suppose further that v = 0. Then for any € > 0, there exists 0 € (0,1), m > 1, such
that

pow(t) = O([[v]lolw|oom =),

for allv e Fy(Y), we L>™(Y), t > 0.

Remark 2.5 It is well-known that the regular variation assumption is necessary for Theo-
rem The assumption of polynomial tails in Theorem [2.4]can be relaxed as in [16] or [30]
but we do not pursue that here.

2.1 Examples with full branch Gibbs-Markov first return maps

In formulating Theorems and we considered suspensions where the map F': Y — Y
is uniformly expanding and the roof function ¢ : ¥ — RT is unbounded. Often it is
convenient to reverse the roles and to start with a map f : X — X that is less well-behaved
(nonuniformly expanding instead of uniformly expanding) together with a bounded roof
function px : X — R.

In particular a large class of examples covered by our methods are those where the map
f X — X has a first return map F' : Y — Y that is full branch and Gibbs-Markov and
where ¢y is globally Lipschitz. This includes suspensions of parabolic rational maps of the
complex plane (Aaronson et al. [3]) and Thaler’s class of interval maps with indifferent fixed
points [37] (in particular the family defined above).

The separation time s, and hence the metric dy, extends from Y to X: define
s(fly, fYy') = s(y,y’) for all y,y € a, a € o, 0 < £ < 7(y). Suppose that the roof func-
tion px : X — RT is locally Lipschitz with respect to this metric and define the induced
roof function ¢ : Y — ZT, ¢(y) = Z]T-(:yo)*l ¢x(y). Thus we obtain equivalent semiflows
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using either (f,¢x) or (F, ). Furthermore, condition (A1) is automatic if px is globally
Lipschitz, and the statement of condition (A2) is unchanged in the new setting (the set of
periods for (f, px) or (F, ) are identical).

Example 2.6 Consider the family of intermittent maps discussed in the introduction.
Such maps f : X — X have a full branch Gibbs-Markov first return map to the set
Y = [3,1]. Recall that v: X — R is C" for 5 € (0,1] if v is continuous and SUp,_,r V() —
v(@)|/|z — 2’| < oc.

Proposition 2.7 Suppose that ox : X — R is C", n € (0,1]. Then
wy €Y 1 p(y) > 1) = cot P(1+ 0@,
where 8 =1/7, co = 18%px(0)°h(3), and h : Y — R is the density for p.

Proof See [I5, Theorem 1.3] for a similar calculation in the case v < 1. Recall (see for
example [28, Proposition 11.12]) that the first return time 7 : Y — Z™ satisfies

w(r >n) =canP(1+0(n7?)), (2.3)
where ¢; = $8°h(3).
If 7(y) = k, then write
k—1 ' k—1 '
o) =D ox(Fy) = ex) + (k= Dex(0) + > _(ex(Fy) — x(0)),
j=0 J=1

where fiy = O((k —j)=?) for j =1,...,k — 1. Tt follows that

k—1 k—1

> (ex(Fy) = ex(O)| < lexly D 1Fy)l" < K77,

j=1 j=1
Hence o(y) = k(px(0) 4+ O(k=P7)) = ox (0)7(y)(1 + O(r(y)~P"). This combined with
yields the result. |

Corollary 2.8 Suppose that X = [0,1] and that f : X — X is an intermittent map of the
form , with v € (0,2). Let ox : X — R be a C"-roof function, n € (0,1]. Suppose
further that the suspension semiflow possesses a pair of periodic orbits with Diophantine
ratio of periods. Let B =1/v and co = $8°¢x(0)°h(}). Then

(a) For v € [1,2), the conclusion of Theorem (a) holds with ((t) ~ co for v € (1,2)
and £(t) ~ cologt for v =1.

Moreover if n € (0,1] is sufficiently large (n € (%, 1] suffices), then the conclusion
of Theorem [2.3(b) holds.



(b) For~ € (0,1), the conclusion of Theorem[2.4|(a) holds in the form
pow(t) =00 = (1/@)co(B — 1) rowt=P~D 4 O(t77),

where p = min{f — 1 + Bn,28 — 2} for B < 2 and p = min{B — 1 + pn, B — €} for
B>2.

Moreover, if © = 0, then we obtain py.,(t) = O(t=P=9) as in Theorem (b)

Proof Condition (Al) is automatic, and we have explicitly assumed condition (A2).
Proposition gives the required estimates on u(p > t). Hence the results follow from
Theorems 2.2 and 2.41 |

Part I
Continuous time operator renewal theory

In this part of the paper, we formulate an operator renewal equation for flows.

3 The operator renewal equation

Transfer operators Let R : L'(Y) — L'(Y) denote the transfer operator for F': Y —
Y and let Ly : LY(Y¥) — LY(Y%) denote the family of transfer operators for f;. (So
Jy Rvwdp = [yowo Fdu, [y, Lwwdu? = [, vw o fidu? for suitable test functions
v, w.)

Recall that ¥ = Y x [0,1]. We define the probability measure fi = p x Lebesgue on
Y. Note that in the infinite measure case 1P|y = fi, whereas in the finite measure case
Wy =/ ~ ~

Define F' : Y — Y by setting F(y,u) = (Fy,u). Note that F(y,u) = f,u)(y,u).
Define ¢ : Y — RT, $(y,u) = ¢(y). Then F = fz- Let R denote the transfer operator
corresponding to the map F : Y — Y (fy Rvwdjfi = [yvwo Fdji). Given v € L'(Y) and
u € [0, 1] we define v* € L(Y), v"(y) = v(y,u). It is easily verified that

(Rv)(y,u) = (Rv*)(y). (3.1)
Renewal operators For t > 0, define T, U; : L'(Y) — L'(Y) by setting
TtU = 1?Lt(1f/v), Ut’U = 15~/Lt(1{¢>t}v)

For s € C, define the families of operators on L'(Y),

R(s)v = R(e™*%v), T(s)v:/ e STy dt, U(s)v:/ e U dt.
0 0

Note that R, T, U are analytic on H = {Res > 0} and that R is well-defined on H =
{Res > 0}. We also define Ry(s) : L'(Y) — LY(Y) for s € H: Ro(s)v = R(e *%v).



Remark 3.1 Throughout the paper, we write a(s) to denote a function that is analytic on
H, with inverse Laplace transform a(t).

We note that Ro(s) has the formal inverse Laplace transform Ry (t)v = R(8,(t)v), where
0, is the d-measure at x, but this is not used explicitly in the paper.

Proposition 3.2 p(s fY sywwdp? forve LNY), we L™(Y), s € H.

Proof We have p(t) = [y vwo fidu? = [; Lwwdp? = [¢ Tovwdp?, so that

ﬁ@=A et p(t) dt = / e [ Twwaat = [ Tsjowdie,

as required. |

Theorem 3.3 T(s)R(s) = T(s) — U(s) for s € H.

Proof Let w € L>°(Y). We compute that
/T( YR(s)vw dji = // “SULyR(e™5P0) w dt dfi = / St/ “Pywo fo Fdidt

// s(t+e)y vwo fiysdtdi = // bvwo fydtdfi

// “Sywo fydtdji — // Stvw o frdtdfi
:/Y T(s)vwdji — // Lig>tye Stywo frdtdfi = / T(s)vwdi— /}/U(s)vwdﬂ

soTR=T-"U as required. |

For future reference, we record the following formula for Uy.
Proposition 3.4 Suppose that v e L'(Y). Then

Ny = 1@ u=Dlpyw), 0<t<1
Gl )_{(th)(y,u), t>1

where v (y,u) = ]-{t<go(y)<t+1—u}/v(ya u—t+o(y)).

Proof Fort <1, we have Uy = T;v and so

/{/(Utv)wdﬁ /vwoftd,& / v(y, u) w(y,u+t)dj

1-t
// v(y, ww(y, u+t) dudp = // v(y, u — tw(y, u) dudp

—/ oyt — )y (wwly, u) di
Y
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Fort > 1,

[ wwywdi= [ B0 wdi= [ 1ggvwe fid
Y Y Y

- /Y (L) (0 ww(Fy, u+ t — o(y)) di

1
- / / Lio)>t0(ys ww(Fy,u+t — o(y))) dudp
Y Jo(y)-t

I+t—p(y)
= /Y /0 1{<p(y)>t}U(y7 u—t+ py)w(Fy,u))dudy
— /Y Licoi<tt1—up (¥, u —t+ oy))wo F(y, u) di = /?(th)(y, ww(y, ) dji,

as required. |

In Section we defined the symbolic metric dy on Y and the Banach space Fp(Y) of
dg-Lipschitz functions v : Y — R. The next result makes use of the Gibbs-Markov structure
and a weakened version of condition (A2).

Proposition 3.5 Let 0 € (0,1). Viewing the family of twisted transfer operators Ro(s) as
operators on Fy(Y'),

(a) The spectral radius of Ro(s) is less than 1 for s € H— {0} and is equal to 1 for s = 0.

(b) 1 is a simple eigenvalue for ]:ZO(O) and 1is isolated in the spectrum of RO(O).

Proof This is standard. By for example the proof of [28, Proposition 11.4], Ro(s) has
spectral radius at most 1 and essential spectral radius at most  for all s € H. Also the
spectral radius is less than 1 for all s € H. Hence it suffices to consider eigenvalues at 1 for
s = 1b. It follows from ergodicity of F' that 1 is a simple eigenvalue for its transfer operator
Ry(0), so it remains to rule out 1 as an eigenvalue for Ro(ib), b # 0.

Consider the family of operators M, : Fyp(X) — Fp(X) given by My = ey o F.
The operators Ro(ib) and M, are L? adjoints so it is equivalent to show that 1 is not an
eigenvalue for M. We claim that if 1 is an eigenvalue, then every period 7 corresponding
to a periodic orbit for the semiflow lies in (27/b)Z which violates condition (A2). (For this
proposition it suffices to have two irrationally related periods.)

To prove the claim, suppose that Myv = v for some v € Fy(X), v # 0. In other words,
ey o F = v. In particular, [v| o F = |v] and it follows by ergodicity that |v| is constant.

. k— :

Hence v is nonvanishing. Iterating, we have e® Yi%0 9o Fy o Fk — u. Now suppose that y is

a periodic point for F' of period k. The period 7 of the corresponding periodic orbit for f;

is given by 7 = Z;:é ©(F7y) and so v(y) = e?v(y). Dividing by v(y), we obtain €™ =1

verifying the claim. [ |

Let To(s) = (I — Ro(s))~; this is well-defined for s € H — {0}. Write v%(y) = v(y,u).
Then

~ ~

((I = R(s))""0)(y,u) = (To(s)v")(y), s € H—{0}.
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Also we obtain the renewal equation
T(s)=U(s)(I — R(s))™!, seH-{0}.

By Proposition [3.2] we obtain an analytic extension

Y

pls) = / U(s)(I - R(s) vwdp?, (3.2)

defined on a neighbourhood of H — {0}.

Remark 3.6 The operator renewal equation 7(s) = U(s)(I — R(s))™" has the desired
effect of relating the Laplace transform of the transfer operators T; for the flow with the
perturbed transfer operator Ro(s)v = R(e *?v) where R is the transfer operator for the
Poincaré map F'.

In dynamical systems theory, there are two standard types of discrete time system that
can be obtained from a continuous time system: Poincaré maps such as F' and the time-h
map fp for fixed h > 0. In the probability theory literature, a standard technique after
Kingman [22] is to consider discrete time “skeletons” fj and to pass to the continuous time
limit as h — 0. However, for the properties studied in the current paper, the partially
hyperbolic time-h map is as difficult to study as the underlying continuous time system. In
contrast, the uniformly expanding Poincaré map F' is much more tractable.

