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Abstract. We consider families of fast-slow skew product maps of the form
Tnt1 = Tp + €a(Tn, Yn, €), Ynt1 = Teyn,

where T¢ is a family of nonuniformly expanding maps, and prove averaging and rates of
averaging for the slow variables x as ¢ — 0. Similar results are obtained also for continuous
time systems

z =ea(z,y,€), Y=ge(y).

Our results include cases where the family of fast dynamical systems consists of inter-
mittent maps, unimodal maps (along the Collet—Eckmann parameters) and Viana maps.

1. Introduction. The classical Krylov—Bogolyubov averaging method
[32] deals with skew product flows of the form

& =ea(z,y,€), §=g(y)
Let v be an ergodic invariant probability measure for the fast flow gener-
ated by g. Under a uniform Lipschitz condition on a, it can be shown that
solutions to the slow x dynamics, suitably rescaled, converge almost surely
to solutions of an averaged ODE X = a(X) where a(z) = {a(z,y,0) dv(y).
A considerably harder problem is to handle the fully coupled situation

i =ea(z,y€), §=g(xy,e).
Here it is supposed that there is a distinguished family of ergodic invariant
probability measures v, . for the fast vector fields g(x, -, €) and the averaged
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vector field is given by a(z) = {a(z,y,0) dvyo(y). The first results on aver-
aging for fully coupled systems were due to Anosov [6] who considered the
case where the fast vector fields are Anosov with v, ( absolutely continuous.
Convergence here is in probability with respect to Lebesgue measure.

Kifer [23| 24] extended the results of [6] to the case where the fast vector
fields are Axiom A (uniformly hyperbolic) with SRB measures v.. More
generally, Kifer considers the case where x — v, ¢ is sufficiently regular so
that a is Lipschitz, and gives necessary and sufficient conditions for averaging
to hold. However, the only situations where the conditions in [23| 24] are
verified are in the Axiom A case, even though it is hoped [24] that the
conditions are verifiable for nonuniformly hyperbolic examples. Analogous
results for the discrete time case are obtained in [22]. See also [14], Theorem 5]
for certain partially hyperbolic fast vector fields.

Here, we consider an intermediate class of examples that lies between
the classical uncoupled situation and the fully coupled systems of [6] 23],
namely families of skew products of the form

(11) a'c:ea(x,y,e), y:g(y,e),

with distinguished family of ergodic invariant measures v, and averaged
vector field a(z) = §a(x,y,0) dvy(y). Notice that in this way we avoid issues
of regularity of the averaged vector field a, but we still have to deal with the
e-dependence of the measures v, as well as the fast vector fields. In other
words, linear response (differentiability) of the invariant measures is replaced
by statistical stability (weak convergence), which is more tractable. Indeed,
one aspect of the general framework in this paper is that our averaging
theorems hold in a similar generality to the methods of Alves & Viana [2, [5]
for proving statistical stability.

Hence, we obtain results on averaging and rates of averaging for a large
class of families of skew products , going far beyond the uniformly hy-
perbolic setting, both in discrete and continuous time. Our examples include
situations where the fast dynamics is given by intermittent maps with arbi-
trarily poor mixing properties, unimodal maps where linear response fails,
and flows built as suspensions over such maps.

We obtain results also on rates of averaging. In the very simple situation
& =ea(y), ¥ = g(y), where g is a uniformly expanding semiflow or uniformly
hyperbolic flow, it is easily seen that the optimal rate of averaging in L! is
O(el/ 2). For systems of the form ((T.1]), we often obtain the essentially optimal
rate O(e(1/2)7)

We have chosen to focus in this paper on the case of noninvertible dy-
namical systems. In this situation, the measures of interest are absolutely

(*) g— denotes g — a for all a > 0.
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continuous and we are able to present the main ideas without going into the
technical issues presented by dealing with nonabsolutely continuous mea-
sures as required in the invertible setting. The invertible case will be covered
in a separate paper.

Even in the noninvertible setting, our results depend strongly on ex-
tensions and clarifications of the classical second order averaging theorem.
These prerequisites are presented in the Appendix and may be of indepen-
dent interest.

The remainder of the paper is organised as followed. In Section [2], we
set up the averaging problem for families of fast-slow skew product systems
in the discrete time case, leading to a general result, Theorem [2.2] for such
systems. In Section [3] we show that Theorem leads easily to averaging
when the fast dynamics is a family of uniformly expanding maps. Section
is the heart of the paper and deals with the case when the fast dynamics is a
family of nonuniformly expanding maps. Our main examples are presented
in Section [p] In Section [6] we show how the continuous time case reduces to
the discrete time case. In Section [7] we present a simple example to show
that almost sure convergence fails for families of skew products.

2. General averaging theorem for families of skew products.
Let T, : M — M, 0 < € < €, be a family of transformations defined on a
measurable space M. For each € € [0, y), let v, denote a Te-invariant ergodic
probability measure on M.

We consider the family of fast-slow systems

(e)

y D =T, s =y,
(€)

where the initial condition xy’ = zq is fixed throughout. The initial condi-
tion yo € M is chosen randomly with respect to various measures that are
specified in the statements of the results. Here a : R? x M x [0,¢p) — R? is
a family of functions satisfying certain regularity hypotheses.

Define a(z) = {,, a(z,y,0) dry(y) and consider the ODE

(€)

= ngE) + ECL(J/‘?(;), y£L6)7 6)7 Lo~ = X0,

(2.2) X =a(X), X(0)=uxo.

We are interested in the convergence, and rate of convergence, of the slow
variables :rgf), suitably rescaled, to solutions X (t) of this ODE. More pre-
cisely, define #(¢) : [0,1] — R? by setting #(°)(t) = xff/)e]. We study conver-
gence of the difference
ze = sup |29(t) — X(t)].
t€[0,1]
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REMARK 2.1. The restriction to the time interval [0, 1] entails no loss of
generality: the results apply to arbitrary bounded intervals by rescaling e.

