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ABSTRACT. We obtain sharp results for the genericity and stability of transitivity, er-
godicity and mixing for compact connected Lie group extensions over a hyperbolic basic
set of a C? diffeomorphism. In contrast to previous work, our results hold for general
hyperbolic basic sets and are valid in the C” topology for all 7 > 0 (except that C* is
replaced by Lipschitz). Moreover, when r > 2, we show that there is a C? open and C”
dense subset of C" extensions that are ergodic.

We obtain similar results on stable transitivity for (non-compact) R™-extensions,
thereby generalizing a result of Nitica & Pollicott, and on stable mixing for suspension
flows.

1. INTRODUCTION

In this work we consider the stable transitivity and ergodicity of Lie group exten-
sions over hyperbolic basic set with a fixed base diffeomorphism. We also obtain stable
transitivity and ergodicity results for suspension flows (fixed base map and varying roof
function). Elsewhere [11], we show how our methods can be developed to prove, for exam-
ple, that mixing hyperbolic flows are open and dense within the class of smooth nontrivial
hyperbolic flows.

After a survey of some of the existing results on extensions by compact Lie groups, we
describe in §1.2 our new results on compact group and R™-extensions over a hyperbolic
basic set. In §1.3, we describe our results on suspension flows. In §1.4, we describe related
results in [11].

1.1. Compact group extensions of a fixed hyperbolic basic set. In this subsection,
we give a brief historical review of some of the previous work in this area that relates to
our work.

Let G be a compact connected Lie group. In 1975, Brin [9] proved the genericity
(in the C2-topology) of stable ergodicity for compact Lie group extensions of Anosov
diffeomorphisms. Specifically, Brin showed that there was a C'-open and dense set of
transitive compact Lie group extensions of an Anosov diffeomorphism [9, Theorem 2.2]
and deduced (using [10, Theorem 5.3]) that every C? transitive extension was Kolmogorov
and, a fortiori, ergodic. More recently, using somewhat different methods, Adler, Kitchens
& Shub [1] reproved a variant of Brin’s result that applied to circle extensions of Anosov
diffeomorphisms of a torus. Specifically, they showed that there is a C° open and C'™ dense
set of extensions of such diffeomorphisms that are ergodic. (The same result holds for toral
extensions of a hyperbolic attractor [14].) Following the result of Adler et al. [1], Parry
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& Pollicott [23] studied stability of mixing for toral extensions over aperiodic subshifts of
finite type and over connected hyperbolic basic sets subject to a cohomological restriction.

Field & Parry [14] generalized these results to allow for extensions by compact connected
non-abelian Lie groups GG. In the case that G is semisimple, they proved that for all
a € (0,1) and co > r > «, there is a C* open, C” dense set of ergodic extensions over a
general hyperbolic basic set. In the case that the basic set is an attractor, they obtained
the same stability result for general compact connected Lie groups G. Extensions and
variations of the results in [23, 14] may be found in [12, 13].

Unfortunately, the situation regarding toral extensions over general hyperbolic basic
sets as reported in these works is less than satisfactory. Thus, in [23], the stability
and density result for extensions of a subshift of finite type is proved in the C'“~topology,
a € (0,1), but the open and dense set of ergodic C* extensions contains no C? extensions,
B > a. A second issue is that the methods of [23, 14] require for toral extensions either
that the base is a subshift of finite type or that the base is connected and a cohomological
condition holds (the only examples known satisfying the cohomological condition are
attractors/repellors).

In the present work, we resolve these problems and give sharp results for compact Lie
group extensions of general hyperbolic basic sets. Although our emphasis in this work is
on skew (product) extensions, all of our results apply to principal G-extensions (see [14,
§5.3]). Our results also apply to classes of partially hyperbolic G-invariant basic sets. For
these applications, we refer to [12].

1.2. Results on group extensions. We suppose throughout that ® is a fixed C?-
diffeomorphism of the compact manifold M, and that A is a hyperbolic basic set for
®. That is:

Definition 1.1. We say that A is a hyperbolic basic set for the diffeomorphism & if A
is a locally maximal hyperbolic set, and ®|A is topologically transitive. In addition, we
require that the basic set A is nontrivial, meaning that it does not coincide with a periodic
orbit.

Definition 1.2. For r > 0, we give the usual meaning to ‘C"’ and the ‘C"-topology’
except that C! maps will be defined as Lipschitz.

By C"(M, G) we denote the space of C" cocycles on M with the C"-topology.

Theorem 1.3. Forr > 0, there exists a C" open and dense subset W, of C"(M,G) such
that for oll f € W,, the skew extension ®¢ : A x G—=A x G is transitive. If r > 2,
W, is open in the C%-topology on C"(M,G) and C™®-cocycles are C'"\-dense in W,. An
analogous result holds for principal G-extensions over A.

Remark 1.4. Theorem 1.3 is of main interest when G is not semisimple or A is not an
attractor — C“-stability, C*°-density holds if G is semisimple or A is an attractor [14] for
any o > 0. On the other hand if G = K™, r < 1 and A is a subshift of finite type, then
W, NW; =0, 0 <r <t,and we conjecture this may occur for values of r € [1,2).

In our study of ergodic properties of extensions, we suppose that y is the unique equilib-
rium state associated to a Holder continuous potential on A [6]. It follows that & : A—A
is pu-ergodic. We take Haar measure h on G and define the product measure v = pu X h
on A x G. All skew extensions ®; are v-measure preserving.
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Theorem 1.5. With the notation of Theorem 1.3, if f € W,, then ®; is v-ergodic. An
analogous result holds for principal G-extensions over A. If ® : A—A is mizing and
f €W,, then @ is mizing.

Remark 1.6. The equivalence of ergodicity and transitivity for the situation described
in Theorems 1.3 and 1.5 is a direct consequence of Livsic regularity (see §6). The last
statement of Theorem 1.5 is a consequence of [14, Proposition 3.2.1] — if ® is mixing,
then stable ergodicity of ® is equivalent to stable mixing of ®;.

Before stating our next result, we recall some definitions from [19]. We continue to
assume that 7 > 0. Let f € C"(M,R™) and define the corresponding skew-extension
Q; : AXR™—AXR™. Write f,, = Z;.:& fo®7. Let L = {fn(z) | ®"x = x}. We say that f
satisfies the separating condition if L¢ is not contained on one side of a hyperplane through
0 in R™. Let 8" C C"(M,R™) denote the set of cocycles that satisfy the separating
condition. We remark that 8" is a nonempty open (but never dense) subset of C" (M, R™).
Nitica & Pollicott [19] studied the case when A = M is Anosov and proved that ®; is
transitive for f € §7.

Theorem 1.7. For r > 0, there exists a C" open and dense subset W, of 8" such that
for all f € W,, the skew extension @y : A x R"—=A x R™ s transitive. If r > 2, W, is
open in the C?-topology on C"(M,R™) and C*>-cocycles are Cl-dense in W,.

Remark 1.8. If A is a hyperbolic attractor, then we obtain the improved result that W,
is CY open in 8”. Again, C“-openness, o € [0, 1), fails for general hyperbolic basic sets.

1.3. Suspension flows. We now describe our main result on the stability of weak mixing
for suspensions flows over hyperbolic basic sets. Let R"™ denote the space of strictly positive
functions (roof functions) in C"(M,R). Each roof function f € R" defines a suspension
flow ® : A/—Af on the suspension Af. When A = M is Anosov, it follows from the
Anosov alternative [2] that A/ is mixing for all nonconstant f € R'.

Theorem 1.9. For r > 0, there exists a C" open and dense subset W, of R" such that
for all f € W,, the suspension flow <I>§c : M= AT is weak mizing. If r > 2, W, is open in
the C2-topology on C"(M,R) and C* roof functions are C"l-dense in W,.

Remark 1.10. If A is a hyperbolic attractor, then we obtain the improved result that W,
is C° open in R". Once again, C*-openness, « € [0, 1), fails for general hyperbolic basic
sets.

Remarks 1.11. (1) On a suspension Af =2 A x R/ ~ we consider the equilibrium state
pl=pxt/ / A J dp where £ is Lebesgue measure and p is an equilibrium state associated

to a Holder potential on A. However, weak mixing of @{ is independent of the choice of i
and is equivalent to topological weak mixing (see for example [21, Proposition 6.2]). Hence
we suppress any reference to the measure in the results concerning mixing of hyperbolic
(suspension) flows.

(2) Moreover, it follows from standard results (see for example [24, p. 418] and [7, Remark
3.5] for statements and references) that weak mixing suspension flows are automatically
strong mixing, Kolmogorov and even Bernoulli (so for each ¢ € R\ {0} the diffeomorphism
<1>§c : A=A/ is isomorphic to a Bernoulli shift). Consequently, it follows from Theorem 1.9
that an open and dense set of suspension flows over a hyperbolic basic set are Bernoulli.
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1.4. Varying the base diffeomorphism. Let n = dim M and restrict to C'* diffeomor-
phisms, ® € Diff*(M), s > 2n + 1. If we allow the base diffeomorphism ® to vary in the
context of Theorems 1.3 and 1.5, then it can be shown using the methods of [11] that
compact group extensions ®; : Ag x G—Ag are transitive/ergodic for (@, f) lying in a
C?*1 x C?-open and C* x C"-dense subset of Diff*(M) x C"(M,G). Similar results in
the context of Theorems 1.7 and 1.9 hold for R™-extensions and suspension flows.

1.5. Brief remarks on proofs and extensions. Brin’s original proof of stable transi-
tivity of compact Lie group extensions over an Anosov diffeomorphism uses transitivity
properties of the stable and unstable foliations, and the well-known ‘quadrilateral con-
struction’. In a related paper [8], Brin gives a direct construction of maximal transitivity
components which uses the structure of the strong stable and unstable foliations of the
extension. While the existence of maximal transitivity components holds under the as-
sumption that the base is a basic set (see [22, §5]), the quadrilateral argument appears
to require at least some local path connectivity in the invariant foliations of the basic
set. Thus, the quadrilateral argument works for general hyperbolic attractors (see [12]),
but fails for subshifts of finite type. A common theme of more recent work is the use of
a result of Keynes & Newton [16] together with the Livsic regularity theorem [17], [20,
Theorem 3.1]. This approach allows one to prove that the ergodic components naturally
define a partition by closed sets and leads to simple arguments for stable ergodicity when
G is semisimple (see [14]). Matters are not so simple when G is abelian, and the proof of
Parry & Pollicott’s result on toral extensions over subshifts of finite type makes use of the
Ruelle transfer operator. Since we are interested in C” results, 7 > 1 (and cannot assume
that maps are expanding), we avoid this approach here. Our proof of Theorem 1.3 for
subshifts of finite type depends on obtaining good asymptotic bounds on the average of
R-valued cocycles along a sequence of periodic points asymptotic to a homoclinic point.
Using our methods, we give in §3 a simple proof of the original abstract result of Parry
& Pollicott, and in §5 a more geometric and very explicit proof using results of Williams
on geometric realization of subshifts of finite type [26]. For C" extensions, we consider
subshifts of finite type in §4. We deduce the result for general basic sets using the fact that
basic sets contain (many) subshifts of finite type together with a routine argument based
on either Keynes & Newton and LivSic regularity or the existence of maximal transitivity
components.