Hence, at least for certain situations in dynamical systems theory, and perhaps in prob-
ability theory too, the renewal equation presented here seems a more useful approach than
passing to discrete time skeletons.

The following elementary result is required in both Part [T and Part [[II}

Proposition 3.7 Let m > 1. Suppose that v € L'(Y) and w € L>™(Y). Then

Pow(s Zp B w )s j+37mﬁv,8{”w(3)'

Proof First note that p, . is m-times differentiable and pww(j) =Py tiw for j=0,...,m.
Ot
By Taylor’s Theorem, py (t) = Pp(t) + Hp(t), where

m—

Zl.pw‘ O Ha)= [ o= DG, o=

0

Hence ﬁv,w(s) = Z;n:_ol pmagw(o)si(]ﬁrl) + ﬁm(s)v where Hm(s) - Q(S)ﬁv,a;nw(s) =
S_mﬁvﬁtmw(s)' "

12



4 Dolgopyat-type estimates

In this section, we recall estimates of [9] extended to the nonuniformly hyperbolic setting [26),
27]. These are required to control (I — R(s))~! for s = ib, b large. The arguments need
some modification here to allow for the possibility that ¢ ¢ L.

We recall that the twisted transfer operators Ry(s) : L'(Y) — L*(Y) satisfy for n > 1,

(Ro(s)"0)(y) = ) eonlalemsenlaly(y,), (4.1)

acon
where y, denotes the unique preimage y, € a N F~"y and ¢, = Z?:_& o FJ,

Lemma 4.1 For every ¢ > 0, there exist constants C > 1 and 0,7 € (0,1) such that for
every v € Fy(Y), b € R,

(a’) |R0(7/b)v|oo < ’U|oo;

(b) [Ro(ib)"vlg < C{(1+ |b|* [; ¢ du) v]os + 0"[0]g}.

(c) |IR™ — [y vdullg < CT"|[v]o.
Proof Note that Ry(s)"v = R"(e~*?"v). Since |R|s = 1, it follows that part (a) is valid.
Full branch Gibbs-Markov maps are mixing, so R has no eigenvalues on the unit circle except
for the simple eigenvalue at 1. Part (c) follows from this together with quasicompactness [,
Section 4.7].

It remains to prove (b). Our argument improves [7] where it is assumed that ¢ € L1(Y).
Let y,y' € Y. Then

(Ro(ib)"(14v))(y) — (Ro(ib)"(14v))(y') = D1 + Da + Ds,
where
Dy = (e97(Wa) — eInWa))eiben(va)y(y,), Dy = enWa) (giben(va) _ giben (i) yy(y, )
Dy = 9 Wa) 2n(Wa) (y(y,) — v(yl)).
By the estimates ,
|D1] < Crpa(a)[v]oode(y,y'), | D3l < Crua(a)lvlode(Yas yo) = C10" 1(a)|vlads(y, y').-

Summing over a € «;,, we obtain that the terms of type D; and Dj contribute C}|v|s and
C160™|v|g respectively to |Ro(ib)"v|s.
Next,

Y

n—1
D] < Cipu(a) Y et ve) — beU700) [y
3=0

Recall that by assumption 1, € Fy,(Y) for some 6y € (0,1). Using the inequality |¢®* —1| <
min{2, |z|} < 2|z|¢ for x € R, € € [0, 1],

n—1

|Da| < 2C1 (@) b ) [1piaplf oy (7 Yas 7y [0]oo-
§=0

13



Let 6 = 65. Then dg, (FIya, F7y,)* = do(Fiye, Fiyl,) = 0" Idg(y,y'). By (A1),

n—1

| Da| < 2C1Cspu(a)[b Y inf (1o 00) 0" dg(y, )|V
=0

Hence, summing over a € a,,, the Dy terms contribute 2C1C5|b|¢|v|s0S, where

n—1 n—1
S= m@) 0" Vinf(lpap) =3, >, >, pa)f" T inf(1p,e)

a€an j=0 Jj=0d€an—j acan:Fia=d
n—1 A n—1 '

S0 Y e Y =50 Y mtaputa
j=0 dean_; a€an:Fia=d 7=0 d€an_;
n—1

<o [ an<oa-07 [ pan
i—0 Y Y
‘]7

This completes the proof of part (b). [ ]

For b € R, define My : L®(Y) — L¥(Y), Myv = v o F.

Definition 4.2 There are approximate eigenfunctions on a subset Z C Y if there exist
constants A > 0 arbitrarily large, 8 > 0 and C > 1, and sequences |b;| — oo, ¥ € [0, 27),
up € Fyp(Y') with |ug| = 1, such that setting ny = [B1n |bg|],

| My ur(y) — e PFug(y)| < Clogl =,
for all y € Z and all k£ > 1.

A subset Zy C Y is called a finite subsystem if Zy = (,~o F~"Z where Z is a finite
union of partition elements a € a.

Proposition 4.3 There exists a finite subsystem Zy such that there are no approximate
eigenfunctions on Zy.

Proof By (A2), we can fix two periodic orbits with periods 71 and 79 such that 71 /7
is Diophantine. Let Z be the union of the partition elements a € « intersected by the
periodic orbits and define Zy = ()~ F~"Z. It follows from [J, Section 13] that there are
no approximate eigenfunctions on Zg. |

Lemma 4.4 There exists A > 0 and C > 1 such that ||(I — R(ib))" ¢ < C|b|* for all
b e R with |b] > 1.

Proof By (3.1)), it suffices to prove this with R(ib) replaced by Ro(ib) : Fp(Y) — Fp(Y).
By Proposition there is a finite subsystem on which there are no approximate eigen-
functions. The estimate for (I — ]350)*1 follows from this by exactly the argument used
in [20, Lemmas 3.12 and 3.13|. Lemma plays the role of [26] Proposition 3.7]. |
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Remark 4.5 We shall consider various families of linear operators acting on various func-

tion spaces. Throughout, || ||¢ denotes the operator norm on either Fy(Y') or Fy(Y). Simi-

larly, || [|oo denotes the operator norm on either L>°(Y) or L>°(Y). Whether the space is Y/
or Y should be clear from the context.

Part 11
Infinite measure systems

In this part of the paper, we prove our main results in the infinite measure context. Through-
out, we assume the setup from Section |2, so F': Y — Y is a full branch Gibbs-Markov map
and ¢ : Y — R is a roof function satisfying assumptions (A1) and (A2). In addition, we
make the standing assumption throughout this part of the paper that ¢ is nonintegrable
and pu(p > t) ~ L(t)t=" where B € (3,1] and £(t) is slowly varying.

Section [5] contains various operator-theoretic estimates. Our result on first order asymp-
totics (mixing) stated in Theorem [2.2)(a) is proved in Section[f] Our result on second order
asymptotics and rates of mixing, Theorem (b), is proved in Section

5 Functional analytic estimates

In this section, we carry out various operator-theoretic estimates. Most of these are fairly
straightforward generalisations of the estimates in [28] which built upon [2| [14]. However,
the estimates in Lemma [5.2| are considerably more complicated than in the discrete time
case.

5.1 Estimates for R

In this subsection, we prove a key technical estimate that we have not seen elsewhere in the
literature (though Lemma |5.2| has a similar flavour to estimates in [35]).

We have the estimate u(E > t) = O(£(t)t~?) for various functions E : a — R related
to ¢ including the locally constant functions F(a) = inf, ¢ and hence F(a) = |1,¢|oc and
E(a) = |14, by condition (Al).

We use the following resummation argument extensively.

Proposition 5.1 Let w,E : @ — R be such that u(E > t) = O((t)t™P), w is a bounded
function, and w(a) < GE(a). Then Y, m(a)w(a) < £(1/G)GP.

Proof For L > 1, write

Suaw@ <G S p@B@+ Y pe)elke = GK + 0L,
E(a)<L

acx a:E(a)>L

15



L L L
K= Y pwaE@<) >  pla)j= pla)j =Y p(a)j
a:E(a)<L Jj=la:E(a)e(j—1,5] j=la:E(a)>j—1 Jj=0 a:E(a)>j
L—1 L L—1
=> MOIESEDY wa)j < wa)
7=0 a:E(a)>j j=0a:E(a)>j 7=0 a:E(a)>j
L—1
=Y wE>j) < LHL)L"P
j=0
Taking L ~ 1/G yields the result. |

Lemma 5.2 Let e € (0,3). There exists 8 € (0,1), C > 0 such that

|R(ib1) — R(iba)|lg < C{L(|by — ba| 71)[b1 — ba]? + £(|br — ba|/P = |bo| =/ #)[ba| |y — bo|?~*}.

Proof By (3.1), it suffices to prove the result for Ry(ib). We show that

|Ro(ib1) — Ro(iba)vlg < C{e(|by — ba| ™) |by — bo|®
+ £(]by = | ba| T P) ba|[by — ba| P} ]l

A simpler argument which we omit shows that |(Ro(ib1) — Ro(ib2))v|se < CL(|by—ba|™1)|by —
bo|?|v|se and the result follows.

The structure of the calculation begins as in [2, Theorem 2.4]. Let DR = ﬁg(ibl) —
Ro(iby) and A(y) = e®1#W) — ¢ Recalling formula (1), we have (DRv)(y) =
Y aca A(yq)edWa)y(y,) and so

(DRv)(y) — (DR)(Y) = > Alya)e?v(ya) — Ay))e?We)v(y},)
=) AWa) [ v(ya) — P Yu(y,)] + [Aya) — Alys)]e? W) u(y),).

By the estimates (2.1)),
[(DRv)(y) — (DRv)(y')| < CilvleJy + Cilv|oc 2,

where

= (@) Aa)lde(y.y), o= ua)lAlya) — Aly,)]-

acq acx

Now A is bounded and also |A(ya)| < |b1 — b2||1a¢|ecc = GE(a) where G = |b; — ba| and
w(E >t) = 0((t)t=?). By Proposition Jy < L(|by — ba| V)b — b2|Pdg(y, ).
Next,

IA(y,) — A(yfl)l < |ei(b1—b2)%0(ya) _ eilbi—b2)g ya,)‘ + |€ (b1—b2)o(y)) 1||eib2‘p(ya) B eibQ(p(y‘,l)|

9
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so Jy < J5 4+ JJ where

Z” Z(bl —b2)¢(Ya )_ei(bl—bz)w(y;)L
aco

Z“ |ef(0r—b2)e(wa) _ 1]|gib2e(ve) _ gib20(va)|

aco

)

Now J; = > .coi(a)w(a) where w is bounded and |w(a)| < E( ) where G = |b; —

baldg, (y,y') and E(a) = [1,¢lg,- It follows from (A1) that u(E > t) = O((t)t~"). By
Proposition Jh < 0((|b1 — balda, (y,y')) 1) (b1 — ba2|dg, (y,y'))?. By Potter’s bounds (see
for instance [5]), J5 < £(|by — ba|~)|b1 — ba|Pdy, (y,y)? . Choosing 0 > 65, we obtain
Jy < L(|br — ba]) b1 — ba| Pdp(y, y').

Finally, write J5 = 3", i(a)w(a) where w is bounded. The inequality e — 1| < 2|z|°
holds for all z > 0, ¢ € [0, 1], so

w(a)] < 4{[br — ba[Laloo } =/ { b2l 1alandas (4, ¥) }/* = 4GE(a),

where G = [by = ba|'=/[by|/%dy 15 (y, ') and E(a) = [Laples " Lagly. Again p(E >
t) = O(£(t)tP) so it follows from Proposition and Potter’s bounds that

JY < UGG = £(|by — bo| P bo| " Pdy csa(y,y') ) b1 — ol |b2|doye (y, y/)
< (Jby = ba| /P [bo| /P) by — bl [ba| 2 (1),
Choosing 6 > 98/ 2, we obtain
T3 < €(|br = ba| TP bo| /P by — ba|*€[ba| (v, 1)),

completing the proof. |

Remark 5.3 If sup,,, [1a¢]o < 0o, then the proof simplifies considerably [2] and we obtain
that ||R(iby) — R(ib2)|lg < Cl(|by — ba|™1)|b1 — bo|?. However, such a condition is too
restrictive for the inducing step in Subsection and in particular is not satisfied for

Example
Proposition 5.4 ||R(s) — R(0)||ec < £(1/|s])|s|? for all s € H.