Regularity assumptions. Given a function g : R? — R", we define
l9llLip = max{|gl|oo, Lip g} where Lip g = sup,_., |9(x) — g(2')|/|z — 2’| and
|z — 2'| = max;=1, _n |x; — )|

In this section, and also in the Appendix, we consider functions g :
R? x M x [0,¢y) — R™ where there is no metric structure assumed on M. In
that case, [|g[|rip = Supyens SUPeefo,ep) 1959, €)ILip- If £ C R, then [|g|5]|Lip
is computed by restricting to x,2’ € F (and y € M, € € [0, ¢)).

Throughout, we write D = %. If g : RT x M x [0,¢¢g) — R, then
Dg :R%x M x [0,¢9) — R™9 and || Dg]||L;p is defined accordingly. Similarly
for | Dg|g||Lip when E C R4

Below, L1, Lo, Ls > 1 are constants. We require that a is globally Lip-
schitz in z:

(2.3) lallLip < Li.

Set E = {x € R?: |z — z0| < L1}. We assume that a|g is differentiable as a
function of z with Lipschitz derivative:

(2.4) | Dalg||Lip < Lo,

and that

(25) sSup sup |a($7 Y, 6) - a(:c, Y, O)’ < Lge.
rzeEyeM

We let L = HlaX{Ll, LQ, Lg}

2.1. Order functions and a general averaging theorem. Define
a(x,€) = §,,a(x,y,€) dve(y) and let v (y) = a(x,y,€) — a(z,€). Set
n—1

d1ce=sup sup €lVegynl, where Vegpp= g Veg o T?,

n—1

d2c=sup sup €|Vepn|, where V. ,,= Z(D”w) o Tg.

z€E 1<n<1/e j=0

Then we define the order function 6c = 61+ 2 : M — R.
Finally, define S, = sup,cp | §,, a(z,y,0) (dve — dv)(y)| + €.

THEOREM 2.2. If §. < 1/2, then z. < 6e*L(5. + S.).
The proof of Theorem [2.2]is postponed to the Appendix.

REMARK 2.3. For averaging without rates, it suffices instead of condi-
tion ([2.5)) that lime,q|a(x,y,€) —a(z,y,0)| =0forallz € E, y € M.



Awveraging for deterministic fast-slow skew product systems 5

REMARK 2.4. As shown in Section [7] almost sure convergence in the
averaging theorem is not likely to hold for fast-slow systems of type .
Hence we consider convergence in L? with respect to certain absolutely con-
tinuous probability measures on M. Since z. < 2L and 0. < 4L, convergence
in LP is equivalent to convergence in L? for all p, q € (0, 00). For brevity, we
restrict statements to convergence in L' except when speaking of rates.

REMARK 2.5. If condition fails, then all of our results without
rates go through unchanged. Moreover, it is still possible to obtain results
with rates but usually with weaker rates of convergence (the best rates are
O(e/47) instead of O(el'/?)7)). These results are obtained by using d;
(first order averaging) instead of 6. = 61, + d2. (second order averaging)
and can be found in an earlier (much longer) version of this paper [26].

According to Theorem results on averaging reduce to estimating the
scalar quantity S, and the random variable . = d.(yo). These quantities are
discussed below in Subsections [2.2] and [2.3] respectively.

2.2. Statistical stability. In this subsection, we suppose that M is a
topological space and that the o-algebra of measurable sets is the o-algebra
of Borel sets. Recall that the family of measures v, is statistically stable at
e = 0 if 1y is the weak limit of v, as € — 0 (written ve —, ). This means
that {, ¢dve — {,, ¢ dvy for all continuous bounded functions ¢ : M — R.

In the noninvertible setting, often a stronger property known as strong
statistical stability holds. Let m be a reference measure on M and suppose
that v, is absolutely continuous with respect to m for all € > 0. Then 1y is
strongly statistically stable if the densities pe = dve/dm satisfy lime_,o0 R =0
where Re = §,, [pe — po| dm. We note that Sc < LR +e.

PROPOSITION 2.6. If ve — v, then lime 9SS = 0.

Proof. Let Ac(z) = §,, a(x,y,0) dve(y) — §,, a(z,y,0) dvy(y). Let 6 > 0.
Since Ve —y Vg, we have Ac(x) — 0 for each x, so there exists ¢, > 0
such that |Ac(z)| < 0 for all € € (0,€e;). Moreover, |Ac(z)| < 2§ for all
€ € (0,€z) and 2 € Bj/(a1) (). Since E is covered by finitely many such balls
Bsar) (), there exists € > 0 such that sup,cp [Ac(z)] < 26 for all € € (0, €).
Hence {,, a(x,y,0) (dve — dvp)(y) converges to zero uniformly in z. =

Hence for proving averaging theorems, statistical stability takes care of
the term S. in Theorem In specific examples, we are able to appeal to
results on statistical stability with rates, yielding effective estimates.

PROPOSITION 2.7. Let q > 1. There is a constant C > 0 such that

‘Ze‘L‘I(z/E) < C(|6€‘L‘1(1/E) + SG)
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for all € € [0,¢€p). If the measures v. are absolutely continuous with respect
to m, then there is a constant C > 0 such that

2l Laguo) < CI0e| paque) + BT+ €)
for all € € [0, €o).
Proof. Let Ac = {y € M : 0¢(y) < 1/2}. Then Theorem applies on
A, and
S 23 dve = S 23 dve + S 23 dv,
M M\A. Ae
< (2L)7wc(0e > 1/2) + (6¢°")9 | (3¢ + Sc)7 dve
M
< (4L)? | 62 dve + (6¢7)7 | (8¢ + Sc)? dve
M M
< (12e*5)7 | (3c + o) dve.
M
Hence
’ZE’Lq(I/e) < 12€2L’5E + Sﬁ‘Lq(Ve) < 1262L‘(5€‘Lq(,,5) + 1262LS€,
yielding the first estimate.
Next,
S 28 dvy = S 28 dve + S 22 (dvy — dve)
M M
< (12e*1)9 | (0c + Se)? dve + (2L)7R.
M
< (12e1)7 | (3¢ + LRc + €)dv + (2L)*Re
M
< (12Le*")? | (5c + RY7 + €)? dve + (2L)1 R,
M
) (
M

< (24Le*™)7 \ (8. + RM + €)9 du,.