Finally, we note that the results in this paper go far beyond the context of hyperbolic
dynamics. For example, the results on group extensions over a hyperbolic basic set A
generalize immediately to the case where A is a locally maximal topologically transitive
set such that (i) A contains a transverse homoclinic point, and (ii) A supports results on
Livsic regularity whereby measurable solutions to certain cohomological equations have
continuous versions. See Remark 6.4.

Remark 1.12. The heart of this paper, §4, is concerned with proving Theorem 1.5 in the
special case when X is a subshift of finite type and G is the circle group. The remainder of
the results are then consequences of this special case. See §6 for the proof of Theorem 1.5
for general A and G, §7 for the proof of Theorem 1.7, and §8 for the proof of Theorem 1.9.
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2. PRELIMINARIES

Throughout this work we assume that M is a compact smooth Riemannian manifold
without boundary.

2.1. Transverse homoclinic points and Smale’s theorem. Let ® : M—M be a
diffeomorphism of M. Let P € M and suppose that the ®-orbit O(P) of P is a hyperbolic
periodic orbit of ®, of prime period g. Suppose that zg € W*(O(P)) N W*(O(P)) is a
transverse homoclinic point. It follows straightforwardly from the A-lemma that we can
assume xg € W*(P) N W*(P). Replacing ® by ®?, it will be no loss of generality (see
below) to assume that zy is a transverse homoclinic point for the hyperbolic fixed point
P of &.
We say that a subset X of M is an H-set for & if

1. X is a compact locally maximal ®-invariant subset of M.
2. ®|X is transitive.

3. ®| X is hyperbolic.

4. X is conjugate to a subshift of finite type.

We recall Smale’s theorem (see [15, Theorem 6.5.5, Exercise 6.5.1])

Theorem 2.1. Let ® : U — M be an embedding of the open set U C M, and P,xy € U.
Assume that xy is a transverse homoclinic point for the hyperbolic fixed point P of ®.
Then there is an H-set for ® containing P and xg.

2.2. Function spaces. Suppose that X is an H-set for ®. We choose a (closed) cover
of X by mutually disjoint contractible neighborhoods, with smooth boundaries. Let U
denote the closed neighborhood of X with smooth boundary that is defined by the cover.
Without loss of generality we may and shall regard U as a subset of R", n = dim(M).

For r > 0, let C = C"(U,R) denote the space of C" R-valued cocycles on U. If r is an
integer, C" has the usual meaning except if r = 1 when we regard C*(U,R) as the space
of Lipschitz continuous functions on U. With this proviso, we take the usual C” topology
on C. We let || ||, denote a choice of C"-norm on C. With respect to this norm, C is a
Banach space.

Definition 2.2. An element g € C' is called an X-coboundary if we can choose a contin-
uous function h : X —R such that

g=ho®—h.

We denote the subspace of C' consisting of X-coboundaries by B" = B"(U,R) or just B
if the meaning is clear from the context.

Remarks 2.3. (1) We do not ask that an X-coboundary is a coboundary on U. Nor do we
require that the function h occurring in the definition is more than continuous on X. If
fact, it follows from Livsic regularity that it suffices to assume h|X is measurable relative
to an equilibrium state on X as it then follows we can choose h|X to be C* (Hdlder)
continuous if g is C*, « € (0, 1].

(2) In the sequel, we drop the prefix ‘X’ and just refer to coboundaries.

Proposition 2.4. For r > 0, the space B"(U,R) is a C°-closed subspace of C"(U,R).
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Proof. Tt follows from the Livsic theorems that an element f € C"(U,R) is a coboundary
if and only if the average of f over each periodic orbit of ® in X is zero. O
Let V = V"(U,R) denote the C"-closure of the subspace L = L(U,R) of C consisting
of functions which are locally constant on X.
Henceforth, if » > 0 is given, we always take the corresponding C" topologies on the
subspaces B and V.

Remarks 2.5. (1) Let r > 0 and C"(X) denote the space of R-valued functions f : X —>R
which admit a C” extension E(f) € C"(U,R). We similarly let V" (X) denote the subspace
of C"(X) consisting of functions which admit a C" extension E(f) € V"(U,R). If r € (0,1)
and co > s > r, then V"(X) D C*(X). That is, in the C"-topology on C"(X), every
C*-function, s > r, can be C"-approximated by a locally constant function. This result
is (obviously) not true if r > 1.

(2) Every locally constant function f on X has an extension E(f) € V*°(U,R).

(3) If r is not an integer, then C*®, co > s > r functions are not dense in C"(U,R) (or
C"(X)). Density follows, by the Stone-Weierstrass approximation theorem, if r is an
integer.

2.3. Criteria for the transitivity & ergodicity of toral extensions. Let K™ denote
the m-dimensional torus, regarded as a compact abelian group. We start by recalling
a special case of a general result of Keynes & Newton giving necessary and sufficient
conditions for the ergodicity of a compact group extension.

Theorem 2.6 ([16, §2]). Let ® : X—X be an ergodic transformation of the probability
space (X, p). Let f: X—=K™ be p-measurable. Then @5 : X x K™ =X x K™ is p x h-
ergodic if and only if for all £ = ({y,... ,£y) € Z™, L # 0, the equation

(2.1) wo ®(x) = w(z)I", ff(z), ae z,
has no measurable solutions w : X —K.

Let f : M—K™ be a C"-cocycle and @ : M x K" —=M x K™ denote the corresponding
K™-extension defined by ®s(z,g) = (®(z), gf(z)). Restricting to the H-set X C M, we
obtain a K™-extension ®;: X x K" —X x K™.

For the remainder of the section, and following Parry & Pollicott [23], we give criteria
for the ergodicity and transitivity of the extension ®;. We do this in terms of a fixed
equilibrium state u on X. However, the resulting conditions are independent of the
equilibrium state and depend only on the cocycle f. We refer the reader to [23] for details
we omit.

Let f € C"(U,K™), f = (f1,.-., fm)- Using our cover of U by contractible sets, we
may choose F; € C"(U,R), 1 < i < m, such that f; = exp(2mF;) (on U). Note that we
may suppose that the F; depend continuously on f in the C"-topology. Let S(F') denote
the R-vector subspace of C"(U,R) spanned by Fi,... , Fp,.

Lemma 2.7 (cf [14]). The extension ®; is ergodic if S(F)N (B + L) = {0}. If m =1,
then @ is stably ergodic if and only if F ¢ B+ L (closure in C").

Proof. 1t follows from Theorem 2.6 and LivSic regularity that if ®; is not ergodic then
there exists (£1,...,%4n) # (0,...,0), such that

(2.2) go@szl...ffzmg
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has a non-trivial solution g € C°(X, K). Noting that go®/g € C" (U, R) and our definition
of B"(U,R), it follows easily that we may choose M, H € C"(U,R) such that

(2.3) M+ H =) 4F,
i=1
where

1. M is a locally constant integer valued function on X.

2. H € B"(U,R).

If equation (2.3) has solutions, then S(F)N(B+L) # {0}. That is, if S(F')N(B+L) = {0}
then ®; is ergodic.

Suppose m = 1. If F € B + L, then we can find F’ arbitrarily C” close to F' such that
F'" = b+v where b is a coboundary and v is locally constant on X and takes only rational
values on X. It follows that for some integer ¢, £F" = b+ m, where m is locally constant
and integer valued on X and b is a coboundary. Setting f' = exp(2miF”), it follows that
® 4 is not ergodic. Hence @ cannot be stably ergodic. O

Remarks 2.8. Tt follows from Lemma 2.7 that in order to prove the C"-genericity of sta-
ble ergodicity (or transitivity) for K™-extensions, it suffices to prove that B + L is of
codimension at least m. In the case of C“-extensions, r = a € (0, 1), Parry & Pollicott
prove that B + L is of infinite codimension. They prove further that (a) B + V is closed
(recall that V = L), (b) C/(B+ V) is not separable. We are interested in the case 7 > 1,
especially the case when r is an integer. When r is integral, C'//B + L is separable. We
do not know, at this time, whether B + V is closed.

(2) We concentrate throughout on proving stable ergodicity. In the case that ® is topo-
logically mixing, then stable ergodicity is enough to guarantee stable mixing [14, §3.2].

2.4. Reduction to the case of a fixed point & K-extensions. Continuing with our
previous notations, suppose that X is an H-set for the diffeomorphism ®. As usual we
set & = ®|X and let » > 2. In order to prove the C"-genericity of stably ergodic C" K-
extensions, it suffices, by Lemma 2.7, to find (a single) F € C"(U,R) such that F' ¢ B + L.
In fact, we shall prove rather more:

Theorem 2.9. Let r > 0. Suppose that ® has a fized point p and g is a transverse
homoclinic point for p. Let D* C U be a neighborhood of the closure of the ®-orbit of xy
and D C D* be a neighborhood of p. We can choose F' € C"(U,R) and a C" neighborhood
W of F in C"(U,R) such that

1) supp(F) C D,

2) IfF' €W, then F' ¢ B+ L,

3) If H € C"(U,R) is such that supp(H) N D* =0, then F'+ H ¢ B+ L, all F' € W.
4) If r > 2, then we may take W to be open in the C*-topology on C"(U,R).

5) If r > 2 is an integer, then C™ cocycles are dense in W.

Next, we make a simple extension of Theorem 2.9 to allow for periodic points.

Lemma 2.10. Let r > 0. Suppose that ® has a periodic point p € X of prime period q
and x g 18 a transverse homoclinic point for p. Let D* C U be a neighborhood of the closure
of the ®-orbit of xg and D C D* be a neighborhood of p. We can choose F' € C"(U,R),
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and a C" neighborhood W of F in C"(U,R) such that the conclusions of Theorem 2.9 are
valid.

Proof. Shrink D so that the subsets ® *(D) are disjoint for ¢ = 0,1,...,¢ — 1. Since
®7(p) = p, it is immediate from Theorem 2.9 that we can choose F' € C"(U,R) supported
in D with the required properties with ® replaced by ®4. In particular, F' € B, + L where
B, is the space of C" coboundaries for ®?. This proves stable ergodicity of (®?); where
f — 62MF.

Define F' = 970 F o ®. Then F' coincides with F on D* and so by Theorem 2.9(3)
F ¢ B,+ L. Again (®9); is stably ergodic, where f = e*™F. But (®7); = (®;), so
we have shown stable ergodicity of (®7)? and hence ®;. In particular, it follows from
Lemma 2.7 that F' ¢ B+ L. O

There remains the case of K" -extensions, m > 1. Choose a set of m disjoint periodic
orbits. By the preceding arguments, we may choose Fy,..., F,, ¢ B+ L such that the
supports of the F; are mutually disjoint. Obviously, Fi, ..., F}, are linearly independent
mod B + L. In particular, codim¢(B + L) = cc.

3. OUTLINE OF THE PROOF AND THE THEOREM OF PARRY-POLLICOTT

We continue to assume that ® : X—X is an H-set for ®. Let r > 0. Suppose that
p € X is a hyperbolic fixed point for &.