Proof Again it suffices to prove the result for the operators Ry(s). It follows from the
proof of Lemma that ||Ro(ib) — Ro(0)|lee < £(b])|b]°. An identical argument shows
that ||Ro(ib + h) — Ro(ib)|sc < €(h)RP for all b € R and h > 0 (the restriction to h > 0
guarantees that the function 1 — e™"¢ is bounded). |

5.2 Estimates for (I — R)™!
Let cg =i [ e "o~ F do.
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Lemma 5.5 Viewing (I — R(s))™" as a family of linear operators on Fy(Y),

(1 - Rb) o ~ ¢ (1/b)—1b—5/yu(y, Ydu(y), asb— 0%,

Proof Since R(ib)v(y,u) = (Ro(ib)v*)(y), where v*(y) = v(y, u), it suffices to prove that
(1 = Ro(ib)) "'v) ~ c5"(1/b) 71077 [y v dp as b— 0%, for all v € Fy(Y).

By Lemma the map b — R (ib) is continuous. By Proposition (a), Ro(0) has
1 as a simple eigenvalue, so there exists § > 0 and a continuous family A(ib) of simple
eigenvalues of Ry(ib) for b € (—8,8) with A(0) = 1. Let P(ib) denote the corresponding
family of spectral projections with complementary projections Q(ib) = I — P(ib). Also, let
v(ib) denote the corresponding family of eigenfunctions normalized so that [, v(ib) dp = 1.

In particular, v(0) = 1 and P(0)w = [, wdp for all w € L(Y).
Following Gouézel [1§] (a snnphﬁcatlon of [2]), we write

A(ib) = /Y A(ib)v(ib) dp = /Y Ro(e™™®u(ib)) dp = / e~ dp + V (ib),

Y

where V (ib) = [, (Ro(ib) — Ro(0))(v(ib) —U(O))du.
By the argument in [14] (see also [2, 28]), 1 — [ e=™®Pdu ~ cgl(1/b)b’ as b — 0F. By
Lemma Ry and hence v are CF~ 25 (say) so |V (ib)| = O(b*#=29)). Hence,

— A(ib) ~ cgl(1/b)b% as b — 0F.
Next, for b € (=94, 9),
(I = Ro(ib)) ™ = (1= A1)~ P(0) — (1 — A(ib)) " (P(ib) — P(0)
+ (I — Ro(ib)) ' Q(ib).

By Proposition [3.5(a), [|(I — Ro(ib))~*Q(ib)|lg = O(1). By Lemma 5.2} || P(ib) — P(0)|ls <
bP—2¢. Hence

(I = Ro(ib)) ™" = (1 = A(ib)) " (P(0) + o(1)) + O(1) ~ ¢z £(1/b) "6 P(0) as b — 07,

as required. ]

Proposition 5.6 ](IfR(s))_lv|oo < 0(1/|s]) 7Y s|B|v|lg for all s € H with |s| sufficiently
small, and all v € Fp(Y).

Proof As in the proof of Lemma for s € H close to zero, we have the decomposition

(I = Ro(s)) o = (1= A(s) "' P(0)o + (1 = A(s) "' (P(s) — P(0))v + (I — Ro(s)) ' Q(s)v,
where the last term is bounded. (As before, A(s) is the leading eigenvalue for Ro(s) with
spectral projection P(s) and Q(s) = I — P(s).) By Proposition P(s) — P(0) =0o(1) as
s — 0, so it remains to estimate (1 — A(s))~!. Again, write

Als) Z/Yff_wduﬂLV(S), Vi(s) =/Y(Ro(8)—1%o(0))(v(3)—U(O))dm
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where v(s) are the normalised eigenfunctions for A(s). By Proposition | Ro(s) —
Ro(0)|| 1o (vy < £(1/]s])|s|® and this estimate is inherited by v(s) so that [V (s)|s < [s]27 7.
Let G(z) = u(yp < z). Following and using the proof of [29, Lemma 2.4],

1-— /Ye_‘w dp = /000(1 — e ") dG(z) = S/OOO e (1 — G(x))dz = £(1)|s])s7 I (s)
where J(s) — T'(1 — 3) as s — 0. Hence 1 — \(s) ~ cl(1/|s])s” with ¢ = T'(1 — j3). |
Lemma 5.7 For b e (0,1], ||[(I — R(ib)) |l < £(1/b)1b~~.

Proof The proof of Lemma shows that there exists § > 0 so that the result holds for
b € (—0,0). Proposition b) guarantees that ||(I — R(ib))||¢ = O(1) for b e (5,1]. W
5.3 Estimates for U

In this subsection, we obtain estimates for the family of operators U (s) that appeared in
the renewal equation.

Lemma 5.8 (a) U(0 = o v( )dT—i—fl Rv)(y,7)dr.
(b) The family of linear maps U@ib) : Lo°(Y) — LYY), b € R, is uniformly bounded
(indeed ||U(ib)|| < 2 for all b € R) and |U(i(b + h)) — U(ib)|| < £(1/h)h? for all
h > 0.

Proof (a) Write [ U0)vwdji = J5 fol Uwwdtdi+ [3 [ Upvwdtdpi. Using Proposi-

tion [3.4]

// Uwwdtdp = // Ly (u v(y,u —t)w(y,u) dtdi
_/?{/0 (y,u—t)dt} (y ,u)dﬂ—/?{/Ouv(y,r)dr}w(y,u)dﬂ,

/Y /1 Uyow dt dji = /Y /1 Lvepoyctiioayv(y, — t + G())w(Fy,u) dt df
¢ ~ ~
—/{/ v(y,u—t+<ﬁ(y)>dt}w(Fy,u) dji
Y o—14u

:/{/{/ulv(y,T)dT}woF(y,u)dﬁ:/Y{/l(]%v)(y,T)dT}w(y,u)dﬂ.

u

and

This completes the proof of part (a).
(b) By Proposition [3.4] [Up|1 < |v|ss for 0 < ¢ < 1, and |Uw|i < @{(y,u) : t < ¢(y,u) <
t+1—ulveo < p{t < ¢ <t+ 1} v|e. Hence,

U (ib)v|, = ‘/ e’ibtUtvdt‘l < / Uy dt < (1 +/ ut <<t 1)dt>|v\oo
0 0 1

- (1+ / Tl > 1) — plp > 4+ 1) at) oo = (1+ / o> ) @t [v]oo < 2/0]oc-

1
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Also,
(U (i(b+ h)) — U(ib))v], = ‘/ e e _ 1)U dt 1
0
< |v|oo<h+/ le™ ™ 1|t < p <t+1) dt).
1

But

o) ) L

/ ]e‘mt—l\p,(t<go<t—|—1)dt§h/ bt < o < t+1)dt
1 1
+2/ pt <@ <t+1)dt.

L

Also, note that
L L L
/ t,u(t<g0<t+1)dt:/ tu(cp>t)dt—/ tu(e>t+1)dt
1 1 1

L L+1 L
- / tu(p > ) dt —/ (t— V(e > t)dt < 1 +/ il > ) dt < (L)L,
1 2 2

by Karamata’s Theorem (see for instance [5]). Similarly,
o0

/ ,u,(t<90<t+1)dt:/ u(cp>t)dt—/ wlp >t)dt
L L L+1

L+1
_ / ule > t)dt < (e > L) = (L)L P,

~

Putting these together, |U(i(b+ h)) — U(ib)|1 < h+ hé(L)L*~8 4+ ¢(LYL~P. The conclusion
follows by taking L = 1/h. |

Remark 5.9 It is immediate from the proof that HU(s)HLm(};)HLl(};) < 2 for all s € H.

5.4 Estimates for T

In this subsection, we combine our estimates from the previous subsections to estimate
T =U(I - R)™". Recall that cg =i [;° e o P do.

Corollary 5.10 There exists A > 0 such that for all € € (0,3/2), the family of linear maps
T(ib) : Fp(Y) — LY(Y) satisfies the following properties.

(a) T(ib)v ~ 0516(1/1))*117*6 J5vdii as b —0F.

S (/b)) B 0<b<1
(b) |T(b)| < {bA bo1

)
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(c) For 0 <by <by<1,
1T (iby) — T(ib)|| <(1/b1) 27 2 {e(|by — bo|™1)|by — b?
+ £(|by — bo| TP by | T/ P) bo||by — ba] P}
For1<by <by<by+1, ||T(ib1) — T(iba)|| < bi|by — bo|P~2¢.

Proof (a) By continuity of U (Lemma (b)), we have
lim £(1/b)bPT(ib)v = lim U (ib)£(1/b)b° (I — R(ib)) 1w
b—0+ b—0+

= U(0) Jim, 0(1/b)b°(I — R(ib)) ™ o.
By Lemma [5.8(a),
(bl_i>%1+ o1 /b)bﬂzﬁ(z’b)v) (y,u) = /0 ’ (b£151+ 0(1/b)bP (I — R(z’b))*lu) (y, 7) dr

! / R(Jim (/50" (T = R(ib) o) (v, 7) dr.

Hence, by Lemma [5.5

( lim E(l/b)bﬁT(ib)v> (y,u) = cgl /Ou/yv(y,T))dudT—i- cgl /ul (R/yv(yn‘) du) dr

b—0+
1 ! 1
:C,E / /v(y’T)d/"z’:Cﬁ /~Ud,aa
0 Y Y

where we have used also the fact that R fixes functions that are independent of y. This
proves part (a).
(b) This follows from Lemma and Lemma (b) for 0 < b < 1 and from Lemma
and Lemma [5.§(b) for b > 1. A A
(c) We give tAhe details for 0 < b; < by < 1. Recall that T(ib) = U(ib)S(ib) where
S(ib) = (I — R(ib))~!. By the resolvent inequality,
15(ib1) — S(iba)llo < [|S(ib1)l|al| R(ib1) — R(ibs)|lg]|S(ib2)lle
< 0(1/b1) 2y P {e(Jby — b7V |by — b2l + €(Jbr — bal/P by /P05 by — o]},
using Lemma and Lemma Combining this with Lemma [5.8|(b),
|17 (ib1) — T(ibo) | gy < U (ib1) — U (ibo)|| poors 215 (ib1) llo
+ [|U(ib1)|| poors 1 [|S(ib1) — S(ib2)|[o
< L(|by — ba| V)1 — bo|Pe(1/b1) 10,
+0(1/b1) 726 22 L0l — ba] V)b — b2l + £(1by — b /P by )b b1 — ba|P ).
The argument for 1 < by < by < by + 1 is similar but simpler because we establish a

cruder estimate. The slowly varying functions are taken care of by ¢'s in the exponents,
and by increasing the value of A. |
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6 First order asymptotics (mixing)

In this section, we prove Theorem [2.2a)

6.1 The case (€ (3,1)

Proposition 6.1 There exists § > 0 such that |p(s)| < £(1/|s|)~ |s| 72 for s € H satisfying
ls| < 0.