Hence

|zel Laqug) < 24Le*! |6, + RY 9 + €lra) < 24L€2L(‘5E’Lq(,,€) + RY 4 ¢),
yielding the second estimate. =

COROLLARY 2.8.

(a) Assume that statistical stability holds and lim._o SM Ocdve = 0. Then
lime 0§, 2e dve = 0.

(b) Assume in addition that strong statistical stability holds and p is a prob-
ability measure on M with p < vg. Then lim._,q SM zedp = 0.
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Proof. Part (a), and part (b) in the special case p = v, are immediate
from Proposition To prove the general case of part (b), suppose for a
contradiction that §  Ze, dpp — b > 0 along some subsequence €, — 0. Since
S A1 Ze, Avo — 0, by passing to a further subsequence we can also suppose
that z., — 0 on a set of full measure with respect to 1 and hence with
respect to 4. By the bounded convergence theorem, §,, z., dpu — 0, which is
the desired contradiction. =

The next result is useful in situations where v is absolutely continuous
but its support is not the whole of M.

COROLLARY 2.9. Assume that strong statistical stability holds and
lim | 6 dvy = 0.

e—0
Suppose further that each T, is nonsingular with respect to m and that for
almost every y € M there exist N > 1 and €; € (0,¢y) such that TNy €
supp vy for all € € [0,€1]. Then lim._ SM zedp = 0 for every probability
measure p on M with p << m.

Proof. First, we note that for all N > 1, ¢ > 0,
(2.6) 6 0 TN — §¢|oo < 8LNE.

By the arguments in the proof of Corollary it suffices to prove that
§1s 0e dm — 0. Suppose this is not the case. By Corollary (b), Ssupp v O dm
— 0. Hence there exists a subsequence €, — 0 and a subset A C supp vy
with m(suppry \ A) = 0 such that (i) 6, — 0 pointwise on A and (ii)
§17 0c, dm — b > 0.

Since each T is nonsingular, there exists M’ C M with m(M') = 1 such
that M’ N T, "(suppry \ A) = @ for all k,n > 1. By hypothesis, there is
a subset M” C M’ with m(M") = 1 such that for any y € M” there ex-
ists N > 1 such that T, e],\f y € A for all k sufficiently large. Hence it follows
from (i) and that o, — 0 pointwise on M”. By the bounded conver-
gence theorem, |, dc, dm — 0. Together with (ii), this yields the desired
contradiction. m

REMARK 2.10. The hypotheses of Corollary 2.9 are particularly straight-
forward to apply when supp vy has nonempty interior. This property is auto-
matic for large classes of nonuniformly expanding maps (see [3, Lemma 5.6];
if G = suppvy N H(o), then G contains a disk).

To be more specific, we consider the examples of the logistic family re-
stricted to Collet—-Eckmann parameters and of Viana maps, referring for-
wards to Examples and respectively. In both cases the attractors
A¢ = supp v, have nonempty interior (for the logistic family, it is stan-
dard that A, is a finite union of intervals; for the Viana maps, we apply
[3, Lemma 5.6]).
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In the case of the logistic family, defined on M = [—1,1], almost every
initial condition y € M is attracted under T¢ to A.. The same is true for the
Viana maps on restricting to M = S x I.

Choose a nonempty open set U C Ag. Almost every point in M is at-
tracted to Ay and almost every point in Ag has an iterate inside U. Hence for
almost every fixed y € M, we can choose N so that TON y € U. By continuity,
we can choose ¢; so that TNy € U for all € € [0, €;]. Hence the hypotheses
of Corollary are satisfied, and we conclude that lim._,q S a Zedp =0 for
every absolutely continuous measure p on M.

2.3. Estimating the order function. By Proposition and Corol-
lary it remains to deal with the order function J.. This is a random
variable depending on the initial condition yy. Here we give a useful esti-
mate.

Since 6 = 01, + 02, and the definition of o is identical to that of 07,
with a replaced by Da, it suffices to consider d1 . From now on, I" denotes
a constant that only depends on d,p, L and whose value may change from
line to line.

LEMMA 2.11. Let p be a probability measure on M. Then for all p > 0
and € € [0, €),
S 5f’td+1 dp < I'e’ sup  sup S |Ve.en [P dis.
M zeE 1<n<l1/e M
Proof. For most of the proof, we work pointwise on M suppressing the
initial condition yo € M. There exist £ € E and n € [0,1/€] such that
01,c = €|ve z,n|. Observe that
[Vean = Vel < [ewn = Vegnl + [Vezn — vegal < 2Le o — & +2LIn — 7l
for every x € E and n < 1/e. Define
A={z e E:|x—2| <d,./(8L)},
B={nc[0,e '] :¢en—n| <d./(8L)}.
Then for every € A and n € B we have €|ve z.n| > d1,/2. Moreover, since
01, < 2L, we have Leb(A) > F(Sfe and #B > ¢ 16, ./(8L). Hence
[1/d—1
& > | |veanlP do > (#B) Leb(A)(61,c/2)P > e o7 .
n=0 FE
Finally,
[1/e—1

S 5ftd+1 dp < IePtt Z S S |Ve.xn|? dpdx < IT'é’ sup  sup S |Ve.zn
Mo n=0 EM z€E 1<n<1/e 5/

Pdu,

as required. m
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REMARK 2.12. Often, estimating SM |Ve.xn| die leads to an essentially
identical estimate for {,, sup;<,<q/e [Vean|dp. In this case, slightly better
convergence rates for d; . can be obtained using the estimate

(2.7) S S dy < TeéP sup S SUp  |Ve,o,n|P dp
M ’ €L 1<n<1/e

for all p > 0 and € € [0, €).

3. Examples: Uniformly expanding maps. Let T, : M — M be a
family of maps defined on a metric space (M, dys) with invariant ergodic
Borel probability measures v.. Let P. denote the corresponding transfer
operators, so {, Povwdve = §,, vw o T, dv, for all v € L*(ve), w € L™ (ve).