3.1. Outline of proof. Suppose F' € C"(U,R). Let z € X. If x is periodic of prime
period n, we define the average of F' along the ®-orbit of x by

n—1
Av(F,z) =) F(® ().
i=0
If x is a homoclinic point to a periodic point p and Av(F,p) = 0, then we define

o
Av(F,z) = ) F(¥(x)).
1=—00
Using our assumption that F'is C", and certainly Holder, it is easy to show that this sum
converges.

Suppose that zyz € X is a transverse homoclinic point for p. Let (py) C X be a
sequence of periodic points such that py—zg. It follows from the continuity of ® that
for all i € Z, ®'(py)—®'(zg), as N—oo0.

Suppose that F' is C" close to B+ L, so that F =b+{+g,b € B, £ € L, ||g||, small.
Without loss of generality, we may suppose that Av(F,p) = Av(¢,p) = 0. In particular,

An(F) = Av(F,zg) — Av(F, pn)

is well-defined for all N > 1.
It is well-known, and simple to verify, that Av(b,py) = Av(b,zg) = 0 for all N > 1
and that Av(4,py) = Av({, zg) for N sufficiently large. Hence for N large, we have

(3.4) An(F) = An(g)-

It is now an easy matter to construct explicit cocycles F' € B + L — we require only
that Ay (F) is not eventually zero. It is also possible to construct cocycles F' ¢ B + L by
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comparing the asymptotics on each side of (3.4). Specifically, we obtain (i) upper bounds
for the right-hand-side of (3.4) for all small g, and (ii) lower bounds for the left-hand-side
of (3.4) for an explicitly constructed cocycle F'. In this way, we show that F —g ¢ B+ L
provided that ||g||. is sufficiently small. In fact, since our construction only depends on
averages near the ®-orbit of xg, it will follow that g can take arbitrary values outside of
some arbitrarily small neighborhood of the closure of the ®-orbit of xg.

In order to obtain our estimates, we will need to estimate the location of the periodic
points in the sequence (py) rather precisely. We remark that the details of our proof are
much easier if we make the assumption that ® is smoothly linearizable at p. However,
this assumption is not necessary for the proofs of Theorems 1.3-1.9 which do not require
any non-resonance conditions on the linearization of ® at the fixed point.

We note that the construction involving zz and py described above has been used
independently by Bonatti et al. [3].

3.2. The theorem of Parry-Pollicott. We conclude this section with an illustration of
how our methods give a proof of the stability result of Parry and Pollicott for (abstract)
subshifts of finite type that avoids any consideration of the Ruelle transfer operator and,
as we shall see, generalizes to smooth cocycles.

Let X be a subshift of finite type. Given 6 € (0,1) we define the metric d(z,y) = 6"
where n is the largest nonnegative integer such that z; = y; for |i| < n. Let Fy(X) be the
space consisting of all functions f : X —R that are Lipschitz with respect to this metric.
Let |f|e denote the sup-norm and |f|s the least Lipschitz constant. Then Fy(X) is a
Banach space under the norm || f||s = max{|f|c, |flo}-

Let B = By(X) C Fyp(X) denote the subspace of coboundaries and L C Fy(X) the
subspace of locally constant functions. If U is an open subset of X, we let Ly(U) denote
the subspace of Fy(X) consisting of functions which are locally constant on U.

Remark 3.1. If b = co o — ¢ € By then by Livsic regularity the cobounding function
¢ : X—R can be chosen to lie in Fy. In particular, c is continuous.

We give an elementary proof of the following result of Parry-Pollicott.
Theorem 3.2. [23] The subspace By + L has infinite codimension in Fy.

We start by proving a special case of part of Theorem 3.2.

Proposition 3.3. Suppose that the shift map o : X—X has a fized point p and that xg
s a homoclinic point for p. If D* is any open neighborhood of the closure of the o-orbit
of zg, then we can choose f € Fy(X), such that

1. f¢ By+ L.

2. supp(f) C D*.

3. If g € Fy(X) has supp(g) N D* =0, then f +g ¢ By + L.

4. For somec >0, ||f — (b+0)|s > ¢, all b € By and £ € Ly(D*).

In particular, By + L # Fy(X).
We present the proof of Proposition 3.3 in the special case where X is the full shift

{0,1}% on two symbols and leave the details of the general case to the reader (note that
the general case can be reduced to this case by recoding).
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We denote points x € {0,1}2 by ...2_1 - 2921 .... Let p = 0% -0 and suppose for
simplicity that the homoclinic point is zz = 0 - 10°. We let (px) be the sequence of
periodic points of period 2N + 1 defined by py = [0V - 10V]. Note that py—zy, N—oo.

Given F € Fy(X) satisfying F(p) = 0, define Ax(F) = Av(F,zg) — Av(F,pn). We
have

00 N

Z F(o’zy) — Z F(o’pyn)
f— j=—N
N
2

[F(oizy) — F(o/py)] + Z F(oizy)
j=—N >N
Lemma 3.4. (a) Ifb € By, then b(p) =0 and Ax(b) =0 for all N.
(b) If ¢ is locally constant and €(p) = 0, then there exists Ny such that An(£) = 0 for all
N > Ny.
(c) If g € Fy and g(p) =0, then |An(g)| < 4]gls0~ /(1 — 0) for all N.

Proof. Parts (a) and (b) are well-known and elementary. We prove part (c). Since py
and zy first differ in the £(2N + 1)’th position, |g(o7py) — g(o?zy)| < |g|e0* V11
for |j| < 2N + 1. Hence |Z§V:_N[g(0jp1v) — g(dizg)]| < |glefNTH(ON + 26N o
2) < 2|gledV /(1 — 6). Similarly, since g(p) = 0, we can write djsn9(0lzy) =
> s n19(07z ) —g(p)] which is dominated by 2(gle(0" +0V ! +---) < 2[g|e6" /(1-0). O

Lemma 3.5. Let C, be the cylinder of length 2q + 1 given by C, = {x € X : z
.07 007---}. Define

f=Y60°1-Ic,).

g1
Then f € Fy, f(p) =0, and Ax(f) = 2|/ f[le6" /(1 - 6).

Proof. 1t is immediate from the definitions that |f|, < /(1 — 6) and [f|s < /(1 — ).
Also, zg ¢ C, for all ¢ so that f(xy) = 6/(1 — 0). Hence f € Fy with || f|ls = 6/(1 —0).
Since p € C, for all ¢, f(p) = 0.

Next, we note that o/zy € Cjj_1 — C|j| for each j. Hence f(oizg) =0/(1 - 6).

The same calculation for py shows that o/py € Cj-1 — C); and hence f(oipn) =
0191 /(1—0) for |j| < N. We conclude that Ay (f) = Yoy flozm) =208 /(1-0)%. O
Proof of Proposition 3.3 Let f be the function defined in Lemma 3.5. Suppose for
contradiction that f € By + L. Then for any ¢ > 0, there exists b € By, £ € L, and g € Fj
with ||g||¢ < €, such that f = b+ £+ g. Replacing £ by £+ g(p) and g by g — g(p) we can
assume without loss of generality that £(p) = g(p) = 0 while maintaining |g|s < . Since
Ay is additive, we have Ax(f) = An(b) + An(£) + An(g)- By Lemma 3.4, there exists
Ny such that Ay(f) = An(g) for all N > N,. For such N, we have

201 flls0™ /(1 = 6) < 4e67/(1 - 0),

and hence ||f|l¢ < 2e. Since ¢ > 0 is arbitrary we obtain the desired contradiction, proving
the first statement of Proposition 3.3. Since the argument only depended on averages of
functions along the orbits of xyz and py, arbitrarily large N, it is clear that if g € Fj is
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supported outside of some open neighborhood D* of the closure of the orbit of x5, then
f + g ¢ Bg -+ L.

If b € By, and ¢ € Ly(D*), then Ax(f — (b+¢)) = An(f) — An(¢) = An(f), sufficiently
large N. By Lemma 3.4, [An(f — (b+£€))| < 4|f — (b+£)]s0" /(1 — 0) for all N. Hence

(3.5) F = b+l > 30751~ O)Ax(f).

for sufficiently large values of N. But, by Lemma 3.5, Ax(f) = 2||f||¢6~ /(1 — 6). Hence
it follows that || f — (b+ £)|ls > |f — (b+ £)]g > L[| f|le, all b, £.

Finally, to complete the proof, note that it is no loss of generality to assume that D* is
open and closed. It follows that if we define f = fxp«, then f € Fy(X) and ||f|ls > || f|l6-
Equation (3.5) continues to hold, with f replacing f. Slnce An(f ) An(f) for sufficiently
large N, we deduce that ||f — (b+£)|le > LI f|ls = sgy for all b, . O

Following the argument in the general case (Lemma 2.10), we can allow for periodic
points.

Lemma 3.6. Suppose that p € X is a periodic orbit and that xg is a homoclinic point
for the orbit of p. If D* is any open neighborhood of the closure of the o-orbit of xg, then
we can choose f € Fy, such that

1. f¢By+ L.

2. supp(f) C D*.

3. If g € Fy has supp(g) N D* =0, then f+g ¢ By + L.

4. For some ¢ >0, ||[f — (b4 0)|ls > ¢, allb € By and £ € Ly(D*).

The theorem of Parry and Pollicott is an immediate consequence of the following result.

Theorem 3.7. There is a sequence of disjoint open and closed sets U; and functions
f; € Fyp(X) with the following properties:

(i) supp(f;) C U;.
(i) [f; — b+ 0|l > 1 for all b € By(X) and £ € Ly(U;).

Proof. Let 7’ be a sequence of periodic points lying on distinct periodic orbits O(:cf ).
Choose z%; homoclinic to 27 and let O(z H) denote the homoclinic orbit through z7%,. The
points 27 and z7; can be chosen so that there are disjoint open and closed sets U; such
that O(z7) U O (%) C U;.

It follows from Lemma 3.6 that for each j, we can find a cocycle f;, and constant ¢; > 0,
such that supp(f;) C U; and ||f; — (b+ €)||l¢ > ¢, all b € B, £ € Ly(U;). Replacing f; by
fi/c;, it follows that we can require ||f; — (b+£)||¢ > 1, for all b € B, ¢ € Ly(U;). 0O

4. PROOF OF THEOREM 2.9

As outlined in §3.1, we will construct a sequence of periodic points (py) approaching
the homoclinic point xg. In Proposition 4.8 we give general estimates for the position
of py under the assumption that ® is linear on the stable and unstable manifolds of the
fixed point p. We can and do improve these estimates on py if we assume that & is
C?-linearizable at p (Remark 4.10(3)).

In the remainder of the section, we consider the problems of obtaining upper bound
estimates on Ay (F') and finding functions F' for which the growth of Ay (F) matches the
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upper bound. So as to simplify the exposition, we make some linearizability assumptions

that we remove in §4.9. Specifically, in §§4.2 and 4.4-4.8 we assume that @ is linear on the

stable and unstable manifolds of the fixed point p. We also assume in our verification of

the upper bounds for Ay (F), F' at least C?, that ® is C*-linearizable at p (Lemma 4.13).

Indeed, if ® is not C*-linearizable at p, then we have to allow for slower decay of Ay (F)

(see §4.9). Finally, we remark that results and methods are a little different when F'is C”,
€ (0,2).