Proof This follows from Theorem Proposition and Remark |

Proposition 6.2 p(t) = 5 [ e p(ib) db = L Re [ e’ p(ib) db.
Proof Since p is analytic on H, we can invert the Laplace transform by computing p(t) =
2m fFl s)ds where I'1 is the contour Res = 1 traversed upwards. As noted in ,

p(ib) is well deﬁned and continuous on the imaginary axis except for the singularity at zero,
so by Cauchy’s Theorem we can move the contour to a contour I'g which consists of the
segments of the imaginary axis {s =ib: —oo < b < =0} U{s =1ib:d < b < oo} together
with a semicircle s = {s = e : —1/2 < < 7/ 2} where § > 0 is arbitrarily small.

Let € € (0,1 — 3). It follows from Proposition that fF p(s)ds = O(edt5'=P)
and f e®p(ib) db = O(6'7P~€). Letting § — 0, we obtain p() = ﬁfn etp(s)ds =
27ri fro p(s)ds = g ffo ®t5(ib) db as required. B

Recall that c¢g = ifooo e o do.

Proposition 6.3 For any a > 0,

a/t a
lim E(t)tlﬁ/ €™ py 10 (iD) db:cgl/ e o da/ vdu/ wdp.
=00 0 0 v v

Proof It follows from Proposition and Corollary [5.10[(a) that p(ib) =
cglf(l/b)*lb*fgh(b) J3vdii [ wdji where lim, o+ h(b) = 1. The result follows from the
dominated convergence theorem as in [28, Lemma 5.2]. |

Proposition 6.4 Let 3’ € (%,B). For all2m < a < t,

1
/ €% 5y o (ib) db = O(£(t) 14~ (1) g =(28'-1)).
a/t

Proof We modify [28, Lemma 5.1] to deal with the € in Corollary [5.10{c). Let b, b1,b2 €
(0,1], by < by. By Proposition and Corollary [5.10(b,c),

1(ib)] < £(1/6) 077 |[vllg|w] oo,
[(ib1) — pliba)| < £(1/b1)"2by 2 {e(]br — ba| 1) b1 — bo|?
+ €[y — ba by L5 b1 — ol [0 gl -
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Write I_/l . (b) i — /1+7r/t v - (( /t))
= ( ple T

a/t a+m)/t
Then 21 = J; + Jy + J3, where

L/t (a+m)/t
Jﬁ:—/ e p(i(b—m/t)) db Jg:/1 e p(ib) db,
1 a/t

1
Lk:[ eM(p(ib) — p(i(b — /1)) db

a+m)/t

We suppress the factor ||v]g|w|e from now on. Clearly J; = O(t71), and by Potter’s
bounds,

(a+m)/t ) L
PARS //t 0(1/b)" P db = = ﬁ>/ (t)/L(t)o))o~
a

< Z(t)‘lt‘(l‘ﬁ)/ o < 0(t) 0B g

Finally,

1 1
[ Ja| < et)t™" [ e(1/b)7207 20 db + ¢ / 0(1/b) 202t =</Py=</B) db
a/t a/t
= J3+J3.
By Potter’s bounds,
t o0
Jé = f(t)_ltﬁ—l/ [E(t)/e(a/t)}20_2ﬂ do < f(t)_ltﬁ_l/ 0__25/ do
<L ()P~ ),

and shrinking e if necessary so that e < 2(8 — '),
5 =600 [ 10 o 0PI o) 0o~ do
< 0(t) P /OO o do < K(t)_ltﬁ_la_(m/_l),
as required. |

Proposition 6.5 For any ¢ € (0,8), there exist & € (0,1), m > 1, such that

17 € by (i) db = O(t=F=9), for allv e Fy(Y), w € L®™(Y).

Proof Choose m > 2A+e+1. By Proposition Pow(s) = Pr(s)+ Hp(s), where P, (s)
is a linear combination of s7/, j =1,...,m, and H,,(s) = 57" pu,omw(8).
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Since P, is analytic on Im s > 1, we can write

oo 1 R 00 ) .
i / e P, (ib) db = — / =P (i —a)da + i / TP (—1 4 4b) db
1 0 1

=0t )+ 0™ =01).

It remains to estimate the contribution from H,,(ib) = b~ py,amaw(ib). Modifying the
proof of Proposition (using the fact that b+ p, gmq, (ib) satisfies the other estimates in
Corollary b,c)), we have that for any € > 0 and any ¢ > e,

| Ho(ib1) — o (ib2)] < by 7247 by — o[ P~ <[0]]0|0} ] oo

Hence,
’2/ Mt A, (ib) db‘ < / |\ F o (i) — Hon(i(b — 70/1))| db
1 1
I+n/t
+/ |Hp, (i(b—7/t))| db
1
< t—(B=9) / p—(m=2A=¢) gp o O(t‘l) — o(t—(ﬂ—e))7
1
as required. ]

Proof of Theorem [2.2(a) Combining Propositions and (with e < 28 —1),

lim £(t)¢' " / e pow (i) db = c5' / €0 do / vdji / wdji + O(a™ D).
0 0 Y Y

t—o00

Since a is arbitrary and ' > 1/2,

lim £(t)t=7° / €™ Py (ib) db = c5' / o P do / vdji / w dji.
t=o0 0 0 Y v

A standard calculation shows that Re(c/é1 I ¢“0=P do) = sin Br. Hence the result follows
from Proposition [6.2 ]

6.2 The case =1

We sketch the differences for 8 = 1. Here p(p > t) = £(t)t~" where [ €(t)t™!dt = co. By
Karamata’s Theorem, ((t) = flt {(s)s~ ' ds is slowly varying and £(t)/0(t) — 0 as t — co. In
particular, ? is monotone increasing and limy_, Z(t) = 00.

Many of the basic estimates change in a mild way. The estimates on the imaginary axis
(s =4b) in Section [5| are unchanged except that all occurrences of £(1/b) on the right-hand-
side are replaced by ¢(1/b).

The major alteration is that p(ib) is not integrable near zero. As in [28, Section 6], we
replace [*_e™'p(ib) db by the expression

/ ¢ Re p(ib) db = 2 / cos bt Re p(ib) db.
0

—0o0
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In addition to the modified estimates for p(ib) (which are inherited by Re p(ib)), we have
the improved asymptotics

Re p(ib) ~ = (1/b) ((1/b) 21 /vdu/ wdji as b— 0T,

from which it follows that

- a/t
lim K(t)/ costb Re p(ib) d / vd,u/ w djfi.
t—o0 0

We omit the details of these last two assertions which follow from straightforward modifi-
cations of the calculations for 8 € (1,1) (cf. [28, Section 6]). It now follows exactly as in
Subsection that

lim g(t)/ costb Re p(ib) d /vdu/ wdfi.
t—o00 0

Hence to prove Theorem (a) for § =1, it remains to prove the following result.
Proposition 6.6 p(t) = 1 = [%_ €™ Re p(ib) db.

Proof Write s=a-+ ib Define g : R — R to be even with g(t) = e %p(t) for t > 0. Then
Rep(s) = 5 f e~®"g(7) dr. By the Fourier inversion formula,

/ ¢ Re p(s) db = 2/ e’bt{/ e g (r) dT} db = mg(t).

Hence, restricting to ¢t > 0,
o 1
plt) = elg(t) =+ [ e Reps)an =1 [ e Reps) ds,
s r;

where I'; is the contour Re s = 1 traversed upwards.

As in Proposition we can move the contour to the contour I'g consisting again
of two segments of the 1mag1nary axis and a semlclrcle I's of radius 0 around the origin.
By [28, Proposition 6.1], \f 5 €p(ib) db| < fo (1/b)0(1/b)2b~1db < £(1/6)"" — 0 as
0 — 0. Using the estlmates in [28, Lemma 6.4], it can be shown that |f1“5 e p(ib) db| — 0
as 6 — 0. Hence the contour can be moved to the imaginary axis completing the proof. B

7 Second order asymptotics and rates of mixing

In this section, we prove Theorem [2.2b). Choose § > 0 such that A(ib) is well defined for
be (0,0).

Proposition 7.1 There are constants e1,ea € C such that 1 — A(ib) = elbﬁ(l — eab! P +
O(b978)) for b € (0,6).
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Proof From the proof of Lemma we recall that A(ib) = [,- e~ du + V (ib), where
|V (ib)| = O(b*P~¢). Here, ¢ > 0 is arbitrarily small so |V (ib)| = O(b9). By [28, Lemma 3.2],
[y e dp=1—e1b” + ereab+ O(b9) and the result follows. (Note that much of the proof
of [28, Lemma 3.2] is not required. The functions H and H; introduced there coincide in
the continuous time case. Moreover, the four terms involving v} in [28, Lemma 3.2] have
been subsumed into the V (ib) term.) |

Corollary 7.2 There are constants c; € C such that

plib) =y ejb™ VA=) /Y vdji /Y wdfi + O(b~ =) vllg [w]oo,
J

forb e (0,0), v e Fp(Y), we L*®(Y), where the sum is over those j > 0 with (j+1)5—7 >
28 —q.

Proof Recall that
(1 = Ro(ib)) ™" = (1 = A(ib)) "' P(0) — (1 = A(ib)) "' (P(ib) — P(0)) + (I — Ro(ib)) ' Q(ib),
for b € (0,9). It follows from Proposition |7.1| that

(1 — )\(Zb))_l = chb_((]""l)ﬁ_]) + O(b—(Qﬁ—q))’
J

for constants co,c1,... € C. By Proposition (a), (I — Ro(ib))~1Q(ib)||p = O(1). By
Lemma | Ro(ib) — R||lg < b° and it follows that | P(ib) — P(0)|lg < b°. Hence

(I = Ro(ib)) " vp = D ¢;b~ (G177 / v dyt -+ O(b~ =) g lo,
, Y
J
for all vy € Fp(Y). By Lemma [5.§|a),

OO)(1 = R() o = 3 esp @05 [ w0~ D)ol
- Y
J

By Lemma (b), |U(ib) — U(0)]|g < b° and so

T(ib)o = U(ib)(I — R(ib)) 'v =" ¢;bp~ T+1F=I) / vdfi + O(b~Z=D) | |v]|.
- Y
J

The result follows from Proposition [3.2 |

Proof of Theorem (b) By Proposition for all B’ € (3,8), fal/t e py, 1 (ib) db =
O(t=(1=Pq=CRF'=1)) where § — ' is arbitrarily small.

A calculation (see for example [28,  Proposition 9.5]) shows that
foa/t b= (GHDA=De=itdh = const t~UHDI=A) (1 + O(a=(U+B=1))). Also, 28 — ¢ € (0,1) so
that [/"5=(28-9) dh — O((a/t)}~2%+9).

26



Choosing a = 17 '#~¢ we obtain from Corollary [7.2] that
1 . . —
/ e Py (ib) db =Y d;t =10 =0) / vdji / wdji + Ot P11 28-1)=e)),
0 . Y v
J

Also, by Proposition I e by w(ib) db = O(t~F=9)). Hence the result follows from
Proposition [6.2} |

Part 111
Finite measure systems

In this part of the paper, we prove our main results in the finite measure context. Through-
out, we continue to assume the setup from Section so FF :' Y — Y is a full branch
Gibbs-Markov map and ¢ : Y — Z7 is a roof function satisfying assumptions (A1) and
(A2). In addition, we make the standing assumption throughout this part of the paper that
p(e >t) = O(t=?) where 3 > 1.

In Section [8) we decompose the family of operators T 0(s) into various pieces and for-
mulate Lemmas that provide estimates for each of the pieces. Theorem [2.4fa)
thereby reduces to proving these lemmas.

In Section [9) we prove Lemma Section [10] contains an operator-theoretic estimate,
and in Section we prove Lemma Section contains estimates on derivatives of
various families of operators. In Section |13 we derive a continuous time version of the “first
main lemma” that was crucial in [I7, B3]. In Section we prove Lemma completing
the proof of Theorem [2.4|a). In Section [15] we prove Theorem [2.4(b).