From now on, we require Lipschitz regularity in the M variables in addition
to the R? variables as was required in assumptions and . So for
g:RYIx M x[0,e0) — R we let ||g]|Lip = |9lo0 +8UPecio ) LiP g (-, -, €) Where
Lipg('? K 6) = SUPgys SUDyyy \g(x,y, 6) - g(x/,y,a E)|/(|ZE - l‘/| + dM(y,y,))
We continue to assume conditions — with this modified definition
of || [|Lip-

PRroOPOSITION 3.1. Suppose that there is a sequence of constants a, — 0
such that §,, |P'v — §,,vdve|dve < ay||v||Lip for all Lipschitz v : M — R
and alln > 1 and € > 0. Then lim._,g XM dcdve = 0.

Proof. We prove the result for é; . and d2 . separately. By Remark
we can work in L? for any choice of ¢ and we take ¢ = d + 3.
For every Lipschitz v, we have

-1
S(sz:vng)Qdyezzn:Sv2ngdyE+2 > N voTlvoTldy
M =0 j=0 M 0<i<j<n—1M
:nS’U2dl/ﬁ+2 Z (’I’L*k‘)SUUOTekdl/E
M 1<k<n—1 M
:nSUQdVE—i—Q Z (n—k)Svavdve.
M 1<k<n-1 M

Hence for v Lipschitz and mean zero,

n—1 N2 )
(Y vot?) dve < ballvli,

M j=0
where by, =n 420 e, 1 @k = 0(n?) by the assumption on ay,.

By (2.3), [[ve,2|lLip < 2L for all €, z, S0 SUp,c SUP1<p<1/e s Ve .| de
< 4L2b,. By Lemma it follows that lime o §,, 67 dve = 0. Similarly,
by [2.4), |[VezllLip < 2L, s0 sup,cg SUD1<p<1 /e 01 |Vexn|? dve < 4L2b, and
hence lim,_ {,, 55?3 dve =0. n
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REMARK 3.2. The proof uses only the fact that n=! > 1_, a, — 0.

Proposition is useful in situations where T, is a family of (piecewise)
uniformly expanding maps. A general result of Keller & Liverani [21] guar-
antees uniform spectral properties of the transfer operators P, under mild
conditions, and consequently lim_o {,, 8¢ dve = 0 for all g. We mention two
situations where this idea can be applied. Again, for brevity we work in L'
except when discussing convergence rates (see Remark .

EXAMPLE 3.3 (Uniformly expanding maps). Suppose that M = T*
>~ R/ZF is a torus with Haar measure m and distance dj; inherited from
Euclidean distance on R¥ and normalised so that diam M = 1. We say that
a C?>map T : M — M is uniformly expanding if there exists A > 1 such
that |(DT),v| > Alv| for all y € M and v € R¥. There is a unique abso-
lutely continuous invariant probability measure, and the density is C' and
nonvanishing.

If T,: M — M, e € [0,1], is a continuous family of C? maps, each of
which is uniformly expanding, with corresponding probability measures v,
then it follows from [21] that we are in the situation of Proposition and
s0 lime0 §,, dc dve = 0.

Moreover, it is well-known that 1 is uniformly equivalent to m and is
strongly statistically stable. Hence by Corollary [2.8] we obtain the averaging
result limeo §,, zedve = 0 and lime 0 §,, zedp = 0 for every absolutely
continuous probability measure pu.

Suppose further that T, : M — M, ¢ € [0,1], is a C* family of C?
maps, for some k € (0, 1]. By standard results (for instance [2I] with Ba-
nach spaces CY and C'), R = {,, [pe — po| dm = O(€*). If k € (0,1/2), then
by Remark below we obtain the convergence rate O(e¥) for z. in LI(v,)
and L9(m) for all ¢ > 0. If & > 1/2, then the convergence rate for z. is
O(e1/2)).

ExXAMPLE 3.4 (Piecewise uniformly expanding maps). Let M = [—1,1]
with Lebesgue measure m. We consider continuous maps 7' : M — M with
T(—1) = T(1) = —1 such that T is C? on [~1,0] and [0,1]. We require
that there exists A > 1 such that 77 > X on [~1,0) and 7" < —X on (0, 1].
There exists a unique absolutely continuous invariant probability measure
with density of bounded variation.

The results are analogous to those in Example Let € — T, be a
continuous family of such maps on [—1, 1] with associated measures v.. We
assume that Ty is topologically mixing on the interval [T2(0), Tp(0)] and that
0 is not periodic (which guarantees that T, is mixing for ¢ small).

Then vg is strongly statistically stable, so by Corollaries and we
obtain averaging in L'(v.) and also in L' (u) for every absolutely continuous
probability measure pu.
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Now suppose that ¢ — T, is a C! family of such maps on [—1,1] with
densities p. = dv./dm. Keller [20] showed that ¢ + p. is C1~ as a map
into L' densities. Hence we obtain the convergence rate O(e('/2~) for z in
L4(v,) for all ¢ > 0 and in L(1p).

More precisely, [20] shows that {,, [pc — po|dm = O(eloge™!). By [8],
this estimate is optimal, so this is a situation where linear response fails, in
contrast to Example [3.3]

4. Families of nonuniformly expanding maps. In this section, we
consider the situation where the fast dynamics is generated by nonuniformly
expanding maps T¢, such that the nonuniform expansion is uniform in the
parameter e.

In Subsection 4.1} we recall the notion of nonuniformly expanding map.
In Subsection [£.2] we describe the uniformity criteria for 7. and state our
main result on averaging, Theorem for such families. In Subsections
and we establish some basic estimates for uniformly and nonuniformly
expanding maps. In Subsection [4.5| we prove Theorem [4.3

4.1. Nonuniformly expanding maps. Let (M, dy;) be a locally com-
pact separable bounded metric space with finite Borel measure m and let
T : M — M be a nonsingular transformation for which m is ergodic. Let
Y C M be a subset of positive measure, and let o be an at most countable
measurable partition of Y with m(a) > 0 for all a € a. We suppose that
there is an L' return time function 7 : Y — Z¥, constant on each a with
value 7(a) > 1, and constants A > 1, n € (0, 1] and Cp, C1 > 1 such that for
each a € a:

(1) F =TT restricts to a (measure-theoretic) bijection from a onto Y.