4.1. The local model. We always assume that ® is C2. It follows that there will be
C? local stable and unstable manifolds through the fixed point p. We use these invariant
manifolds as the basis for a local C2-coordinate system at p. Thus we regard p as the
origin of the vector space R™ = E° @ E* with the local stable (respectively, unstable)
manifold through p contained in E° (respectively, E*). We choose coordinates on E°, E*
so that D®(0) = G is in real Jordan normal form, with Jordan blocks Ji,... , Ji.

We denote the set of generalized eigenspaces of G by £. Abusing notation, we will
typically label elements of £ by the associated eigenvalue. Thus, we label eigenvalues
K, Aj € € so that

il < el <. < sl <1< Pl << A,

In particular, S +7T = k and each p € £ will be associated to the Jordan block J,. We let
p, denote the algebraic multiplicity of p (thus, for real p, J, will be a p, x p, square matrix
whereas for p complex, J,, J; act on the same generalized eigenspace of real dimension
2p,). We have the decompositions

T
U_
EB wo B =DEy
7=1

where E, is the generalized eigenspace associated to p € £. We define G, = G|E’,
G, = G|E".

We denote coordinates on E* by x = (xy,... ,Xs), where each x; = (i1, ... ,Zip,,) €
E,, = KP+i, where K = R, p; real, and K = R? = C, p; complex. We similarly denote
coordinates on E* by y = (y1,...,yr) and follow the same labeling conventions as for
the stable subspaces. For our proofs, we usually assume eigenvalues are real — the
assumption of complex eigenvalues presents no new difficulties but does complicate the
notation a little.

Let zy € E° be a transverse homoclinic point for p. Let Zyz € E" be the point
corresponding to x g, now regarded as lying on the unstable manifold of p — see Figure 1.
Let O(xg) denote the ®-orbit of zz. Note that the forward orbit of zy is contained in
E?, while the backward orbit of xy = Zg is contained in E* and that we regard xy and
Ty as identified. Let O(zg)* = O(zy) \ {zx} C E* UE" (no identification). Let W,
W be neighborhoods of 2z, #y chosen so that (W U W) N O(zg) = {zx}. We regard
W, W as identified (that is, in the ambient manifold.) Let K be an open neighborhood of
O(x ) which is the union of W U W together with an open neighborhood K of O(xH)
disjoint from W U W. We may suppose that K, W, W are chosen so that o(W) C K
(W) C K.
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From now on, we regard ® as defined on K with the understanding that if z € K then
®"(2) is defined provided that the iterates of z up to and including ®"(z) all lie in K.
Henceforth all our computations, perturbations and estimates will be done inside K. Of
course, everything translates back to the ambient manifold M.

W~

T

BN
W

Y L X5 (A, 0)
SRR, VERNY,

K

Y
N
K=K UW

FIGURE 1. Basic local setup near the ®-orbit of xy

4.2. Basic expansion and contraction rates. For the present we assume that ® is
linear when restricted to neighborhoods of p in E* and E*. This is a mild restriction —
if @ is sufficiently smooth only finitely many non-resonance conditions are required on
eigenvalues of D®(0)|E*, D®(0)|E* for linearizability. In particular, we do not make the
stronger requirement that ® is C*-linearizable at p. We indicate later (in §4.9) how we
can remove the assumption of linearizability on the invariant manifolds at the cost of
incurring some minor extra technical detail. However, including the detail at this point
would only serve to needlessly complicate our exposition.
Write 2y = A = (Ay,... ,As) € D, E,, ig =B = (By,... ,Br) e ®_,E,,.

Lemma 4.1. Let J be a pxp Jordan block over C with eigenvalue p # 0. Let [a;] denote
the matriz of J*, n € Z. Then

a; =0, > 7,

n .
- (j—i>l’"+’_7,i <j

In particular, given p, there exist C,c > 0, independent of n,1,j, such that for |n| > j—i,

cln =i p[" I < Jal| < Ol 7o, ne Z,1<i < j < p.
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Proof. The proof is elementary and omitted. O

For m > 0, we define

A™ = G™(A),
B™ = G;™(B).

u

We have lim,,,— ., A™, B™ = (.

Fix i € {1,...,5}. If A; =0, then A" =0, all m > 0. If A; # 0, write A" =
(A7, ..., A7) #0, m > 0. We may find p; € {2,...,p}, such that AP | # 0, m >0,
Al;=0,7 > pi, allm > 0. We similarly define positive integers g; for the BY* components.

Lemma 4.2. Let A; # 0 and define p; € {2,... ,p} as above. There exist m = m(i) > 0,
C,c > 0, such that for all n > m

1. A #0.
2. ClA > (, 1 ) [ AG allmal™ > o[ A%l G € {1,... ,pi = 1}.

Pi Pi

We have a similar result for the nonzero B; terms.

Proof. A straightforward application of Lemma 4.1. O

Remark 4.3. A consequence of Lemma 4.2 is that for large values of n, A}, is the dominant
termin A?. Indeed, it follows from Lemma 4.2 that we can choose ¢ > 0 so that for n > m,
| A5l /IAR] < en'™2.

Let & denote the set of eigenvalues y; for which A; # 0. We similarly define &Y.
Let ji be the largest value of |u;|, u; € £, and A™! be the largest value of \)\j_l\, Aj € EL.
We define

U = max(fi, A ).

We say there is a U-resonance if we can find 4,5 such that i = |u;], A\ = [A7!| and
Let C* C {1,...,S} consist of those ¢ for which u; € £ and |u;) = 1. Let p denote
the maximum of p;, ¢ € C*. Let 7 denote a value of ¢ for which p; = p and set a = p — 1.
Thus, AZ # 0, m > m(7), and, if |u;| = fi, then A =0, a > a. )
Let C* C {1,...,T} consist of those j for which u; € £ and [A;| = A. Let ¢ denote
the maximum of ¢; over 7 € C*. Just as above, we let 7, b denote the corresponding values
of j and ¢ — 1. In particular, B} #0, n > n(7)-
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Let o = min{—In |\, In ||}/ In ¥, If U = ||, define m(p, q) = ((p—1)a+q¢—1)/(1+a),
otherwise set m(p,q) = (p— 14+ (¢—1)a)/(1 4+ «). For N € N and 0 < r < 2, define
NP Lg¥N iU =p>A"1,
By ={ No1gh U =A"1>f,
Nmxp@)=lgN - f § = fj = A7
By = NPa) (\IJN)H%

B (Bn)" if a(r—1) <1,
Bn(r) = N(BN)T — Nt +1gN o f alr—1) =1,
Bn if a(r—1)>1
_J Bn if not W-resonant,
IN= 1 NP+te-1QN if Uoresonant

Remark 4.4. In the simplest case where G is semisimple and there is no W-resonance, we
have vy = By = UV, If G is semisimple and there is a W-resonance, we have Sy = UV
and vy = NU¥Y. We only need the terms By and By(r) when considering cocycles of
class C”, r < 2. Note that yy = Bn(2).

4.3. Technical lemmas. In this section we state, usually without proof, some useful
elementary lemmas.

Lemma 4.5. Given p > 0, there exists C > 0, independent of n, such that
Wl < CU2B,.
Lemma 4.6. Let p,q,m,m*, N € N. For x # 0, define
xw () = max((N — i —m*)P ||V (N —m — m*)|a|™), z # 1,
= (N —m—m* Pttt =1,

There exist constants ¢ = c(z,p,q),C = C(x,p,q) > 0, independent of N,m, m*, such
that given m,m*, we can choose N* € N such that for N > N*

N—m* _
n—m\[{—N-+n+m*
o=l 3 (") )o 12 cxnta)
n=m p q
with the proviso that if x = —1,p = q =0, then N — m* —m 1s even.

Proof. Suppose that z # 1. It is straightforward to verify that

3 R e Y

n=m p q plq! dzx dx 1—=x
The result in case x # £1 or x = —1,p + q¢ # 0 follows easily from this identity. If
p=q=0,z=—-1, and N —m* — m is even the result is easily verified by direct

computation. If z = 1, all terms have the same sign. Set m = m + m*. For sufficiently

large N, the absolute value of each of the approximately (N — m)/2 terms in the range

(N —m)/4] < n < 3[(N — m)/4] is bounded below by ((N — m)/4)?*%. The result

follows. U
As an immediate corollary of Lemma 4.6, or directly, we have
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Lemma 4.7. Let p € (0,1), p € N. There exists C = C(u,p) > 0, independent of N,
such that

N
Z (Z) w'Bn < CPBw.

n=0

4.4. Construction of a sequence of periodic points converging to zy. For N
sufficiently large, we will construct a sequence (py) C K of periodic points converging
to ry. The point py will be of prime period N. Our construction depends on the
construction of a pseudo-orbit followed by an application of the Anosov Closing Lemma.
We present the proof first on the basis of our assumption that ® is linear when restricted
to the stable and unstable manifolds of p. This assumption of linearizability is removed
in §4.9.

Since ® is C2, our assumption on the linearity of ® restricted to the stable and unstable
manifolds of p allows for nonlinearities of the form a;;(x,y)z;y;, where a;; is continuous.

Set & = (®,, P,). Since we are assuming |E* = G, ®|E* = G, it follows that on K
we may write

(4.6) ®,(x,y) = G,(x) + Z zy;0: (X, y),
(4.7) P, (x,y) = Guly) + Z ;Y515 (X, y),

where a;;, b;, are continuous.

Proposition 4.8. There exist N € N, C > 0, such that for N > N, there exists a point
pn € W of prime period N, such that if we set ®"(py) = py = (x",y"), then
1. x!

i = Ji(A) + Cpw.
2. yr = J'N(B;) + C7Bw.
3. (p}) C K.

where [|C}||,[|C}|| < C, alln € {0,... ,N}.

Proof. Given N > 0, define for n € {0,... ,N}, z" = (x",3"), where X! = J'(A;),
y? = J77V(Bj). Certainly there exists N > 0 such that for N > N, (z") is well-
defined as a subset of K. A routine computation, using Lemmas 4.7, 4.1 and (4.6,4.7),
shows that there exists C' > 0, independent of N, such that for all N > N we have
|®(z") — 2"+ < CBy. We give the computation in case the matrix G = D®(0) is
semisimple. Under this assumption, we have Z, = pj Ay, J, = )\Z_NBk and so, using (4.6),
we have

O(2"); = A+ Erijean(Z"),
Lk

O(z"); = XN By + Y dibu (7).
Lk
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Shrinking K if necessary, let C' = maxyy, ||aew|o, ||bex||o, where the C? norms are computed
on K. We have

Y Eeiean ()] < C A B[ A",
o o

< ! n\yN—n —
<C'DY WU, where D max ||| By,
Uk
<C'DUV 1,
Lk

< CUY < CiBw,
where C; is independent of N. We have a similar estimate on Zz,k ZoTrber(2"™). In case

n = N, we use the (smooth) identification between W and W and our estimates on
|12Y — Zgl|, |2° — zg]|, to deduce that ||z — 2°|| < CBy.