In this part of the paper, £ > 1 is fixed but chosen sufficiently large. All implied
constants are allowed to depend on k unless stated otherwise.

8 Decomposition for Ty

Let k > 1 and define ¢* = o Ak, * = [, ¢* du. Recall that P(0) : L*(Y) — L*(Y) is the
projection P(0)v = [, vdu and define

P‘P = (1/@)P(0)7 P; = (l/gﬁ*)P(O), RS(S)U = R(e—w ’U),
Ti(s) = (I - Ry(s) ™" = s Py + H*(s),  Bls) = sTo(s).

Also define
C*(s) = s (R5(s) — Ro(s)), D*(s) = C*(0) = C*(s).
We note that C*(0)v = R((¢ — ¢*)v) and hence [, C*(0)1y dp = ¢ — ¢*.

Proposition 8.1 Letcy = (Ca+1)"! where Cy is as in (A1). Ifa € a such that |14p|00 > t,
then o(y) > cot for all y € a.
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Proof Choose yy € a with ¢(yp) > t. By assumption (Al), for all y € a,
t—o(y) < eyo) —e(y) < [1aplo,do, (y; yo) < [Lale, < Cap(y),
and the result follows. |

Proposition 8.2 ||C*(s)|ls < Cy f{¢>02k}<ﬁdﬂ for s € H. In particular, if ¢ € L', then
C* extends continuously to H and ||C*(s)||ee — 0 as k — oo uniformly on H.

Proof Recalling (4.1), we have

(C*(s)v)(y) =s Z eIWady(y, ) (e7*¢" Wa) — ¢=5¢(¥a)y, (8.1)

aca:|laploc >k

so by and Proposition
(C* ()W) < Crlvloe Y. (@) (@) — " (¥a))

a:|lap|oc>k

<Ol Y w@)e(e) < Cilvls /{ o dp,

a:|lap|ooc>k

as required. |

Proposition 8.3 For k sufficiently large, To(s) = To.1(s) + To2(s) + Tos(s) + Toa(s) for
all s € H, where

~

Toi(s) =s*P,,  Toa(s)=s 'P,D*P,,  Tps(s) =s'(I-P,D*)"\(P,D*)?P,,
Toa(s) = (I — P,D*)" (I — P,C*(0))H*(I — C*B).
Proof Since [ C* (0)1y du = ¢ — ¢*, it follows that
(I - P,C*(0))Ps=P,, (I—P,C*0)I+P;C*)=1-P,D". (8.2)
Using the identity Ty = Tg — ¢ (RS — Ro)Tp, it follows that
Ty=T5 —T;C*B=s"'P;+ H — s 'P;C*B - H*C*"B
= s 'P; - P:C*Ty + H*(I — C*B).

Hence (I + PXC*)Tp = s‘lP; + H*(I — C*B). Multiplying throughout by (I — P¢C’*(O)),
and using (8.2)), we obtain

(I — P,D*)Iy = s~ 'P, + (I — P,C*(0))H*(I — C*B).

For k sufficiently large, we can invert I — Pwﬁ* by Proposition and the result follows.
|
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Substituting into (3.2)), we obtain that j(s) = Y5, pi(s), where

pls) = [ DT v wdn = /) [ DT dn, (8.3)
. Y . Y
(TZ(S)U)(yau) = (TO,i(S)vu)(y)7 i = 17 2737 4.

Theorem is an immediate consequence of the next three lemmas. We recall that ((t)
and &g (t) were defined in ([2.2).

Lemma 8.4 Suppose that u(p > t) = O(1/t?) for some B > 1. Then
(a) p1(t) — v = O(|v]oo|w|oct ™), and
(8) pa(t) = (1/@)C(£)o + O (v]oo|wloct ™),

for allv,w e L™®(Y), t >0, k> 1.

Lemma 8.5 Suppose that (o > t) = O(1/t%) for some 8 > 1. Then for any € > 0 and
for all k sufficiently large, there is a constant C > 0 such that

|p3(1)] < Clvfoo|wlootp.e(t),

for all v,w € L*(Y), t > 0.

Lemma 8.6 Assume conditions (A1) and (A2) and suppose that u(e > t) = O(t7) where
B > 1. Then for any € > 0 and for all k sufficiently large, there exists 0 € (0,1), m > 1,
C > 0, such that

pa(®)] < Cllvllglwloomt ™=,

for allv e Fp(Y), we L>®™(Y), t > 0.

9 Proof of Lemma 8.4

We require the following preliminary result.

Proposition 9.1 Let #(s) = s~ [; U(s)vwdfi. Then

u 1
w0 = [ [ owrrutdi+ [ [ o) ar ey di+ Oulclulnte > 0),
Proof By Proposition

A 1 o0 ~
sTHU(s)v)(y,u) = 5_1/0 e "Tu(y,u — 7)1y (uw) dr + 5_1/1 e *T(Rv;)(y,u) dr,

with inverse Laplace transform

/u L oo)(t)v(y, u — 7) dr + /Oo 1[7700)(t)(]%v7)(y, u) dr.
0 1
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Hence r(t) = r1(t) + ra2(t) where

0= [ [ toeoetu-ndrodi, )= [ [T 1O w0 dr wd

For t > 1,
— ﬁ / v(y7U—7-) dT'LUd[[/ — /~ / U(y, 7_) ddela
Y JO s
Also,
t) - /}7/1 1[T7oo)(t)1{T<ap<r+1—u}v(y’ u—T+ (,0) drw o Fd/]
Lp ~
= /L / I[T,OO)(t)U(y,U — 7+ ()0) drw o Fd/l
Y 1+u
1 ~
Y Ju
1
- /~/ v(y,7)drwo Fdi— E(t),
Y Ju
where

1 1
= /}7 / 1[0,u—7’+g0] (Hv(y,7)drwo Fdi= /}7 / 1{4p>t+7—u}v(y7 T)drwo Fdj.
Finally, note that |E(t)| < |v|eo|w]eopt( > t). |

Proof of Lemma (a) We have p1(s) = (1/9) fy s)vw dfi, where

(T1(5)0) (g, 1) = (o1 (s)0*)(y) = (1/@)s™" /Y o du.

By Proposition
// /v dp ) dr w(y,u) dpp
+(1/9) / / / o7 dpr) drw(Fy,w) i+ O(u(p > 1))

Note that fY v” dp is independent of y and F acts trivially on the second coordinate, so the
second term reduces to

(1/¢)2/?{L1(/Ywdﬂ) drw}oﬁdﬂz(1/@2/?/:(/1/@7@) drw dji.

// /v dp ) drw(y,u) du? + O(u(p > t)).

Hence
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But

and the result follows. [ |

Recall that C*(t) is the inverse Laplace transform of C*(s).
Proposition 9.2 [, C*(0)1y du = ¢ — ¢* = ((k) and [, C*(t)1y dp = Lyspyule > t).

Proof Let G(z) = pu(¢ < z) denote the distribution function of . For the first statement,

00 k )
/C’* )y dp = /( @*)d,u:/ :UdG—/ :EdG*:/ xdG — ku(p > k)
0 0 k

_—/k zd(1 - G(x)) — k(e > k)

T=00 co

+/Oo(1—G(x))dx—ku(<p>k) = p(e > x)dx.
k k

= —z(1 - G(2))

=k

For the second statement, [y, C*(s)ly dp = [y 87 He " —e7*%) dp, so

/ C*(t)1y dp = / (L 01 (8) — Loy (1)) dpt = (0" < 1) — o < 1)
Y Y

=ple >t) —p(p* >t) = ple >t) — plp ANk >1).
But,u(gp/\k:>t):0ifk:<tandu(<p/\k>t):,u(<p>t)ifk:>t |

In the next proof, a x b denotes the convolution (a % b)( fo b(t — 7) d7 of real-
valued functions of ¢ € [0,00). (In subsequent sections, we speak also of the convolution of
operator-valued functions of ¢.)

Proof of Lemma [8.4(b) We have fa(s) = (1/¢) [; U(s)T2(s)v w dfi, where
(Ta(s)0) (g, ) = (Toa(s)0")(y) = (1/¢>2s-1PD*<s>P<o>v“
= (1/@)%s™ 1 /Y D*(s)1y d,u/yv“ dps.
Comparing with the proof of part (a), we observe that
Gials) = pa(s) [ D"y de=in() | CO1y du—pn(s) | € sty dp
By Proposition 0.2 for ¢ > k,
B0a(t) = C() put) — (Lmigilp > D) * (ot
= (9 00+ 0l > 1) — [ o > Tt = 7)
— ¢y + O(C k)l > 1) — s(C(R) — (1)
(/ ple > 1)u(e >t —1) dT)

= ¢(t)vw + O(C(k)u(p > 1) + O (e > 1) x p(p > 1)).
The result follows. |

(p1(t))
) -
+0
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10 An estimate for (I — P,D*)"!

In Proposition we showed that for k sufficiently large the family of operators (I —
Pcpf)*(s))*1 on L®(Y) is analytic on H with a continuous extension to H. Moreover,
| D*|| o is uniformly small on H for k large.

In this section, we obtain an estimate on the decay of its inverse Laplace transform.
This is required in a diluted form in Section [II] and in its full strength in Section [T4]

Let B be a Banach space and suppose that S : [0,00) — B lies in L' with Laplace
transform S : H — B. We write S € R(a(t)) if ||S(t)|| < Ca(t) for all t > 0.

Proposition 10.1 |[C*(t)[lc < Cilgspyul(e > cat), for all k > 1. In particular, C* e
R(u(p > cat)).

Proof Starting from formula (8.1f) for C’*, the inverse Laplace transform is given by

(C*B0) ) =Y e 0(Ya) L (o) (D) = Y €7 0(Ya) L)k Lk p(wa (1)

aco aco

= Ly>iy Z ) v(ya) 110 p(ya)) (1)-

aca
Hence by Proposition (8.1
(C* (D)) < Cilgsrylolee D () < Cilpsilvleop(p > cat),

aca:|lqgp|oo>t

as required. ]

Remark 10.2 Since D*(s) = C*(0) — C*(s), it follows from Proposition that formally
we have D*(t) = C*(0)do(t) — C*(t) where [|[C*(t)|lc < C1lyspyp(e > cat). To avoid such
formal expressions, we restrict to estimating expressions like D*(s)E(s) where E(s) has no
constant terms.

Corollary 10.3 Let B be a Banach space. Let @ >
and that £ : B — L>®(Y) lies in R(1/t?). Then D*(s

Suppose that u(p > t) = O(1/t%)

1.
VE(s) : B — L®(Y) lies in R(1/tP).

Proof We have D*(s)E(s) = C*(0)E(s) — C*(s)E(s) with inverse Laplace transform
C*(0)E(t) — (C*x E)(t) € R(1/t?). |

Proposition 10.4 Let B be a Baqach space. Let B> 1, € > 0 such that §—e > 1. Suppose
that pu(p > t) = O(l/tB)A and that E : B — L®(Y) lies in R(1/t5~¢). Then for k sufficiently
large, (I — P,D*(s))"YE(s) : B — L>®(Y) lies in R(1/t°7¢).