(2) dy(Fa, Fy) > My (x,y) for all 2,y € a.

(3) dp (T z, T) < Codpr(Fx, Fy) for all z,y € a and 0 < £ < 7(a).

(4) ¢ = dm|y/d(ml|y o F) satisfies |log((z) — log((y)| < Cidy(Fz, Fy)"
for all x,y € a.

Such a dynamical system T : M — M is called nonuniformly expanding. We
refer to FF =T7 : Y — Y as the induced map. (It is not required that 7 is
the first return time to Y.) It follows from standard results (recalled later)
that there is a unique absolutely continuous ergodic T-invariant probability
measure v on M.

REMARK 4.1. The uniformly expanding maps in Example|3.3|are clearly
nonuniformly expanding: take ¥ = M, n = 1, 7 = 1. Then conditions
(1) and (2) are immediate, (3) is vacuously satisfied, and (4) holds with

C1= SUDg ye M, xy (DTe). — (DTe)deM(fUa Y)-
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4.2. Uniformity assumptions. Now suppose that T, : M — M,
€ € [0,¢€p), is a family of nonuniformly expanding maps as defined in Subsec-
tion with corresponding absolutely continuous ergodic invariant proba-
bility measures v.

DEFINITION 4.2. Let p > 1. We say that T, : M — M is a uniform
family of nonuniformly expanding maps (of order p) if:

(i) The constants Cp,C1 > 1, A > 1, n € (0, 1] can be chosen independent
of € € [0, €9).

(ii) The return time functions 7 : Y. — Z* lie in LP for all € € [0,¢), and
MOTeOVer SUPcoqy) Yy, |Tel’ dm < oo.

We can now state our main result for this section. Recall the set up in
Section [21

THEOREM 4.3. If T, : M — M is a uniform family of nonuniformly
expanding maps of order p, then there is a constant C > 0 such that for all
e €[0,¢),

(p—1)/2
S 5§+d_1d7/€ < {CE ) ’ D> 2:
N Cer=D°/P - p e (1,2].

REMARK 4.4. In the case p > 2, it follows from Theorem [4.3| that
0l Laque) = O(e(pfl)/(Q(pﬂifl)))

for all ¢ < p+d—1. Since d¢ is uniformly bounded, [0¢|rq(,,) = O(elP=1)/(20))
for all ¢ > p+ d — 1. Similar comments apply for p € (1, 2].

In particular, if p can be taken arbitrarily large in Definition then
|0el Lau) = O(e/27) for all ¢ > 0.

If in addition vy is strongly statistically stable and R, = | A |Pe—pol dm =
O(e(1/2)7), then by Proposition ﬁ we obtain |ze|ra(,) = O(e/2)7) for all
q > 0and [ze|p1(,) = O(e1/2)-),

REMARK 4.5. Alves & Viana [5] prove strong statistical stability for
a large class of noninvertible dynamical systems. These maps are uniform
families of nonuniformly expanding maps in a sense that is very similar
to our definition. In fact, their definition almost includes ours, so verifying
the assumptions of [5] is almost sufficient to obtain averaging and rates of
averaging via Theorem

To be more precise, let us momentarily ignore assumption (3) in Sub-
section Then Definition [4.2{i) with = 1 is immediate from [5, (U1)],
and Definition [4.2{ii) is immediate from [5, (U2’)] which follows from their
conditions (U1) and (U2).

Hence it remains to discuss (3). This assumption is not explicitly men-
tioned in [5] since it is not required for the statement of their main results.
However, in specific applications, the hypotheses in [5] are often verified via
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the method of hyperbolic times [I]. When the return time function 7 is a
hyperbolic time, it is automatic that Cy = 1 (see for example [2, Proposi-
tion 3.3(3)]).

Alves et al. [4] introduced a general method for constructing inducing
schemes, where 7. is not necessarily a hyperbolic time but is close enough
that Cp can still be chosen uniformly. Alves [2] combined the methods of [4]
and [5] to prove statistical stability for large classes of examples. We show
now that in the situation discussed in [2], assumption (3) holds with uni-
form Cj, and hence our main results hold. Certain quantities §; > 0 and
Ny > 1 are introduced in [2, Lemma 3.2] and |2, eq. (16)] respectively, and
are explicitly uniform in e. Moreover 7. = n+m where n is a hyperbolic time
and m < Ny (see [2, Section 4.3]), so Cp depends only on at most Ny iter-
ates of T,. The construction in [2] (see in particular [2, proof of Lemma 4.2])
ensures that the derivative of T, is bounded along these iterates, so assump-
tion (3) holds and Cj is uniform in e.

We also mention the extension of [4] due to Gouézel [18] where Cp = 1
(see [18, Theorem 3.1(4)].)

Finally, we note that when [4] is used to obtain polynomial decay of
correlations with rate O(1/n?), § > 0, the resulting uniform family is of
order p = 8 + 1—. (Uniformity in e in Definition (ii) follows from [2]
Lemma 5.1].)

4.3. Explicit estimates for uniformly expanding maps. Through-
out this subsection, we work with a fixed uniformly expandingmap F': Y — Y
satisfying conditions (1), (2) and (4). Some standard constructions and esti-
mates are described. The main novelty is that we stress the dependence of
various constants on the underlying constants Cy, A and 7. For convenience,
we normalise the metric dys so that diam M = 1.

For 6 € (0,1), we define the symbolic metric dg(z,y) = 0°@) where the
separation time s(x,y) is the least integer n > 0 such that F™x and F™y lie in
distinct partition elements. It is assumed that the partition a separates the
orbits of I, so s(x,y) is finite for all = # y, guaranteeing that dy is a metric.

Given ¢ : Y — R? we define ||@]lg = |¢]oo + |¢]o where

|plo = sup |p(z) — d(y)|/da(z,y).
Ay

Then ¢ is dg-Lipschitz if ||¢|ls < oo.