Since X is hyperbolic, we may now apply the Anosov Closing Lemma [15, §6.4] to deduce
that for a possibly larger value of N, there exists C' > 0, such that for N > N, there exists
a point py € W of prime period N such that forn € {0,... , N}, ||p%—2"|| < CCBy. O

Corollary 4.9. Given m € N, there exists C; > 0 such that for all N > N, n €
{0,...,m} we have

Ipy — A"l [lpy ™" — B"|| < C1fx-

Proof. When m = 0, the estimate follows with Cy = 2C by Proposition 4.8. For m > 0,
we obtain the result by applying the Mean Value Theorem to ®", ®" V. O

Remarks 4.10. (1) The extension of Proposition 4.8 to allow for the case where G has
complex eigenvalues is immediate — indeed, the formalism already allows for complex
eigenvalues.

(2) Since the original H-set X is locally maximal, the periodic points given by Proposi-
tion 4.8 lie in X.

(3) If we assume that ® is C'-linearizable at p, we can give somewhat sharper esti-
mates on p%. Specifically, in the linearizing coordinates, the relations ®(p%) = pi',
0 <n < N—1,imply that x7 = J*(A;+ CiBy), y7 = J (B, + C;Bx), where the con-
stants C;, C; are independent of n. It follows that if we define © = max(|us|, |Ar|™") +¢,
where ¢ > 0 is chosen sufficiently small so that ©® < 1, then we can write

xP = JP(A) + CrO" By, yi=J7 N (B;) + CrON " By.

If ® is C2%-linearizable at p, then these estimates yield simpler proofs of some of our lemmas
(notably Lemmas 4.13 and 4.14). However, the results of these lemmas may fail if ® is not
C?-linearizable at p, and the full proof of Theorem 2.9 requires some special arguments
to take account of this. For ease of exposition, we assume C?-linearizability wherever it
is helpful to do so, and sketch the general case at the end of this section, see §4.9.

Remark 4.11. From now on we identify a neighborhood U of the closure of the homoclinic
orbit of z in M with K UW in R".

Therefore, functions F' defined on R" induce functions on U C M through their restric-
tion F|(K UW). When we compute the average of F', we use the representatives of py
and zg situated in W, that is, near (A, 0).
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4.5. Upper bounds. We continue to assume that that ® is linear when restricted to the
local stable and unstable manifolds at p — (this assumption is relaxed in §4.9). Through-
out this and the following subsection ‘c’, ‘C” will always denote constants independent of
N > N and cocycles F'.

Let (px)ns>y be the sequence of periodic points given by Proposition 4.8. Recall that
we defined Ay(F) = Av(F,zy) — Av(F,py) in §3.
Lemma 4.12. Let r > 2. There exists C > 0 such that if F € C"(R™,R) with F(0) =0
and DF(0) = 0, then

|An(F)| < Cyyl||F||l2 for all N > N.

Proof. We assume that G = D®(0) is semisimple with real eigenvalues. In particular,
By = UV and either vy = U or yy = NU¥Y (U-resonance). The proof in the case when
G has complex eigenvalues or is non-semisimple is essentially the same, just longer (note
that when we consider the more difficult problem of finding lower bounds we do allow for

the non-semisimple case).
It follows from Taylor’s theorem that we may write

= miLi(z) + > zyMi(z,y +Z?/zNz
i 0

where L;, N, are C! and vanish at the origin, and M;, is continuous.
We start by estimating the second term in this sum. We have Av(x;y,M;s, xg) = 0 and
so it suffices to estimate Av(z;yeM;, py). We have

N-1

Av(ziyeMie, )| = [ D #fyp Mic(P) |,
n=0

< Micllo] Y (17 As + ¢ Bn) (N N By + ¢p By

N-1
< [Micllo] Y s NeAT N AiBe + ea B (lial™ + (A" ™) + 283,

n=0
< || Mielof| Zw" 7 4By + |cl ).

If u;A¢ #1 and we ignore trivial cases where A; B, = 0, then
|wa - "Z H| < Y = e = o

If /j,z)\g =1, then SV AN = NATY. In case [A|~! = U we have the estimate
| SN 2 A A Y| < eNUN, otherwise we bound by ¢¥. Using our estimates, it follows
that \Av(azzngw,pNﬂ < c||Mw||0'yN, hence

|Av(z;yeMio, PN )| < cyn | F]2-

Summing over 7, £, we obtain the required estimate.
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We conclude by estimating the first sum. We have
N-1

An(miLi) < 1 (uf Ai + & By) Li(pP A + 7 B) — A)| + Z | Ai L (1 Ay)],

3
o

=2
—

<IN (A + FBN) (Li(pd As) + cl| Ll By) — 1 ALy (1 As) | + c| Ai|[ N[ Lo,

< c||Lill1Bn < || Fll2vw,
where we have used |L;(ul' A;)| < ||Lg||1|p As]- O

(=]

Lemma 4.13. Fiz r > 0. Assume that ® is C?-linearizable at p if r > 2. There exists
C > 0, such that for all F € C"(R™,R) with F(0) = 0 we have

(1) if0<r<2,
|An(F)| < CBx(r)||F|l, for all N > N.
(2) If r > 2,
|An(F)| < Cyn||Fll2 for all N > N.
Proof. First of all we take r > 2. Again, we give the details only for the case when G is
semisimple and eigenvalues are real. Without loss of generality, we may make a prelim-

inary C?-linearizing change of coordinates. Since F' is C?, we may find a; € C'(E*,R),
b; € C*(E*,R) and H;; € C°(R™,R) such that

S T s T
= Z zia;(x) + Z y;b;(y) + Z inyjHij(xa y)-
Py =1 i=1 j=1

It follows from Lemma 4.12 that we can reduce to the case where

s T
(4.8) F(x,y) =Y _ma;+ Y ybj,
i=1 j=1

and a;,b; € R. It follows from Proposition 4.8 and Remark 4.10(3) that 2} = A;u +
A'O"UN 1 <4 < S, where the (c) are uniformly bounded and 0 < © < 1. Fixing 7, we

(]

have |Ay(z;a;)| < Ey + Es, where

By =Y (WA + "IN )a; — il Asas|, o= pl Asail.
=N

Estimates on Fi, Ey are trivial if A; = 0. Therefore, we suppose in what follows that
A; # 0 and so |u;| < . Then
N-1
By = lai|| Y 0" UN < || Fll;¥" < eyw|Fl2,
n=0

o0
By =) piAsa; | < clas|lml™ < evn || Flle.
n=N
Summing over i, we have shown |Ay(z;a;)| < cyn||F||2. A completely analogous argu-
ment handles the term Z;‘.FZI y;b;
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It remains to consider what happens if 0 < r < 2 (still assuming that ® is linear
restricted to the stable and unstable manifolds of p.) We allow for i and A to be non-
simple eigenvalues.

On K UW we may write F(z,y) = L(z) + M(y) + H(z,y), where L(z) = F(z,0),
M(y) = F(0,y) and H(z,y) = F(z,y) — L(z) — M(y). Necessarily, H vanishes on E*, E*
in KUW. If0 < r < 1, then we may use the obvious Holder estimates on L and
the estimates of Proposition 4.8 to show that |Ax(L)| < ¢Bn(r)||L||,. Similarly for M.
This leaves the term H(z,y). Since Av(H,zy) = 0, we must estimate |Av(H, py)|. For
0 <n < N, we may write H(p%) = H(p%) — H(x%) = H(p%) — H(y%). We have the
estimates

[H(px) — HER)| < | Hlyx " [HpR) = Hy)| < [|H] =]

In order to get the optimal estimate, we switch from z- to y-coordinates at the value N,
of n for which ||x% || = ||[y%||- A straightforward computation shows that if ¥ = ji then

N —¢InN
S - 22T o),

l1+a 14+alhV¥
where o = min{—In |A|,In ||}/ In¥. Tt follows easily that we can choose © € (¥, 1) and
a constant C' > 0 such that ||x%] < CO"By, n > N., We have a similar estimate on
ly%|l, » < N.. This suffices to obtain the estimate |Av(H,py)| < c¢Bn(r)||H||,. The
analysis in case ¥ = A~! is similar.

Finally suppose r € (1,2). We write F' = L+ M + H as before and assume ¥ = fi. The
estimates on L and M are straightforward and we omit details. It remains to consider
the term H(z,y). Noting that H vanishes on the z- and y-axes, and applying Taylor’s
theorem with integral remainder, we have

(4.9) N, =

H(z,y) = D,H(x,0)(y)+ / D, H (x,ty) — Dy (2, 0)|(y) dt = A(x)(y) + L (. ),

= DwH(Oyy)(x)Jr/O [DyH (tz,y) — Dy(0,9)](x) dt = B(y)(z) + L(x,y),

where A(z), B(y) are linear maps depending C"~' on z and y respectively, The inte-
gral terms are estimated by [Iy(z,y)| < [[H||.[|lyl]", and [L(z,y)| < [[H||.[|lz||". Since
A and B vanish at the origin, we also have the estimates |A(z)(y)| < ||H||-||lz|"~ |yl
and |B(y)(x)| < ||H||-llyl|"*|z||. Just as in the first part of the proof, we switch
from one expansion to the other at n = N,, and bound using the above estimates on
I (z,9)], | I2(z,y)], |A(z)(y)| and |B(y)(z)|. The sum of the ||z||||y||"~* terms involves the
exponent n(1 — a(r —1)), its sign determines the three possible outcomes in the definition
of B (r). We omit the straightforward details. O

4.6. Lower bounds for functions in the class C",r > 2. We continue to assume
that that & is linear when restricted to the local stable and unstable manifolds at p. In
this subsection we construct an explicit C* cocycle F' for which |Ayx(F)| decays at the
slowest possible rate for C? functions. (The lower bound obtained in this subsection is
not optimal when 7 < 2.)
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Lemma 4.14. Let D C K be an open neighborhood of p. There exists F' € C°(R™, R)
with supp(F') C D and C > 0 such that for infinitely many values of N we have

[An(F)[ = Cyw.

Proof. For the proof we assume the notation of §4.2. Let m, m* € N and define O*(zg) =
{®"(zg) | n € (—m*,m)} and O, (zy) = O(xg) \ O*(xg). For m, m* sufficiently large,
we may choose disjoint compact neighborhoods Uy, Vi, of O,,(z5), O*(xg) respectively
so that U, C D, V;, ¢ K \ D. We remark that having chosen m,m*, we can find
N* = N(m,m*) > N such that for all N > N*, p% € Uy, n ¢ (—m*,m), and p% € V,,,
n € (—m*,m). In the sequel we shall assume this without further comment.

Define F' = Fy, ;e € C°(R™,R) by

F(x,y)=0, (x,y)¢ D,
= Tal¥Yn, (X7 Y) € Um

We show that we can choose m, m* so that I satisfies the conditions of the Lemma.

Although in the proof we allow G to have non-trivial Jordan blocks, we simplify a
little by assuming that the dominant eigenvalues y1 = pz, A = A; are real. (If dominant
eigenvalues are complex, we work with a C-valued cocycle F' and obtain the required
estimates by taking the real part of F').