Proof By Proposition we can choose k so large that ||P<pCA’*(s)HOO < % for all s € H
and hence we can write

o
~ ~ ~

Qs) = (L= P,D*(s) ' E(s) = > Quls),  Quls) = (P,C*(0) = P,C*(s))"E(s).

n=0

32



Given S € R(1/t%), B > 1, we define HSHR;; = [ I1S(t)[loo dt + supys [|S(¢)[|ot?. This
makes R(1/t?) into a Banach algebra under composition and we can rescale the norm so
that HSlSQHRg < HSluRﬁHSQHRﬂ In particular,

nls. < 3= () IR OO L1 s

<Z( )G Pl

By Proposition [10.1

o
IPoC* IRy, < Cl/ 1 > cot) dt + Cysup p(p > eot)t? ¢ < k=P 4 e,
k t>k

so we can ensure that ||P¢CA’*||R67€ < % by choosing k sufficiently large. Then

A =~ (n\ (NG (1\nd 2\ -
< — — = — .
HQ?’LHRﬁ—e —_ J;O (]) (3) (3) HEHRﬁ—e <3> HEHRB—G
Hence Q = (I — PSO]_A)*)_lEA € R(1/t?) as required. |

Remark 10.5 Equally we can consider products of the form FE(s)(I — P@ﬁ*(s))_l
L®(Y) — Bwhere £ : L®(Y) — B lies in R(1/t°¢) and the conclusion of Proposition
is unchanged.

11 Proof of Lemma 8.5
We have ps(s) = (1/p) fy s)vw dfi, where
(Ts(s)v)(y, u) = (Ths(s)v" )(y)
= /s (1= /) [ D evdi) ([ Dy du)” [ ot d

Pr0p051t10n 11.1 [, D*(s)ly du estends continuously to H and [, D*(s)ly du = [°(1—
e u(p > x)de < ((k )forsGH

Proof Let G(z) = pu(p < x) and G*(x) = pu(p* < z) denote the distribution functions of
p and ¢*. Then

k 00
s/ C*(s)ly dp = / (e™%%" —e ) du = / e dG” —/ e dG
Y Y 0 0
(e} o0
= Fulp > k) — / e dG = e Fu(p > k) + / e d(1 - G(z))
k k

+S/k e (1 —-G(x))dx

=00

— e (e > k) + (1 - Gla))

= s/ e Fulp > x)de.
k

z=k
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Hence [, C*(s)ly du = [5 e 5 u(p > x)dx and the formula for [, D*(s)1y dy follows
since D*(s) = C*(0) — C*(s). |

Proposition 11.2 Suppose that u(p > t) = O(1/t7) for some B > 1. Define &5(t) as
in (L.2). Then
(a) s71 [, D*(s)ly du € R(1/t971).

(b) 57 (fy D*(s)1y dp)? € R(Es(1)).

Proof (a) Let g(s) = s 1fY s)ly dpy = s~ 1fYC* Vy dup — s~ 1fY 1yduW1th
inverse Laplace transform ¢(t fY C*(0)1y du+ fo [y C*(T)1y dpdr. By Proposmon
for t > k,

t

a(t) = C(k) + /0 Lssgile > 7) dr = C(k) + / ulp > 1) dr = ().

k
(b) Let ' denote %. By Proposition u Sy C* W1y dp = Tgyspyu(e > t) = O(t~P) and
hence [y, D*'(s ly dp = —fY C*(s)ly dp € R(l/tﬁ b,
Let g(s) = s (Jy D*(s)1y du)?. Then

q'(s) = — 1/D* Yy du +2/D*’ lyd,u, /D 1ydu

Each term is a product of two elements of R(1/t°~1). Hence ¢’ € R({1/tP~1} x {1/tP~1}).
But ¢(s) is the Laplace transform of tq(t) so we obtain that
tq(t) = O({1/t77 1}« {1/t771}) = t¢s(t),

as required. |

Proposition 11.3 U : L(Y) — LY(Y) lies in R(u(p > t)).

Proof Directly from the definition of U(t), we have

U)ol = [Ti(1{g>nyv)l1 = Ngsnvli < @@ > 8)vfee = (e > 1)[v]oo- u

Proof of Lemma B opositions |1 n and -(b T3 : L®(Y) — L®°(Y) lies in
i

R(£5.(1)). By Prop051tlon U € R(1/t7). Hence p3 € R(£p.(1)). |

12 Smoothness of some families of operators

Let s — S (s) be an analytic family of operators, s € H, such that the family extends
continuously to H. If p > 0 is an integer, define

48) = max [SV)(@b)].

yeesP

If p > 0 is not an integer, define

~

dpS(ib) = dipyS(ib) + sup | SPD(i(b + h))) — SED(iv) ||/ [np~ 1P,
h#£0
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Proposition 12.1 Suppose that ¢ € LP for some p > 0, and let € € (0,p).

(a) Viewed as a family of operators on L*(Y), b Ro(ib) is CP and there exists a
constant C > 0 such that d,Ro(ib) < C for all b € R.

(b) There exists 6 € (0,1) such that viewed as a family of operators on Fp(Y'), b — Ry (ib)
is CP~¢ and d,—Ro(ib) < C(1+|b|¢) for all b € R.

Proof (a) By 7
(R((Jj) (ib)v)(y) = Z e9Wa) (o) (ip(yq) Y €9 Wa)

acx

and hence by (2.1)) and assumption (A1),

(RS (ib)v) ()] < C1 " (@) |v]ocp(ya) < C1(Co+ 1Y [u]oe > () ) inf 7

aco acx

< C1(Ca + 1Y [v]so| 0l
Also, for p not an integer,

({R(()[p])(i(b +h))— R ([p]) (ib) o) (y Zeg Ya)yy( (yq))Ple?tela) (gihelva) _ 1)

aco

and hence using the inequality e — 1| < |z|° for all z € R, 6 € [0,1],

ARG+ 1)) = BV @)o)(w)] < Cu D pl@)vloesplya) Ple™#0n) — 1)

aco

< Cifvloe Y (@) (ya) PR Plo(ya) ™1 = Crlofoo RPPY ~ pla)o(ya)”

aco aco

< CL(C2 + 1)P[o]oo| PP lf.

Hence d,Ro(ib) < |i[h.
(b) We give the details for p not an integer, and € < p—[p|. Set 8 = 6f. Let j € {0,1,...,[p]}
and write (RS (ib)v)(y) — (RS (ib)v)(y) = I + IT + I1I + IV, where

1= 20 — 0oy, () V20,

aco

IT =" W) (u(ya) — v(ys)) (i (ya)) €914,

aco

1T =" eWalu(yl )il (p(ya) — @(y,)7)e?We),

aco

IV = Z eIWa)y(y! ) (ip(yl) ) (€09 Wa) — gibelva)y,

aco
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We have

11 < C1 Yy la)da(y, y) o] (ya)’ < CL(Co + 1) [o]osllda(y, ),
J

acx
1111 < C1 > p(a)lvloda(y, y)o(ya) < C1(Ca+ 1) [vlglellda(y, y),
acx
1111 < C1j Y (@) |vloc(¥a) " Laloda(y,y') < C1(Ca + 1) j|vlsclelido (v, y),
acx
IV < C1> (@)oot () Bl Laelgy da (y y')E < C1(Ca + 1) DI v] ool eda (1, 1)),
acx
so that
RS (ib)vlg < (14 [bI°)|ol2llo]lo- (12.1)
Finally,

(R (b + 1)) — BRIV (b)) (y) — ARV (60 + h)) — BIPD (i0) }o) ()
= Z 9y (y,) (i (yq) )PP Wa) (¢ihe(va) _ 1)

acx

— Z eIWady () (ip(yl)) Plettea) (¢thelva) — 1)
aco

— I+ IT+III+1IV+V,

where

I= Z(eg(ya) — eI )y () (i (ya ) ) Pl Wa) (eihe(va) _ 1),

aco

II = Zeg(y{z)(v(ya) _ v(y;))(w(ya))[p]eibw(ya)(eihw(ya) -1),

aco

111 = 37 e Uu(y )il (o)) — oyl ) e (e 0e) — 1),

aca
IV = Z e9Wa)y(y! ) (ip(yl) )Pl (e Wa) — i@ (Wa)y(gihe(va) _ 1),
aco
V= Z eIWa)y (o)) (ip(yl)) Pl Wa) (¢ihe(va) _ oih(va))
aco
These terms are estimated using the same techniques as the previous ones that
arose in this proof. For example, we use the inequalities |e?¥a) — eibe(va)| <
bl 1ap g, do(y, y') and |eheWe) — 1] < |[P=lPl=e(y, )= IP1=¢ to obtain [IV] < Ci(Ch +
1)?1b|v]oo |0 B AP~ P)=¢dy(y,3'), and we use the inequality |e¥Wa) — eihela)| <
(B W Lol Pdg(y, /) to obtain V] < Ci(Ca + 17 ulsclolflhlP"Pdy(y, ). Albogether,
we obtain

R ib -+ h)) = G (i0)}elg << (1++ [0l [wlllplplr . (12:2)
The estimates (12.1) and ((12.2) combined with the estimates in (a) yield the required
result. |

36



Proposition 12.2 Suppose that eLr for some p >0, and let € > 0. Viewed as a family
of operators on Fp(Y), b — (I — Ro(ib))~! is CP=¢ and there exist C; A > 0 such that
dp—c(I — Ro(ib)) ™1 < C|b|* for all |b] > 1.

Proof Again, we give the details for p not an integer, and e < p — [p].
A straightforward induction argument shows that %(I — Ro(ib))~! is a finite linear
combination of finite products of factors F where

Fe{I-Ry)™", RV, k=1, j},

for each j < p. For each choice of F', there exists A; > 0 such that ||F(ib)|| < |b|*', and
moreover d,,_,_F'(ib) < 6|41, by Proposition and Lemma The required estimate
is an immediate consequence. |

13 First main lemma

In this section we prove the following counterpart of the “first main lemma” of [33, [17]. We
view B(s) = s(I — Ro(s))™" as a family of operators on Fy(Y) . Inverse Laplace transforms
will be computed by moving the contour of integration to the imaginary axis (the functions
in question are nonsingular on H) and hence can be viewed as inverse Fourier transforms.
Recall that we defined R(a(t)) to be the space of Laplace transforms of maps S : [0, 00) — B
with [|S(¢)|| < Ca(t). We now enlarge the definition of R(a(t)) to include (operator-valued)
functions defined on the imaginary axis with inverse Fourier transform dominated by a(t).

Also, we write R(1/tP7) to denote domination by 1/t? for all ¢ < p. Similarly, an
(operator-valued) function is CP~ if it is C? for all ¢ < p.

Lemma 13.1 Suppose that ¢ € LP for some p > 1. Let ¢ : R = R be C*° with suppy C
[—r, 7] where r € (0,1) is sufficiently small and such that ¥ = 1 on a neighborhood of 0.
Then yB € R(1/tP7).

First we derive an elementary calculus estimate.

Proposition 13.2 Let s(y) = (e — 1)/y. For any n > 0, there exists a constant C > 0
such that |s (y)| < C and |s™ (y)| < C/Jy| for all y € R.

Proof Define the analytic functions gy, 7, : C — C for n > 1,

By Taylor’s theorem, there exists £ between 0 and 2z such that

n—1
gn(2) =3 a9 (0)27 /51 + ¢{ (€)2" /n) = 2" /nl,
j=0
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so that |g,(iy)| < |y|"/n! Similarly,
n—2 A -
an(2) = Y P (0)27 /i1 + V(€7 (n = 1)1 = (e = 1)z" 1/ (n — 1)),
=0

so that |g,(iy)| < |y["~!/(n —1)!
Next, note by induction that

r e R{e?/z, €222, 7", (e —1)/2" 1}
But e?/zF —r, € R{1/z,...,1/2"}. Hence there exist constants aj,...,a,+1 and a polyno-
mial p of degree at most n such that

n+1
Tgn)(z) = Z arry(2) + p(z) /2"
k=1

Since all terms in this identity are analytic with the possible exception of the last one, we
deduce that p = 0. Hence

n+1 n+1

TE”)(Z) = Z agri(z) = Zaka(Z)/zk.
k=1 k=1

Since s(y) = ir1(iy), the result follows for each fixed n by substituting in the estimates
for q. |

Lemma 13.3 Suppose that ¢ € LP for some p > 0, and let ¢ > 0. Then there exists
0 € (0,1) such that viewed as an operator on Fy(Y'),

(o) o) = FoO) ¢y ey

for all C* functions x : R — [0, 1] with supp x C [-3, 3].