The assumptions on F' guarantee that there exists a unique absolutely
continuous F-invariant probability measure yon Y. Let P : L'(Y) — LY(Y)
denote the (normalised) transfer operator corresponding to F and p, so
Sygbqu/Jd,u = SyqﬁPwdu for all ¢ € L> and ¢ € L'. Define g: Y — R by
setting gla = dpla/d(p o Fla) for a € a. Then (Po)(y) = > oc0 9(a)®(Ya)
where y, is the unique preimage of y under F' lying in a.
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LEMMA 4.6. There exist constants 6,y € (0,1) and Cy > 1 depending
continuously on A\, n and C1 such that:

(a) dy(x,y)" < dg(x,y) for all xz,y €Y.
b) For all x,y € a and a € a,

(
(4.1) 9(y) < Cop(a) and  |g(z) — g(y)| < Copla)dy(z,y).
(c) Let ¢:Y — R be dg-Lipschitz with {¢du = 0. Then
|P"®|loo < Cov"||plle  for all n > 1.
Proof. Choose § = \7". Let n = s(z,y). By condition (2),
1> diamY > dy (F™x, F™y) > XNdas(z,y) = (0Y7) " dyr(z, ).

Hence dy/(z,y)" < 0™ = dp(x,y), proving (a).

By (4) (see Sect. and [27, Proposition 2.3|, there is a constant K
depending continuously on A, n and C; such that |loggly < K. Hence for
Yy €a,acaq,

p(a) = {gduo F > inf glo p(Fa) = inf gla > e~ g(y),

a
5o gla < efu(a). Next, we note the inequality t — 1 < tlogt, which is
valid for all ¢ > 1. Let z,y € a and suppose without loss of generality that
9(y) < g(x). Setting t = g(x)/g(y) = 1, we get

9(x) g(z). g(x)

9(y) ) gly
Hence g(x) — g(y) < g(y)e* Kda(z,y) < < K pu(a)do(, ). Hence part (b)
holds with Cy = 2K K.

Finally, part (c) follows for example from [27, Proposition 2.5]. =

-1< < B Kdy(x,y).

log

4.4. Explicit estimates for nonuniformly expanding maps. In this
subsection, we work with a fixed nonuniformly expanding map T satisfying
assumptions (1)—(4) and such that 7 € LP for some p > 1.

There is a standard procedure to pass from an F-invariant ergodic ab-
solutely continuous probability measure g on Y to a T-invariant ergodic
absolutely continuous probability measure v on M. We briefly describe this
procedure, since the construction is required in the proof of Lemma [4.10
Define the Young tower [35]

(4.2) A={(y,0) €Y xZ:0< < 7(y)},

with probability measure 1o = px {counting}/ {,. 7 d. Define mp : A — M
by ma(y,£) = T%. Then v = (7a)«pa is the desired probability measure
on M.
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In the remainder of this subsection, LY norms of functions defined on Y
are computed using u. For functions on other spaces, the measures are in-
dicated explicitly in the notation.

Given an observable v : M — R¢% we define the induced observable

V:Y —Rby -1
T(y)—

> w(Thy)

£=0

If v: M — R satisfies {,, vdv =0, then {,, Vdu = 0.

PROPOSITION 4.7. Ifv: M — R? is dys-Lipschitz, then PV : Y — R?
is dg-Lipschitz. Moreover, for all x,y € a, a € «,

V()| < m(@)|vlos, V(@) = V(y)| < Cob~"'7(a)(Lipv) do(z, y),
and
[PV]oo < Coltli[vloo,  [PV]p < CoCab™ 7] [v]|Lip-
Proof. The estimate for V(y) is immediate. By condition (3) and Lem-

ma [L§(a).

7(a)—1 7(a)—1
V(z) = V(y)| < (Lipv) Y du (T2, T') < Co(Lipv) > du(Fa, Fy)
/=0 /=0

= Cor(a)(Lipv)dy (Fz, Fy) < Cor(a)(Lip v)dg(Fx, Fy)'/
< Co7(a)(Lipv)dg(Fx, Fy) = 009717(a)(Lip v)dg(x,y),

completing the estimates for V.
Next, (PV)(y) = > aca 9Wa)V (¥a), so by (4.1)),

[PV < Co ) pla)T(@)v]oe = Calr]1[0]os-

aco

Also,
[(PV)(z) — (PV)(y)]
<Z|g fL‘a - ya HV Laq |+Zg Ya |V(xa)_v(ya)|

< G2 ) p(a)dg(z,y)r(a)|vlos + Co Y u(a)Cof~ "7 (a) (Lipv)do(z, y),

yielding the estimate for [PV ]y. m

PROPOSITION 4.8. Let p > 1. There exist m € LP(Y,R%) and x €
L®(Y,RY) such that V =m + x o F — x and m € ker P. Moreover,

Im|p < 3Cs|Tlpllv|lLip  and  |x]oo < C3|T|1|v]|Lips
where C3 = 2CoC2071(1 — )7L
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Proof. By Proposition and Lemma (c) with ¢ = PV, forn > 1,
|P"V]eo < Coy" Y|PV lg < 2CoC56~ 7" Hrli[|v]|Lip-
It follows that x = > 7o, P*V lies in L™ and |x|oo < C3|7|1]|v||Lip-

Write V.= m + x o F' — x; then m € L” and Pm = 0. Finally, |m|, <
’V|p + 2’X|oo < |T|p|v|oo + 2|X|<>o < 303’7—|p||UHLip- u

COROLLARY 4.9. Define V,, = Z?;& Vo Fi. Let p > 1. There exists a
constant Cyq > 1 depending only on p and C5 such that

max [V;]] < Cilrlpllollupn™ (/21771
1<j<n lp

Proof. First note that V,, = my, + x o F™ — x where m,, = anol mo FJ.
Since m € ker P, an application of Burkholder’s inequality [12] Shows that

max{1/2,1/p}
uax fmyl| < C(p)pmlyn

(see for example [30, proof of Proposition 4.3]). Hence
| max V1] < C)lmlpn™> /217 42y
1<j<n P

The result follows from Proposition [4.8 with Cy = 5C3C(p). =

LEMMA 4.10. Let p > 1. Let v, = E;:ol voT7. Then
A p/(p—1) . pmax{1/2,1/p}
max fogl| < 5O/ O Y ol .
Proof. Let ¢ = p — 1. Define the tower A as in (4.2) with tower map
f:A— A where
(y,€—|— 1)7 ¢ S T(y) - 27
fly,0) = {
(Fy70)7 gZT(y)_l