Since F vanishes identically on E¢, E¢, it follows that it suffices to find C' > 0, N > N,
m € N such that for N > N

|Av(F,px) | = Cyw-
As usual, we write p%, = (x",y") and set x" = (x7,...,x%), y" = (y7,...,y?). We need
to compute the 7, 1-component of G"(x°) and the 7, 1-component of G"(y®), 0 <n < N.
Set = piz, A = A; and m = m(z) > 0. We have
X;ﬁ = A;ﬂ + C;ﬁ/BNa
where ||C?*|| < C, independent of m,n, N, and A # 0, for all n > m. (In future we

drop the sub- and superscripts from the constants CI".) It follows from Lemma 4.1 and
the definition of p that for N > n > m, we have

V4 —
no_ n—m ntl—i—m gm |
Xn zzzl:(z_l>u’ i+ BN’
= E| + E,

where (Lemma 4.2)

(4.10) | A7 > Clul™,

and C' is independent of m. It follows from our choice of m = m(z), that AT # 0 and
hence the dominant term in the sum for £} is A7, (pﬁl)u?l*p . Increasing m if necessary,
it follows from the estimates of Lemma 4.1 that for m < n < N,

n—m

El — Azﬁ @fﬁz+1fp 1 kn
1 p (p -1 >,uz ( + )7

where |k,| < 0.1. Notice that we only improve this estimate if we further increase m —
working always within the requirement that m < n < N.
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On the other hand, for all m <n < N, |E}| is bounded above by C'Sy. Combining our
estimates for Ef, E}, it follows that for m < n < N we have

—(n—m a1l
Xy = Agg(])— 1 )lu:l e "(1+ kn) + OB
We may similarly choose m* € N such that for 0 <n < N —m*
«f(—N+n+m*
Y = P ( q—1
where |k%| < 0.1. Again, we only improve estimates by increasing m*. We also have the
estimate

(4.11) By > CYA

))\N+n+m*—q+1(1 + k‘;:) + C*ﬂN;

Increasing m, m* will not change any of the previous estimates as all constants C, C*
are independent of m, m*.

Set K* = A;gB]’Z # 0. Noting our definition of F, »,+, and relabeling the error terms

k, k*, we see that

AV( mm*va Z leyjlv

= El + E2 + E3 + E4 Where,

N—m*
— 7 _N * _ *
E, = K* Z (n Tln>< +m +7"L>’un+1mp)\N+m —|—nfq—|—1(1 + k(1 —{—k;),
n=m p=

qg—1
N—m*
DRSS (02T e k),
* iy _N+m*+n —N+m*+n—q+1 *
B4 < (C1AT T (1452,

|Ea| < |C|C*|BY-

Suppose first that we are in the non-resonant case and G = D®(0) is semisimple.
Without loss of generality, we take ¥ = |A|7' > |u| and so [Ap| < 1 (if A\u = —1, we take
N —m—m* to be even). It follows from (4.10,4.11) that |K*| > C|A\|™™" |u|™. Substituting
in our expression for Fj, it follows (since |[Au| < 1) that

|Br| > @ [ Aul™,
where ¢ > 0 is independent of m, N. On the other hand, for large enough /N, we find that
|Ey| < Co|A7™ W,
| Bs| < Cs|u|™0¥,

where C1, Cs are independent of m, m*, for large enough N. Since |Ap| > ||, it is obvious
that |Ey| > |Es| for sufficiently large m. Fix such an m. Now choose m* large enough so
that C3|A\|™™ < ¢|Au|™. Hence |E;| dominates |F,| and | Es.
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Since |E1| obviously dominates |Ey| (Lemma 4.5), it follows that we can choose m, m*,
C > 0, so that for all sufficiently large N we have |Av(Fj, e, py)| > CUY (note that if
Ap =1, we choose the parity of N so that the E; sum is nonvanishing!).

The proof in the resonant case is similar, the main difference being the appearance of
the factor N — m — m* in the sum for Ej.

There remains the case when G is not semisimple. There are three cases to consider (1)
U= |u|, uA # 1, (2) ¥ = |A|7L, pA # 1, and (3) A = 1. We consider case (1). (Details
for the other cases are similar — simpler for the W-resonant case — and make essential use
of Lemma 4.6). Suppose then that ¥ = |u| and [Ap| > 1. We have vy = By = NP 1OV
where p > 2. Estimating E;, Es, E3, using Lemma 4.6, we find constants ¢, ¢, Cy, C5 > 0,
independent of m, m* and sufficiently large N, such that

|B1] 2 e(N —m = m*)P N Al ™™ > B Al
|E2| < Ca|A|™™ By,
| B3| < Ca(N —m —m*)" ™ < Ca|Bn|al™
First we choose m* sufficiently large so that |Es| < |Ey| for large N. Then fix m* and

choose m sufficiently large so that |Es| < |E4| for large N. Since |E;| dominates |Ey4| for
large N (Lemma 4.5), the result follows. O

4.7. Lower bounds for functions in the class C",r < 2. In this subsection, for each
r € (0,2) we construct an explicit C" cocycle P, for which |Ay(P,)| decays at the slowest
possible rate for C" functions. We continue to assume that ® is linear on the stable and
unstable manifolds through p.

Lemma 4.15. Let r € (0,2). Let D C K be an open neighborhood of p. There ezists
P, € C"(R™,R) \ Uy, C*(R™,R) and C = C, > 0 such that supp(P,) C D and for
infinitely many values of N we have

(AN ()| > CBw (7).

Proof. We shall also take D = K — the construction for general D is analogous to that
of Lemma 4.14.
Let r € (0,2). Define P, : R™"—=R by

P’I‘(Xay) = 07 (X7Y) ¢ Ka or rs = yYr = 0)
= .’IlsyT/(x%' + y’%)liga (X7 Y) € K.

It is easy to verify that P, is of class C", r € (0,2). We claim that |Ax(P,)| > CBn (7).
Since P, vanishes on the orbit of zg, it suffices to estimate |Av(P,., py)|-

Without loss of generality, suppose that ¥ = |ug| > |A\7'|. Let a = In|Ap|7*/In 0.
For simplicity we assume that both pus and Ar are real, positive, and have algebraic
multiplicity one. Details are similar in the general case. Estimating the sum, we find that

N-1

AV(P,p)] = (C+0(1)) 3

n=0

gn ‘I/a(N—n)
(a\IJQn + b\I;Qa(N—n))l—'r/Q ’

where C,a,b > 0. Estimating the term with n = N, (see equation (4.9) in the proof of
Lemma 4.13) shows that [Av(P,, px)| is at least of order (¥N)"t+a = (By)", which proves
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the claim for 1 — «a(r — 1) > 0. To deal with the general case, break up the sum at N,
factor out the leading term in the denominators, and compute the two sums. O

4.8. Proof of Theorem 2.9. For » > 2 and C? linearizable ®, Theorem 2.9 follows
immediately from the next result.

Lemma 4.16. Suppose that ® is C?-linearizable at p. Let v > 2 and let B = B"(U,R),
L = L"(U,R). Let D* C U be a neighborhood of the closure of the ®-orbit of xy and
D C D* be a neighborhood of p. Let F' be the cocycle supported in D that was constructed
i Lemma 4.14. Then

1. F¢ B+ L.
2. There is a C* neighborhood W of F in C"(U,R) such that F' ¢ B+ L, F' € W.
3. If H € C"(U,R) has supp(H)ND* =0, then '+ H¢ B+ L, F' ¢ W.

Proof. Choose F' as in Lemma 4.14. Then there exists a constant C; > 0 such that
|An(F)| > Cyyn for all sufficiently large N (in the case Ay = —1, p = ¢ = 1, N will either
be odd or even). In particular, Ax(F) is not eventually zero, so by (3.4) F ¢ B+ L.

Now, let g € C"(U,R) and choose g so that ||g||2 < C1/2C5 where C is the constant in
Lemma 4.13. It follows that

C
(4.12) [An(F +9)| > j%v-

Again, F + g ¢ B+ L, proving statements (1,2) of the lemma. The final statement follows
since Av(H,zg) = 0 and Av(H, py) = 0 for sufficiently large N. This concludes the proof
of Lemma 4.16. U

Remark 4.17. If r € (0,2) and @ is linear on the stable and unstable manifolds through
p, then Lemma 4.16 remains true with the proviso that the neighborhood W is now C"-
open and we no longer require the C%-linearizability of ® at p. The proof follows that of
Lemma 4.16 except that we use Lemma 4.15 instead of Lemma 4.14, and P, instead of F.

4.9. The nonlinearizable case. We conclude this section by sketching the approach we
follow in the case when ® is not C?-linearizable. We begin by supposing that ® is linear
at least on the local and unstable manifolds of p. Hence we may assume the notation
and results of §4.2. We may suppose that » > 2, since the case r < 2 did not require C?
linearizability.

We start by noting that Lemmas 4.12 and 4.14 hold without the assumption of C2-
linearizability. We now distinguish two cases: (a) yy = %, and (b) yy = N°IV, v > 1.

Suppose that case (a) holds. First we establish upper bounds. By Lemma 4.12, we
can reduce to the case when F' has only linear constant coefficient terms. Without loss of
generality, suppose that F(x,y) = x;, 1 < S.

We have
N-1 [ele]
[An ()| =D (1 Ai + CPUN — i Aj) + ) - i A,
n=0 n=N
N-1 o]
=Y CpuN 4> A = 1oV,
n=0 n=N
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where
N-1 00 N-1

(4.13) =1 Cr+ TNt Al =) Crl+0(1).
n=0 n=N n=0

Similarly,

[An(y))| =iy TN 1< <T.

Since the constants C7' are uniformly bounded, the TZ é\lf grow at most linearly in N.

If the sequences (7'; f\’,‘ ) are all bounded, then the estimates of Lemma 4.13 apply and we

proceed as before. Otherwise, choose an unbounded sequence, say (77 y), which dominates
the other (1y) values (that is, 7y = max{7}y | w € {u, s}, £}) for infinitely many values
of N, and along this subsequence 77y — co. In order to prove Lemma 4.16, we start with
a cocycle F' based on the function z; (instead of the one provided by Lemma 4.14), and
conclude that the inequality (4.12) again holds for infinitely many values of N.

Next we consider case (b), again under the assumption that @ is linear on the invariant
manifolds through p. If we have a W-resonance, then Lemma 4.13 holds without the
assumption of C%-linearizability (the extra factor N that suffices to bound the contribution
of the linear part of F' is still superseded by yy). Hence Lemma 4.14 gives us an optimal
lower bound and all goes through as before. If there is no W-resonance, then we must

introduce the sequences (rjf&‘) as in case (a). In this case we will have |Ay(z;)| = 77y B,

i < S, [An(y;)| = 7j'nBn, § < T. If all the (Tjé\?) sequences are bounded, the estimates
of Lemma 4.13 apply. Otherwise, we modify the proof of Lemma 4.16 as discussed for
case (a).

Finally, we consider the extension of Proposition 4.8 to the case when & is not linear
on the local stable and unstable manifolds of p. The arguments we present also apply to
the proofs of Lemmas 4.12 — 4.15.