Proof Let k> 0 such that p € (k,k+ 1] and let € € (O,pA— k). Set 0 = 0.
Let S(t) denote the inverse Fourier transform of x(b)(Ro(ib) — Ry(0))/b. We show that

IS(@®)llo < l¢lplt]~ ). Let v e Fy(Y). By (@),

((Ro(ib) — Ro(O))v)(y) — Zeg(ya)v(ya)(eibp(ya) —1).
Hence
3 .
(S0 =3 o) [ rbplva)e™

where

r(b,x) = x(b)(e" — 1)/b = x(b)s(xb), s(y) = (" —1)/y.



Let n > 0. By Proposition 150 (y)] < 1 and s (y)| < |y|~'. Hence
5" ()] < Jyl ™ min{1, yl} < Jy|~07, (13.1)

for all y € R. It follows from (I3.1)) that |0"r(b, 2)/0b"| < z"F¢|b|~(1=9) forall z > 1, b € R.
Integrating by parts n times,

3
‘/ r(b, )€ttt db( — [t
-3

3
< mn+€\t\—”/ B709 g < gt
-3

r(b, )/ 06" et db

Applying this with n =k and n =k + 1,

3
( / r(b, z)e® db| < min{aFTe|t|7F, ek HITeEHDY = R el =R min{1, x|t 1)
-3

< l‘k+e+6|t|_(k+5),

for all § € [0,1]. Taking 6 = p — k — €, we obtain |f r(b,z)e db| < 2P|t|=(P=9). In
particular,

)/ o(ya) ’btdb) < o(ya)P |t (13.2)
Also, 7(b,z) — r(b,z") = x(b)e?®®(x — 2')s(b(2’ — x)) and it follows from (13.1)) that

(0" (b, ) /O™ — (O™r(b, &) JOb"| < > x|z — &/ Pre|p| 717,
j=0

for all z,2" > 1, b € R. Hence using the estimate |1,0)g < Cainf,p < Collap|e from
assumption (Al),

(977 (b, (ya)) /0" — ("7 (b, () OV" | < |Lasplday (y, y' )bl =~
= [Lap|s “da(y, y/ )bl =)

Integrating by parts k and k 4 1 times,

3 .
| (b (ya)) = (b o)™ db| < [Lag i Aoy, ') Ie~* minL, el '}
< |Lasp Boda(y, y) |t~ (13.3)

We are now ready to estimate ||S(¢)]|. Using (13.2), we obtain that

y)| < Zu ]v[oo‘/ o(ya))e db‘ < !U|ooz,u (ya)P[t| "9,

aco aco
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and so
[S(1)|oe < Il It =P~ 0] oo
Next,
(S®v)(y) = (SW)(Y) =T+ 1T+ 111,

where

3

I= () — oty [ oly))e™ db

acx -3
3 .
1= 30 (o) = 64) [ o)™ ab
aco -

3
111 = Zeg(y{z)’l)(y;) /3(T(b790(ya)) — (b, o(y))e™ db.

acx

The first two terms are estimated using (13.2)):

1] <Y pla)do(y, v 0l (ya)P 1t~ P~ < [o[P [t~ P~ v]oeda (y, 1)),

aca

1] <Y (@) vloda (y, ¥ )e(ya)? 1t~ < Jlplt] == [olodo(y. y')-

aco

The third term is estimated using ((13.3)):

11 <) pla)vloo|LaglBdo(y. )t ~P = < bt =P~ v]oodo(y, ¥')-

aco

Combining the estimates for I, 11,111 we obtain
1S(t)olp < llBlt =P~ v]lo.

By ([34) and (T3.3), [S(t)]lo < lplplt|~ P~ as required.

(13.4)

(13.5)

Proposition 13.4 Suppose that p € LP for some p > 0, and let € > 0. Let 0> 0. For all
r > 0 sufficiently small, there exists a CP~¢ family b — Ro(b) with a CP~¢ family of simple

eigenvalues A\(b) € {z € C: |z — 1| < &} such that
(a) Ro(b) = Ro(ib) for |b] < r.
(b) Ro(b) = Ro(0) and A\(b) =1 for |b] > 2.
(c) |[Ro(b) — Ro(0)|lg < & for all b € R.

(d) For all b € R, the spectrum of Ro(b) consists of A(b) together with a subset of {z :

2 — 1] > 30}.

(e) (1 —X(b))/b is bounded away from zero on [—r,r].
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Proof Recall that Ro(0) has a simple eigenvalue at 1. Also there exists dg > 0 such that
the remainder of the spectrum lies outside the disk {|z — 1| < dp}. We suppose without loss
that § < dp / 3.

Choose 0; € (0,6) with the property that if A is an operator on Fy(Y) and ||A—Ry(0)||g <
01, then the spectrum of A consists of a simple eigenvalue within distance § of 1 and the
remainder of the spectrum lies outside the disk {|z — 1| < 36}.

By Proposition there is a CP~ family b — A(b), defined for b sufficiently small,
consisting of simple eigenvalues for Ro(ib) with A(0) = 1. Moreover, A(b) = 1 + ib@ + o(b)
as b — 0.

Choose 79 € (0,1) small so that [—rg, ro] lies inside the domain of definition of this CP~
family and such that (1 — A\(b))/b is bounded away from zero on [—rg,ro]. Fix r € (0,79).

Let 11,192,103 : R — [0,1] be even C'*° functions such that ¢ + 12 + ¥3 = 1 and such
that restricted to [0, c0),

1 =1 on [0,r], suppy C [0, ro].
s = 1 on [ro, 1], supp s C [r,2].
3 =1 on [2,00), supp ¢2 C [1,00).
Define the CP~ family of operators
Ro(b) = 1(b) Ro(ib) + a(b) Ro (i sgn(b)ro) + v3(b) Ro(0).

For b > 0 we have

(R (ib), belo,r]

Ro(irg) + 11 (b)(Ro(ib) — Ro(irg)), b € [r, 7o)

Ro(b) = J%()(ZT‘()), be [To, 1]
1:%0(0) + o (b)(Ro(iro) — Ro(0)),  bel1,2]

[ Ro(0), b e [2,00)

Shrinking rg if necessary, we can ensure that
| Ro(ib) — Ro(0)|lg < 61/2 for all b e [0,7), |Ro(b) — Ro(0)]|o < &1 forallbe [1,2].

Then choosing r sufficiently close to ro, we can ensure that | Ro(b) — Ro(iro)||e < 61/2 for all
b € [r,ro]. Altogether, we have that ||Ro(b) — Ro(0)|l¢ < 1 for all b > 0. A similar picture
holds for b < 0 and so we obtain that

| Ro(b) — Ro(0)||g < 61 <6, forall beR.

This verifies condition (¢). Moreover, by definition of §; we obtain the required spectral
properties for Ry, namely the family of simple eigenvalues A (which is CP~ by standard
perturbation theory) together with the estimate in condition (d). Finally, we observe that
properties (a,b,e) are immediate consequences of the construction. |

Let P be the spectral projection corresponding to A By Proposition b— P(b) is
CcP~.
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Proposition 13.5 Suppose that p € LP for some p > 0, and let ¢ > 0. For 6 > 0 small

! _bA(b) € R(1/6).

enough in Proposition |13.4

Proof Recall the formula

1- ?(b) by = Ry (0) . Ro(b) Plb) 4+ (I RO(O))P@ - P(0)

Let x : R — [0,1] be a C* function supported in [—3,3] with x = 1 on [-2,2]. By
Proposition [13.4[a,b),

Ry (b) ; Ro(0) _ () R : ) Ro(b) —bRo(ib) ) Ro(ib) b— Ro(0)

(13.6)

The first term on the RHS vanishes near zero by Proposition M(a) and hence is CP~.

Also it is compactly supported and so lies in 7€~(1 / 751”_).~ The second term on the RHS lies

Ry (b) — Ro(0)
b

Ro(b) — Ro(0) 5, Ro(b) — Ro(0)
0 ; 0 P(b)— 0 ; 0

in R(1/t*~) by Lemma [13.3, We deduce that € R(1/tP7). Moreover,

X(0)P(b),

where P is C?~ and compactly supported. It follows that MP(()) € R(1/tP7).
Let T be the circle of radius 26 around 1. By Proposition (d), P(b) = (1/2mi) Jr(é—
Ry(b))~! d¢. By Proposition b), P(b) = P(0) for |b| > 2. Hence

e R e Sy U AT B

where

Ro(b) — Ro(0)

b )
We already showed that Gy € R(1/tP7). Also b — G1(b,&) is compactly supported and
CP~ uniformly in . Hence G1(b,§)G2(b)G3(§) € R(1/tP7) with norms uniform in § and so

P(b) — P(0) o
— € R(1/tP7). )

1— .
The above arguments together with ((13.6]) imply that A®) P(b) € R(1/t?”). Hence

- b
1—-X0b) =

2 ( >u(P(b)) € R(1/tP7) for any bounded linear functional u : Fp(Y) — R. Choose u
so that u(P(0)) # 0. By Proposition 13.4|c), we can ensure that u(P(b)) is bounded away

from zero for all b. Then y/u(P) is compactly supported and CP~, so x/u(P) € R(1/tP7).
By Proposition b),

1 _b)\(b) _ 1 —b/\(b)x(b> _ ; u(]s(b))

G1(b,€) = x(b)(§ = Ro(b) ™", Ga(b) = G3(6) = (€ = Ro(0)) "
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—A)
b

Hence

€ R(1/tP7) as required. |

Proof of Lemma m By Proposition |13 ( ), ¥B = B where B(b) = b(I — Ro(b))~"

Write
B(b) = ((1 = A(b))/b)" P(b) + b(I — Ro(b)) " (I — P(b)).

The second term is CP~ and so lies in R(1/tP~) when multiplied by ¢. Hence it remains to
show that 1 (b)((1 — A(b))/b) "L P(b) € R(1/tP7).
Let x be a compactly supported C* function with xy =1 on the support of ¢. Then

D(O)((1 = A®))/0)"" P(b) = »(b)((1 = A(b))/b) "' x(b) P(b),

and xP € R(1/tP7). Hence it remains to show that ¢ (b)((1 — A(b))/b)~' € R(1/tP™).
Now % is a compactly supported element of R(1/t?~). By Proposition [13.5, (1 —

A(b))/b € R(1/tP7). Moreover, (1 — A(b))/b is bounded away from zero on the sup-

port of ¢ by Proposition [13.4(e). By Lemma [A.2) m there exists g € R(1/tP~) such that

B(b) = g(b)(1 — A(b))/b. Hence $(b)((1 — A(D))/b) 1 = g(b) € R(1/tP7), as required. W

14 Proof of Lemma 8.6

Finally, we deal with the term
pi=(/p) [ OTwwds,  (Tw)(w.) = (Foao") (o),
Y
Tou = (I— PO NI — P,CXONR*,  K* = 0*(I - C*B).
In Section we introduced the notation dpé’ . We recall the following basic result.

Proposition 14.1  (a) Suppose that the family b — S(ib) is CP for some p >0 and that
there is a constant C > 0 such that d,S(ib) < C|b|=2 for |b| > 1. Then S € R(1/t?).

(b) Suppose that g : R — R is C*°, such that g = 0 in a neighborhood of 0, and g(b) = 1
for |b| sufficiently large. Let m > 1. Then g(b)/b™ € R(1/tP) for all p > 0.