Recall that pa = p x {counting}/7 on A where 7 = {,, Tdy Also, v =
(mA)xpa where ma : A — M is the projection ma(y, ) =

Let & = voma and define o, = Y0700 o fJ. Then gM v |7dy =

§ 4 1009 dpa.
Next, let N, : A — {0,1,...,n} be the number of laps by time n,
No(y, €)= #{j e {1,....n}: f1(y.0) € Y x {0} }.
Then
(Y, £) = VN, (y,0)(y) + H o f"(y, £) — H(y, !),
where H(y, ) = 04(y,0). Note that |H(y, )| < |v]|e7(y) for all (y,¢) € A.
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Now f*(y,0) = (F"" Wy, 0+ n — 1y, ,0(y)), 50
max |H o f7(y, £)| < |v]eo max 7(FNiW0y) < |v|o max 7(F7y)
J<n J<n Jj<n
< J
< [ploom(y) + |vloo max 7(F7y)

— v|o? > (i
|/U|OOT(y)£) + |U‘OO félf’san(F y7€)7

where 7 : A — Z* is given by 7(y,£) = 7(y).
We estimate the first term in L?(pun) and the second term in LP(pn).
Using the definition of ua and the fact that 7 > 1, we obtain

dpp = (1/7) \ 79 dp < \ P dp,
S S
A Y Y

50 [ Laua) < 71577V Also,

J a1 \P — = p J
il%afnT(F y)P dpa (1/T)§Tlr£]a§xn7 o IV dp

n n
<@/ \rrPoFidu=1/7)> \PrePoFi~tdy
Jj=1Y j=1Y
n .
< (/7)Y |P7loe | 7P 0o FI dp = (1/7)n|Prlo | 70 dps
j=1 Y Y
< Con S P du,
Y
where we have used Proposition with v = 1 (and hence V' = 7) for the
final inequality. Hence

< Gy/"n' /7|71,

max 7(F7y)
LP(pa)

< | max 7(FJy)
1<5<n

Li(pa) — 11<j<n

Combining these estimates, we obtain

| 1 )
[Hlingoa) < [max|Ho fI] | <20, ol 0= Dn .

Next, using Holder’s inequality, we get
) max|Viv, .0 W)I" dna < | max|Vi ()| dpua = (1/7) | 7 max V| dp
A Y
< Irlp|max |V;17| =17l |max V][
T max ; = |T max 1 .
=P Doy Pl

By Corollary

max
j<n

< Oyl P/ (P=1) o pmax{1/2,1/p}
gy < AT Dol
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By the triangle inequality, using the fact that 021/ P < ¢4, we obtain

A — o p/(p—1) . pmax{1/2,1/p}
max ogl| = maxfogl| <8O ol ,

as required. m

4.5. Proof of Theorem Define v, and vz as in Section [2}
Note that Lip v, < 2L for all €,z and SM Ve g dve = 0.
It follows from Lemma [4.10] that

. p/(p—1),,max{1/2,1/p}
‘rygg\ve,xgl‘m,l < 10y Lfrelp =" n

(ve)
for all e > 0, x € R and n > 1. By (2.7),

S 6’1’td_1 dve < 'L sup S max |ve n P! dve
M ’ erMTLSI/E

< FCZ_I|’7'5’§6p_1€_(p_1)maX{l/Q’l/p}
_ 1—10571|7_Elgep—l6min{—(p—1)/2,—(p—1)/p}
— pciofl|7.€,gemin{(p—l)/l(p—l)"’/p}.

We obtain the same estimate for d . on replacing ve z, Ve zn by Vez, Vean-

5. Examples: Nonuniformly expanding maps

EXAMPLE 5.1 (Intermittent maps). Let M = [0, 1] with Lebesgue mea-
sure m and consider the intermittent maps 17" : M — M given by

x(1+42%%), x€][0,1/2],
Tx =
2 — 1, € (1/2,1].

These were studied in [28]. Here a > 0 is a parameter. For a € (0, 1) there
is a unique absolutely continuous invariant probability measure with C'°
nonvanishing density.

We consider a family T, : M — M, € € [0, €y), of such intermittent maps
with parameter a. € (0,1) depending continuously on €. Let v, denote the
corresponding family of absolutely continuous invariant probability mea-
sures.

For each €, we take Y = [1/2,1] and let 7. : Y — Z* be the first return
time, 7.(y) = inf{n > 1 : T/'y € Y'}. Define the first return map F, = T]< :
Y - Y. Let ae = {Ye(n), n > 1} where Ye(n) ={y € Y : 7(y) = n}.

It is standard that each T is a nonuniformly expanding map in the sense
of Section with 7. € LP for all p < 1/a.. Fix p € (1,1/ap) and choose
0 < a- < ap < ay < 1 such that p < 1/a;. Without loss of generality
we can shrink €y so that a. € [a—,ay] for all € € [0, ¢). We show that T,
€ € [0,¢p), satisfies the conditions of Definition for this choice of p.

(5.1)
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Since T > 1 on M and 7] = 2 on Y, it is immediate that conditions
(1)—(3) in Section are satisfied with A =2 and Cy = 1.

Recall that (¢ = dml|y/d(m|y o F.). Note that ((y) = 1/F!(y). For
each Y (n) € ., define the bijection F, = Fe|y€(n) : Ye(n) — M. Let
Gen = (F,1) = (o F,l. By [25, Assumption A2 and Theorem 3.1], there
is a constant K, depending only on a_ and a4, such that |(log Ge,)'| < K
for all € € [0, ). Hence |(log¢c o F,1)'| = |(log Gen)'| < K. By the mean
value theorem, for z,y € Y¢(n),

llog ¢e(x) — log Ce(y)| = |(log (e 0 F.) ) (Few) — (log (e o F,} ) (Fey)|
< K|Fex — Feyl.

This proves condition (4) in Section[4.1] and so condition (i) in Definition
is satisfied.