We continue to assume ® is C2. The first problem is to identify the dominant eigenvalues
for the homoclinic orbit — that is, to define the sets £/*. For m € N, define A™ = &™(A),
B™ = &™(B). Noting that a weakest contracting eigenvalue is us, we may write

(4.14) (I)S(X)S = Joxs + gs(x),

where Js is a Jordan block with eigenvalue ps and gs is C?. Since |us| is maximal among
the contracting eigenvalues there are no resonances of the form pg = Iy". It follows from
a parametrized version of a theorem of Sternberg [25, §5] that there is a C? change of
coordinates on E* which linearizes (4.14) (for the convenience of the reader, we give details
in an appendix at the end of the paper). In the new coordinates we have ®;(x)s = JsXs.

We may repeat this linearization for all contracting eigenvalues p; with |u;| = |us|. Either
it is the case that for all of these weakest eigenvalues, say u;, S >4 > ¢, A; = 0, or not. In
the first case, we observe that xg = 0,...,x, = 0 defines a ®,-invariant linear subspace

V of E*. We now restrict attention to ®,|V and repeat the linearization process. Observe
that there are no resonance problems. In this way, we identify a weakest contraction
associated to the homoclinic orbit. Associated to fi will be a ®,-invariant subspace V*
of E*. Components of ®,|V* associated to u; with |u;| = |u| will be linearizable. The
same process works for ®,|E*. This gives us sufficient information to define the rates
Bn,Yn- The proof of Proposition 4.8 now goes through much as before — the fact that
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components of ®,|V*, @, V" associated to the dominant eigenvalues are linear allows us to
push through all of the estimates without difficulty. Although we do not spell out all the
details, this representation of ® suffices to establish the upper and lower bounds proved
previously. The basic idea is that components associated to eigenvalues stronger than the
dominant eigenvalues can be dominated by linear maps (weaken eigenvalues slightly).

5. A THIRD PROOF OF THE PARRY-POLLICOTT THEOREM

In §3, we gave a new proof of the theorem of Parry & Pollicott [23] on the genericity of
C*-stability of Holder cocycles. This proof did not require transfer operator techniques.
We now briefly sketch a further proof that avoids any direct consideration of symbolic
dynamics.

We continue with the notational conventions of §3.2. Suppose that X C {1,... ,n}%
is an (abstract) transitive subshift of finite type. Given 6 € (0,1), let d(z,y) denote
the associated metric on X and Fy(X) be the Banach space consisting of all Lipschitz
functions f : X —R for this metric. It follows from a theorem of Williams [26], that X can
be represented as a hyperbolic basic set X in the spectral decomposition of a structurally
stable diffeomorphism F of S3. Indeed, we can require that the Q-set of F' will consist of
two hyperbolic fixed points, one attracting and one repelling, X and a further hyperbolic
basic set Y, where Y is conjugate to the SSFT ‘dual’ to X. Williams’ construction is
quite elementary and all but the final step (adding a repelling hyperbolic fixed point at
00), is carried out in R®. In particular, we may construct F so that there is a cover of
X C S® by n open neighborhoods U; such that the restriction of F|U; is affine linear,
say F|U; = A;x + b;. Further, if we choose p € (0, 1) sufficiently small, we may require
that each linear map A; is semisimple with a double contracting eigenvalue p and a single
expanding eigenvalue p~!. We choose a Riemannian metric on S® which coincides with
the usual Euclidean metric on R® on a neighborhood of X. In this situation, the natural
conjugacy between X and X is a local isometry if we choose § = u. Moreover, Holder
cocycles of class C* on X (C* with respect to the Riemannian metric on S?), correspond
exactly to cocycles in Fya (X). Hence we can apply Theorem 2.9 in case a € (0,1], to
deduce the Fya genericity of stable cocycles for all o € (0,1]. Since this result holds for
all sufficiently small o, we obtain the genericity of stability for all # € (0,1).

6. TRANSITIVITY AND ERGODICITY OF COMPACT GROUP EXTENSIONS

In this section, we prove Theorems 1.3 and 1.5.

Suppose that X C M is a hyperbolic basic set for the C'-diffeomorphism ® : M— M.
Let 4 be an equilibrium state on X. Let G be a compact connected Lie group with Haar
measure h and define the product measure ux hon X xG. Let f € C"(M,G), r > 0. By
Keynes & Newton [16] and Liv§ic regularity, a necessary and sufficient condition for the
non-ergodicity of the skew extension ®; : X x G—X x G is that there exists a nontrivial
irreducible unitary representation R of G' on C? for some d > 1 and a continuous function
w : X—S8%~1 such that

(6.15) R(f) 'w=wo®.

Here, 524! denotes the unit sphere in C¢.
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Proposition 6.1. Let X C M be a hyperbolic basic set and p be an equilibrium state on
X. If feC"(M,G), r >0, then
1. @ : X x G—=X x G 1is ergodic if and only if ®¢ is transitive.
2. If Z C X is a locally mazimal subshift of finite type and ®¢|Z x G is transitive, then
®;: X x G=X x G is ergodic.

Proof. (1) Suppose that ®; is not ergodic, then (6.15) has a continuous solution, w :
X—S5%4"1 The map W : X x G—52?"! defined by W(z, g) = R(g)w(z) is then a non-
constant ®¢-invariant continuous function on X x G. Hence ®; cannot be transitive. The
converse is trivial.

(2) Assume by contradiction that ®; : X x G—X x G is not ergodic. Then (6.15) has
a continuous solution w : X—S2~1. Restricting this solution to Z, we conclude, as in
(1), that ®¢|Z x G is not transitive, a contradiction. O

Proposition 6.2. Let X C M be a locally mazimal subshift of finite type for the C?-
diffeomorphism ®. Let i be an equilibrium state on X.

Let r > 0. Then there exists a C"-open and dense subset W, of the set of C™ cocycles
C"(X, Q) such that ®¢ : A x G—=X x G is ergodic for all f € W,. Moreover, if r > 2,
then W, is C?-open in C"(X,G).

Proof. By Field and Parry [14] it suffices to consider the case of toral extensions G = K™.
The result follows from Theorem 2.9, Lemmas 2.7, 2.10, and the discussion of §2.3. [

Theorem 6.3. Let X C M be a hyperbolic basic set for the C?-diffeomorphism ®. Sup-
pose that p is an equilibrium state on X.

Let r > 0. Then there exists a C"-open and dense subset W, of C"(X,G) such that
O, : X x G=X x G is ergodic for all f € W,. Moreover, if r > 2, then W, is C*-open
in C"(X,G).

Proof. Transverse homoclinic points are dense in X, so by Smale’s theorem 2.1, we can find
an H-set Z C X. It follows from Proposition 6.2 that there exists a C"-open and dense
subset W, of C"(X, G) such that ®¢|Z x G is ergodic for all f € W,. By Proposition 6.1,
®;: X x G—X x G is ergodic for all f € W,. The fact that W, is C*-open in C" (X, G),
r > 2, follows from Proposition 6.2. O

Remark 6.4. The proof of Theorem 6.3 does not rely heavily on the fact that X is a
hyperbolic basic set. In fact, the only properties of X that we require are

(a) X is a locally maximal invariant set with ergodic measure p,

(b) X contains a transverse homoclinic orbit for a hyperbolic periodic point, and

(c) Livsic regularity theorems hold on X. Specifically, given a compact connected Lie
group G, we require that for each irreducible unitary representation R of GG, every
measurable solution w to the equation R(f)™*w = w o ® has a continuous version.

In our proof of Theorem 6.3, we made use of the theorem of Keynes & Newton. In some
situations, we have to use a different version of this theorem — for example, in the analysis
of partially hyperbolic basic sets [12] where we cannot use the strategy of [14] to reduce
to the case where (G is either abelian or semisimple. It is then sometimes worthwhile
using a slightly different argument based on maximal transitivity components [8]. We
conclude the section by briefly summarizing the main ideas (for more details, presented
in the context of partially hyperbolic dynamics, see [12]).
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We continue to assume that X is a hyperbolic basic set with equilibrium state pu. Let
f € C"(X,G). It follows from Keynes & Newton [16] that the skew extension ®; :
X X G—X x G is p x h ergodic if and only if for every non-trivial irreducible unitary
representation p : G—=U(d) of G, every p x h-measurable ®-invariant and G-equivariant
map w : X x G—C% is zero (ae). It follows by Livsic regularity [12, §7], that every
measurable ® ¢-invariant G-equivariant map w : X x G—C? has a continuous realization.
It follows in the usual way that ® is ergodic if and only if ® is transitive.

Let € X have dense ®-orbit in X. For any g € G, the closure T'(z, g) of the ®-orbit
through (z, g) projects onto all of X. We say T'(x, g) is a maximal transitivity component
for @ if whenever T'(z',¢')NT(z,g) # 0, then T(z', ¢') C T(z, g). If T(z, g) is a maximal
transitivity component, it is easy to see that P = {T'(z,g) | ¢ € G} defines a partition
of X x G and that G acts on P (hT(z,g) = T(x,hg), h € G). The general question of
when maximal transitivity components exist is difficult (Zorn’s Lemma implies that every
transitive set is contained in a maximal transitive set. However, maximal transitive sets
may not be disjoint). However, transitivity components do exist for skew and principal
extensions over hyperbolic basic sets (Brin [8]) and also for certain classes of partially
hyperbolic basic sets [12, §7].

We have the following useful sufficient condition for transitivity.

Lemma 6.5. Suppose that P = {T(z,g9) | g € G} is a partition of X x G into maximal
transitivity components. Then @ will be transitive if we can find a ®-invariant closed
subset Z of X such that ®¢|Z x G is transitive.

Proof. Suppose ®¢|Z x G is transitive. It follows that there exists (z,7) € Z x G such
that the ®;-orbit of (z,7) is dense in Z x G. For some h € G, (2,h) € T(z, g). Hence,
T(x,9) D O(z,h) = Z x G. Therefore yT'(z,g) N T(z,g) # 0, all v € G and so T(z, g) =
X x G, O

We may now use Lemma 6.5 and Proposition 6.2 to prove genericity of stable ergodicity.

7. TRANSITIVITY OF R™-EXTENSIONS

In this section, we prove Theorem 1.7.

Suppose that ® : X —X is a transitive Anosov diffeomorphism. Nitica and Pollicott [19]
showed that under a cohomological condition (valid for all known cases) there exist C*
cocycles f : X—R™ such that ®; : X x R™"—X x R™ is C° stably transitive (that is,
®; is transitive for all f’ sufficiently C° close to f). Previously, in [18], it was proved
that Euclidean group extensions X x SE(m) are transitive for a C”" open and dense set
of C" cocycles f : X—SE(m) provided m > 4 is even. The result of [18] holds for any
hyperbolic basic set X. Density of transitive extensions clearly fails for the group R™.

In this section, we show how to extend the result of Niticd and Pollicott [19] to R™
extensions of arbitrary hyperbolic basic sets. We recover the full strength of their result
for hyperbolic attractors. In general, we obtain C? stable transitivity.

First, we recall some definitions from [19]. Let ® : X— X be a hyperbolic basic set and
f+ X—=R™ a Hélder cocycle. Define the skew-extension ®; : X x R™—X x R™. Write
fn = Z;:& f o ® and define the periodic data L; C R™ to be Ly = {f.(z) | "z = z}.
Let G be the subgroup of R™ generated by L£;. The cocycle f satisfies the separating
condition if Ly is not contained on one side of a hyperplane through 0 in R". The
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separating condition guarantees that the closure of Gy coincides with the closure of the
subsemigroup generated by L. Let 8" denote the set of C” cocycles f € C"(X,R™) that
satisfy the separating condition. Note that 8" is an open and nonempty (but not dense)
subset of C"(X,R™). Moreover, it follows from Bousch [4] that ®; is not transitive unless
fes .