Proof (a) For p an integer, S(t) = [ e®S(ib)db = t7P [*_e®*SP)(ib)db so that
|S()| < t7P [ (14 [b]72)db <t~ P
For p not an integer, we still have S(t) = ¢ [P e et SN (ibydb =

—t= [Pl [ e SUPD (j(b 4 7 /t)) db and so

2((0] < ¢ [~ (SO0 -+ /1)) - SV b
<tM/ %Q@MOWW%<MP/‘G+W>“<WP

—00

as required.
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(b) If m > 2, then this is immediate from part (a). For m = 1, note that

L oo
lim/ elbtg(b)/bdb‘:t_l‘/ e h(b) db|,

L—oco .y — 00

where h(b) = (g(b)/b)’ = (bg'(b) — g(b))/b? satisfies the conditions of part (a). (Recall that
g =0 for b large.) |

Proposition 14.2 H* : Fy(Y) — Fp(Y) is analytic on a neighborhood of H.

Proof This is standard since the flow under the truncated roof function ¢* is uniformly
expanding: Ték has a noeromorphic extension across the imaginary axis with a simple pole
at zero, and H*(s) = T (s) — s~ ' P} is analytic on a neighborhood of H. n

Let ¢ : R — [0, 1] be as in Lemma Recall that ¢ is C* with supp v € [—1,1], and

1 =1 on a neighborhood of 0. We have the following consequence of Lemma [13.3

Corollary 14.3 Suppose that ¢ € LP for some p > 0, and let ¢ > 0. Then ¢C’* €
R(1/tP~€).

Ro(ib) — Ro(0
Proof By Lemma [13.3] v,b(b)o(l)bo() € R(1/tP7). Since ¢* € L, it follows from
A*'b_A* . A*'b_A*

R0~ B50) 110 o it g, 5t )~ TR0

so the result follows. [ ]

Lemma [13.3[ that 1(b)
Ry(ib) — Ro(0)
b

Proposition 14.4 (b)%p4(ib) € R(||v|le|w|sol/t77).

Proof Regard the operators H*, C*, B in the expression K* = I:I*(I — C’*B) as operators
on Fy(Y). By Lemma YB € R(1/tP~). Also, ¥C* € R(1/t°~) by Corollary
By Proposition YwH* is C*° and this together with Proposition (a) implies that
YH* € R(1/tP) for all p. Hence 3 K* = 3H* — (Y H*)(C*)(B) € R(1/t°~). Tt follows
that ¢3K* : Fy(Y) — L°(Y) lies in R(1/t57).

By Proposition C*(0) is a bounded operator on L>(Y'). Hence by Proposition
W3Iha = 3(I — P,D*) NI — C*(0))K* : Fp(Y) — L=(Y) lies in R(1/t7). Hence T} :
Fy(Y) — L>®(Y) lies in R(1/t°7).

By Proposition U: L®°(Y) — LY(Y) lies in R(1/t7) and the result follows. |

Proposition 14.5 (1 —(b)?)(p(ib) — pa(ib)) € R(|v]oo|w]el/t57).

Proof Using (8.3)), write (1—¢3)(p—ps) = (1—¢3)(p1+p2+ps) = b1 (1-v?) [; UQuwdji
where Q(S) = S(T()J + TQQ + Toyg) = (I - Pch*)*l.

Now U : L®°(Y) — LY(Y) lies in R(1/t°) by Proposition m Hence UQ € R(1/t°)
by Proposition and Remark Also b=1(1 — ¢3) € R(1/t?) for all p by Proposi-
tion [14.1(b), so the result follows. |
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Proposition 14.6 For w € L™(Y), m sufficiently large, we have that (1 —1(b)3)p(ib) €
R(|[v]lo|wloo,m1/t77).

Proof Write p,,, to stress the dependence on v,w and similarly for p,,. By Proposi-
tlon Pow(s) = P, (8)+ Hyp(s), where Py, (s) is a linear combination of s™7, j = 1,...,m,
and Hp,(s) = 57" py,omw(S).

By Proposition [14.1(b), (1 — 1(b)3)P,,(ib) € R(1/t?) for all p > 0. Next,

ﬁv,@{"w :/ U(I - R)_lv af“w dﬂ,
Y

where U : L®(Y) — Ll(f/) lies in R(l/tﬁ) by Proposition It remains to show that
Z(b) = b1 —(b)>)(I — Ro(zb)) Fyp(Y) = Fp(Y) lies i 1n R(l/tﬁ ).
By Proposition (b) Ry is C’B . Hence (I — Ry)~' is CP~ on R\ {0} and Z is
CP~ on R. Moreover, by Proposition |12.2| and Lemma (4.4} there exists C, A > 0 such that
ds_(I — Ro(ib))~' < C|b|* for |b| > 1. Hence for m sufﬁciently large, dg_ Z(ib) < |b|~? for

|b| > 1. We conclude from Proposition |14 ( ) that Z € R(1/t57) as required. |
Proof of Lemma This is immediate by Propositions [14.4], [14.5] and [14.6] |

15 Proof of Theorem [2.4|(b)

In this section, we complete the proof of Theorem |2 - . For this it suﬂices to replace the
estimate for p3 (t) in Lemma 5 by the improved estlmate in Lemma [15.2| below.
Define CJ( s) = s [y D* )1y du)?. Then (p = 1 and it follows from the proof of

Proposition [11.2)a) that G(t) = C( ) for t > k.

Proposition 15.1 Let 5 > 1, 5 > 0. Then éj € R(1/HB-D) if j(8—1) < B and fj €
R(/) if j(B—1) > B.

Proof This is proved by continuing inductively the argument in Proposition (b) The
details are the same as in [I7, Lemma 5.1] (with the simplification that there are no non-
commutativity issues). |

Lemma 15.2 Let 1 < 8 < 2 and choose m > 3 least such that m(8 — 1) > 3. Then

= W 1/¢Jg] () + O(|v]oo |Jw|so1/t77).
j=2
Proof Recall that
~ (1/¢) /Y OTyowds, (To)(yu) = (To0")(y).

where

Tor = (1/@)s71P(0), Tos = (1/@35*1(1—(1/@ /Y D*1y duy)_1< /Y D*1y du)QP(O).
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Hence

p3 = (1/9) ﬁl(l - (1/85)Lﬁ*lydMY)_l</Yﬁ*1Ydu>2
:2(1/@% [ Do) i+ pma( | D1y aw) "

ji=

where ¢ = (1 — (1/9¢) [, D*1y d,uy)_l. By Lemma (a), p1(s) = s~ 10w + h(s) where
h € R(1/t%). Hence

pa =100 Y (1/¢)¢; + vi(1/2)"Gm

Now apply Corollary and Propositions and |

A  Wiener lemma

This appendix contains material about a version of the Wiener lemma that is required in
Section [[3l We have chosen the notation here to conform with standard conventions in
Fourier analysis. (In the application of this material, the roles of f : R — C and its Fourier
transform f is reversed, with b and t playing the role of x and & respectively.)

Let A be the Banach algebra of 27-periodic continuous functions f : R — C such
that their Fourier coefficients f, are absolutely summable, with norm ||f| s = > nez | ful.
Similarly, let R be the Banach algebra of continuous functions f : R — C such that their
Fourier transform f : R — C lies in L'(R), with norm || f||zr = e |F(€)|de.

Given 8 > 1, we define the Banach algebra Ag = {f € A : sup,cz |n|?|fn] < oo}
with norm || flla, = > ez | fu| + suppez [n|?| fn]. Similarly, we define the Banach algebra

R = {f € R: supeeg [€°|f(€)] < oo} with norm || fllr, = [°2, |f(€)] dé+supeex [€]°] £ (€)]-
The following Wiener lemmas are standard.

Lemma A.1 Let 5 > 1 and let f, fi € Ag. Suppose that f is bounded away from zero on
the support of f1.
Then there exists g € Ag such that f1 = fg.

Lemma A.2 Let 8 > 1 and let f, fi € Rg. Suppose f1 is compactly supported and that f
s bounded away from zero on the support of fi.
Then there exists g € Rg such that fi = fg.

A statement and proof of Lemma can be found in [I3, Theorem 1.2.12]. In this
paper, we require Lemma but we could not find it stated in the literature. Hence we
provide here a proof of Lemma using a standard argument to reduce to Lemma
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Lemma A.3 Let € > 0. Suppose that f : R — C is a continuous function with supp f C
[-m +e,m—¢€. Let h : R — C denote the 2mw-periodic continuous function such that
bl = fli=rx)- Then f € Rg if and only if h € Ag.

Proof (cf. [21, Theorem 6.2, Ch. VIII, p. 242]) Fix a C*° function ¥ : R — R supported in
[~m+€/2, m—€/2] and such that ¢ = 1 on [~7+e€, m—¢]. For a € [—1,1] let 14 () = €*%(x).
Then there is a constant Ky > 0 such that

|(ha)n] < Kon™?, forall a € [~1,1], n € Z.

In particular, ¢ € Ag for all v and sup|q (<1 |Yalla, < oo

Define ho(z) = € ®h(z). If h € Ag, then hy = h), € Ag and there is a constant K > 0
such that [|halla, < K||hlla, for all a € [-1,1].

Now,
7 1 " iox —inx —z(n o)
(ha)n = — e “h(x)e dw—— f da:——f(n— a).
2 J_,
Hence [ | |f(€)]d¢ = fo |f(n — )| da = 27 fo )n| da. Tt follows that
1
Ifllr =27 Z / [(h ]da:27r/ [halla do < 20K || A4, (A.1)

0

n=—oo

Next, we observe that any £ € R can be expressed as £ = (n — «)sgné where n > 1,
a € [0,1]. Hence

sup [€°1f (&) = sup  (n—a)P|f((n—a)sgné)| < sup 2P| f((n—a)sgné)]
£ER n>1,a€l0,1] n>1,a€l0,1]
< s [nfflfn—a)=2r  swp |n|’|(ha)l
neZ, ac[—1,1] neZ, ac[—1,1]
<om sup holla, <2rK Al (A.2)
ac[—1,1

Combining (A.1) and (A.2), we obtain that || f|r, < 47K]|h||4,. Hence we have shown
that h € Ag implies that f € Rg.

Conversely, suppose f € Rg. Then )~ fol |f(n— )| da = e |£(€)] dE < oo and it
follows from Fubini that ) | f(n —a)| < oo for almost every . Fix such an «. Then

ZnEZKa)n’ = (1/2m) Enez\f(n — a)] < oo so that hy € A. Hence h = (hy)—a € A.
Moreover,

sup [n|?|hn| = (1/27) sup |n|?| f(n)| < (1/27) sup [¢]°| £(£)] < o0,
nez nez £ER

so that h € Ag. [ |

Proof of Lemma (cf. [21, Lemma 6.3, Ch. VIII, p. 242]) We make the standard abuse
of notation that functions on R supported on a closed subset of (—m, ) can be identified
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with 2m-periodic functions on R. In particular, the conclusion of Lemma becomes
[ € Rg if and only if f € Ag.

Without loss, we can suppose that supp f1 C [-2,2]. By Lemma f1€Ag.

Choose a C* function y : R — R such that supp x C [—3,3] and x = 1 on [—2,2]. Then
x € Ag and x € Rg. In particular xf € Rg, and by Lemma Xxf € Ag.

Moreover xf = f on supp f1 and hence is bounded away from zero on supp fi. By
Lemma there exists gg € Ag such that fi = go(xf) = (90x) f-

Since go, X € Ag, we deduce that g = gox € Ag. By Lemma g € Rg. Hence f1 = gf
with g € Rg as required. |
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