We can now state the main result of this section.

Theorem 7.1. Let X C M be a hyperbolic basic set for the C?*-diffeomorphism ®. Letr >
0. Then there exists a C" open and dense subset W C 8" such that @5 : X xR"—X xR™
is transitive for all f € W. Moreover, if r > 2, then W is C? open in S". If X is an
attractor, then W is C° open in S".

We require the following lemma.

Lemma 7.2 ([19]). Let X be a hyperbolic basic set and f € 8" for some r > 0. Suppose
that Gy is dense in R™. Then @5 : X x R"—=X x R™ s transitive.

Given f = (f',...,f™) : X—=R™ we define F = (F',... ,F™) : X—K™ by setting
Fi = exp(2mf7).

Theorem 7.3. Let X be a hyperbolic basic set for the C*-diffeomorphism ®. Let r > 0
and suppose that f € S". Then ®;: X x R"—=X x R™ is C" stably transitive if and only
if ®p: X x K™"—=X x K™ is C" stably transitive.

Proof. Tt is immediate that transitivity of ®; implies transitivity of ®p. If ®z is not
stably transitive, then there is an F, C" close to F, such that @ 7 1s not transitive. Since
sufficiently small perturbations are C" homotopic to the identity, F' : X—K™ lifts to
f: X>R™ O close to f and ®; is not transitive so that ®; is not stably transitive.
Hence stable transitivity of ®; implies stable transitivity of ®p.

Next, we prove the converse direction. Suppose that @5 is stably transitive. It suffices
to show that ®; is transitive. By Lemma 7.2, it suffices to show that G; is dense in
R™. If not, then L; lies in a subgroup isomorphic to R™ ! x Z. Hence there exists a
nonzero k € R™ such that exp(2mik - £) =1 for all £ € L. Choose A € GL(m) near the
identity so that k¥’ = A"k € Q™. Then f = Af is C" close to f and has the property that
exp(2mik’ - £) =1 for all £ € L. Define k" € Z™ by clearing denominators in &'. Then

(7.16) exp(2mik” - f,(z)) = 1 whenever ®"z = .

Let F be the K™ cocycle corresponding to f and define g = (F1)* ... (F™)kn . XK.
Since k" € Z™, the map g is well-defined. Moreover, (7.16) becomes the statement that
if @'z = z, then g(z)g(®z)---g(®"'z) = 1. By the Livsic periodic point theorem,
g=Go®G™! for some G : X—K measurable (even Holder). That is,

(FY¥ . (F™)fmG = G o @.
It is immediate from Keynes and Newton [16] that @ is not ergodic, and hence (by Livsic

regularity) not transitive. Thus @ is a nontransitive K™-extension C" close to ®r which
is the desired contradiction. O

Remark 7.4. We have proved the equivalence of stable transitivity for R™ and K™ exten-
sions. The corresponding equivalence for transitivity is false.
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Proof of Theorem 7.1 It follows from Theorem 7.3 that a R™ extension satisfying the
separating condition is stably transitive precisely when the corresponding K™ extension
is stably transitive. Now apply Theorem 6.3. O

8. MIXING FOR SUSPENSION FLOWS

In this section, we prove Theorem 1.9.

Let & : X—X be a hyperbolic basic set. A C" function f : X—R is called a roof
function if f is strictly positive. We let R" denote the space of C" roof functions.

Given a roof function f, we define the suspension X/ = {(x,u) € X x[0,00)}/ ~ where
(z, f(z)) ~ (®z,0) and define the suspension flow ® : X=X by &f (z,u) = (z,u +t)
computed subject to identifications.

We fix an equilibrium state on Xf. However, since mixing is independent of the equi-
librium state chosen and is equivalent to both weak mixing and topological weak mixing
(see Remarks 1.11), we shall suppress the measure in what follows and usually just refer
to “mixing”.

We now state the main result of this section.

Theorem 8.1. Let X C M be a hyperbolic basic set for the C?*-diffeomorphism ®. Let
r > 0. Then there exists a C" open and dense subset W C R" of roof functions such that
the suspension flow @{ : XF =X/ is mizing for all f € W. Moreover, if r > 2, then W is
C? open in R". If X is an attractor, then W is C° open in R".

Given the roof function f : X—R, we define the K-cocycle F' : X—K by setting
F = exp(2mif).

Theorem 8.2. Let X be a hyperbolic basic set for the C*-diffeomorphism ®. Let r > 0
and suppose that f € R". Then @{ : XF X1 is C7 stably mizing if and only if the circle
extension ®p : X X K—=X x K s C" stably transitive.

Proof. Recall from §2.3 that & : X x K—X X K fails to be transitive if and only if there
exists an integer ¢ # 0 and a continuous function w : X —K such that

wo ® = wexp(2milf).

On the other hand, the suspension flow (I>§c : X¥ X/ fails to be weak mixing if and only
if there exists a real number a # 0 and a continuous function w : X —K such that

wo® = wexp(2maf),

see [21, Proposition 6.2].

It is immediate that weak mixing for CD{ implies transitivity for ®r. If & is not
stably transitive, then there is an F', C" close to F, such that ® 7 1s not transitive. Since
sufficiently small perturbations are C" homotopic to the identity, F : X—K™ lifts to
f: X>R™ C" close to f and CIJ{ is not weak mixing so that CD{ is not stably weak mixing.
Hence stable weak mixing for be implies stable transitivity for ®p.

Next, we prove the converse direction. Suppose that ®r is stably transitive. It suffices
to show that (Pf is weak mixing. If not, then there exists ¢ > 0 and w continuous such
that w o ® = wexp(2maf). In particular, exp(2maf,(z)) = 1 whenever ®"(z) = =x.
Choose a rational number & close to a and define f = (a/a)f. Then fis C" close to f
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and has the property that exp(2miaf,(z)) = 1 whenever ®(z) = z. Define b € Z to be
the numerator of a. Then

(8.17) exp(2mibf, (x)) = 1 whenever ®"z = z.

Let F' be the K cocycle corresponding to f and define g = F? : X—K. Since b € Z,
the map g is well-defined. Moreover, (8.17) becomes the statement that if ®"z = z, then
g(x)g(®z) - - - g(®"~'z) = 1. By the Livsic periodic point theorem, g = Go® G~ for some
G : X—K measurable and hence continuous. We have constructed G : X —K continuous
and b # 0 such that

F’'G=Go®.

It follows that ®; is a nontransitive K-extension C” close to ®p which is the desired
contradiction. O

Proof of Theorem 8.1 It follows from Theorem 8.2 that a roof function defines a stably
mixing suspension flow precisely when the corresponding K extension is stably transitive.
Now apply Theorem 6.3. O

APPENDIX A. LINEARIZATION ALONG PART OF AN INVARIANT MANIFOLD

In this appendix we provide a proof of the partial linearization statements made in §4.9.
Our method is elementary and based on that used by Sternberg in his proof of Poincaré’s
theorem [25].

Let U be an n-dimensional real vector space. Let & > 2, and suppose that F': U—U
is a C*-diffeomorphism such that DF(0) has all eigenvalues of modulus strictly less than
one. Denote the set of eigenvalues of DF(0) by £ and set S = max{|u| |p € £}. We
have a DF(0)-invariant splitting U = V & W, where DF(0)|V = L has all eigenvalues of
modulus equal to S and all eigenvalues of DF(0)|W = M have modulus strictly less than
S. Denote coordinates on V & W by (z, p).

Proposition A.1. There erists a local C* diffeomorphism H : VoW —=V & W ; (z,p) —
(h(z,p),p) which linearizes F along V :

h(F(z,p)) = Lh(z.p), (z.p) €V &W.
That is, Ho Fo H™' = (L,G), where G : V& W—W is C* and DG(0) = M.

We provide a proof of Proposition A.1 in the simplest case when V is 1-dimensional
(and so we can write Lz = Sz, x € R) and k is an integer. The method we present works,
with trivial modifications, when there are multiple eigenvalues of modulus equal to S, L
is not semisimple and when we allow £ to be non integral.

Henceforth, we write U = R@&W. Choose a Euclidean norm || || on U such that R L W,
IDF(0)|| = S and ||[DF(0)|[W|| = s < S. Let Bg denote the closed R-ball center the
origin, in U.

For R > 0, we let FF denote the space of R-valued C* functions defined on Bg such
that 0°f(0) = 0 for all f € F%, |a| < k. Define a norm || ||gx on FE by

Ifllzx = sup [[D*f(z,p)ll,

(‘r:p)eBR
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where we regard D* f(x,p) as a symmetric k-linear map and take the corresponding op-
erator norm.

Lemma A.2 (cf [25, Lemma 2|). There exists C = Cy > 0 such that for 0 < j <k —1
and all f € F& we have

1llrs < CRM| fllr-

Proof. A simple consequence of Taylor’s theorem with integral remainder together with
the fact that elements of F% are k-flat at the origin. O
It follows from the Lemma that (F%,|| ||zx) is a Banach space.
Following Sternberg [25], we define the operator Dg : FE—F% by

De(h)(z.p) = L~ h(F(z,p)), h e F.

Since DF'(0) is a contraction, it follows that, provided R is sufficiently small, F'(Bgr) C Bpg
and so Dy is well-defined.

Lemma A.3 (cf [25, Lemma 3]). We can choose R > 0 and K € (0,1) such that
IPr (W)l < Kllhllg, k€ F.

Proof. This estimate is a parametrized version of part of [25, Lemma 3]. Since k& > 2, we
may choose 0 > 0 so that (S+4§)¥/S < 1. Now fix ¢ > 0 so that K = [(S+6)*+¢]/S < 1.
Let h € F%. We have

D¥(ho F) = (D*h)F (DF)* + P,,

where P, involves derivatives of order less than k of h. Since S is the weakest contracting
eigenvalue, we can choose R > 0 sufficiently small so that | DF|| is bounded by S + ¢ on
Bg. Hence ||(D*h)F (DF)¥|| < (S+6)*||(D*h)F|| on Bg. It follows from Lemma A.2 that
we can make ||P,||ro an arbitrarily small multiple of ||h||zx by taking R small enough.
Hence, just as in [25, Lemma 3], we may choose R > 0 so that

IDr (W)l < STHS +6)* +elllhllrg, h€ Fg,

where £, > 0 were chosen above. U

Since there can be no resonances relating a weakest eigenvalue of DF(0) to products of
other contracting eigenvalues — in our case, S # [Iu]" — we can make a local C* change
of coordinates Hy(x,p) = (ho(z,p),p) on U such that hyo F — Lhy € F&. Composing on
the left by L=, we have

ho — L thyo F € FL.

Applying Lemma A.3, we see that the sequence
n—1
hn = L_nh()Fn = ZD%‘(L_lho oF — ho) + ho,
j=0

is uniformly convergent to a C* function h : Bg—R. Obviously h satisfies the conditions
of Proposition A.1.
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