Define 7 = 1/2 and inductively z,+1 < z, (depending on €) with
Tetnt1 = xn. Then T (Ye(n)) = [zn,xn—1] for n > 2 and it is standard
that x,, = O(1/n%) as a function of n. By [25, Lemma 5.2], there is a con-
stant K, depending only on a_ and a4, such that z, < Kn~Yo+ for all
n>1, €€ |0,€). Hence

m(re >n) =m([1/2, (xn +1)/2]) = 2,/2 < Kn~ '/

Since p < 1/a it follows that sup.c(o ) §y |7e/? dm < oo so condition (ii)
in Definition [4.2] is satisfied.

By [10} 25], v, is strongly statistically stable and the densities p, satisfy
Re = {|pe—po| dm = O(ac—ap). Hence, by Corollary we obtain averaging
in L' with respect to v, and also with respect to any absolutely continuous
probability measure.

Finally, if € — a. is Lipschitz say, so that R. = O(e), then we obtain the
rates described in Remark [4.4] with p = (1/ag)—.

EXAMPLE 5.2 (Logistic family). We consider the family of quadratic
maps T : [-1,1] = [~1,1] given by T'(z) = 1 — ax?, a € [0, 2], with m taken
to be Lebesgue measure.

Let b, ¢ > 0. The map T satisfies the Collet-Eckmann condition [13] with
constants b, ¢ if

(5.2) [(T™)(1)] > ce®™  for all n > 0.

In this case, we write a € Q.. The set of Collet-Eckmann parameters is
P = Ub,c>0 s, and is a Cantor set of positive Lebesgue measure [19, [11].
When a € P;, the map T has an invariant set A consisting of a finite
union of intervals with an ergodic absolutely continuous invariant probability
measure v,. The density for v, is bounded below on A and lies in L?~. The
invariant set attracts Lebesgue almost every trajectory in [—1,1].
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There is also an open dense set of parameters Py C [0,2] for which T
has a periodic sink attracting Lebesgue almost every trajectory in [—1,1].
By Lyubich [29], Py U P; has full measure. For a € Py, we let v, denote
the invariant probability measure supported on the periodic attractor, so
we have a map a +— v, defined on Py U P;.

It is clear that statistical stability holds on Py, and that strong statistical
stability fails everywhere in Py U P;. Moreover, Thunberg [33 Corollary 1]
showed that on any full measure subset of E C [0,2] the map a — v, is
not statistically stable at any point of P; N E. On the other hand, Freitas
& Todd [I7] proved that strong statistical stability holds on Q. for all
constants b,c¢ > 0. That is, the map a — p, = dv,/dm from Q. to L' is
continuous. (See also [15, [16] for the same result restricted to the Benedicks—
Carleson parameters [11].)

We consider families ¢ +— T, where each T, is a quadratic map with
parameter a = a. depending continuously on e. Fix b,c > 0 such that
ap € Qp,c. We claim that

li_r}r(l) Sze dv,, = 0.
ac€Qp,c

Moreover, using Corollary we obtain convergence in L!(u) for every

absolutely continuous probability measure p. Given the above results on

strong statistical stability, it suffices to verify that T, is a uniform family of

nonuniformly expanding maps.

For the Benedicks—Carleson parameters, the method in [I5] [16] is the
approach of [2] and we can apply Remark In the general case, a dif-
ferent method exploiting negative Schwarzian derivative and Koebe spaces
[17, proof of Theorem B in Section 6] shows that the conditions in [5] are
satisfied. By Remark this completes the proof of averaging with the
possible exception of condition (3). However, a standard consequence of
negative Schwarzian derivative and the Koebe distortion property (as dis-
cussed in [I7, Lemma 4.1] and used in [17, Remark 3.2]) is that bounded
distortion holds at intermediate steps and not just at the inducing time as
in condition (4). Hence there is a uniform constant C; such that

[Tle —Tey| _ & |Fer — Feyl
diam T?a diam Y.

for all partition elements a, all z,y € a and all j < 7.(a). In particular,
IT!2—T0y| < (2Cy /diam Y,)|F.x— F.y|, yielding condition (3) uniformly in e.

Next, we discuss rates of convergence. By [17, Lemma 4.1], condition (ii)
in Definition is satisfied for any p > 1. Hence [0¢|ra(,,) = O(eM/2-) If
€ > a. is C1, then it follows from Baladi et al. [9] that R. = {|p. — po| dm =
O(e1/27). By Remark we obtain averaging with rate O(¢/2~) in
L9(v,) for all ¢ > 0 and in L!(1p).
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EXAMPLE 5.3 (Multimodal maps). Freitas & Todd [I7] also consider
families of multimodal maps where each critical point ¢ satisfies a Collet—
Eckmann condition along the orbit of T'c with constants uniform in e. Hence
the averaging result for the quadratic family in Example extends imme-
diately to multimodal maps.

EXAMPLE 5.4 (Viana maps). Viana [34] introduced a C® open class of
multi-dimensional nonuniformly expanding maps T, : M — M. For defi-
niteness, we restrict attention to the case M = S x R. Let S : M — M
be the map S(6,y) = (160 mod 1,ag + asin 276 — y?). Here ag is chosen so
that 0 is a preperiodic point for the quadratic map v — ag — y? and a is
fixed sufficiently small. Let 7., 0 < € < ¢, be a continuous family of C3
maps sufficiently close to S. It follows from [I} [5] that there is an interval
I C (—2,2) such that, for each € € [0, €y), there is a unique absolutely contin-
uous Te-invariant ergodic probability measure v, supported in the interior of
S1 x I. Moreover the invariant set A, = supp v, attracts almost every initial
condition in S' x I.

By Alves & Viana [5], vy is strongly statistically stable. Moreover, the
inducing method of [4] and the arguments in [2] apply to this example, so T
is a uniform family of nonuniformly expanding maps by Remark Also,
Corollary is applicable by Remark Hence we obtain averaging in
L'(v.) and in L'(u) for all absolutely continuous .

Finally, we discuss rates. Although not stated explicitly in [5], it follows
from their estimates that T¢ is a uniform family of order p for all p. Hence
0l Laqw) = O(e/2=) for all ¢ > 0 by Remark To verify that p is
arbitrary, we mention the following steps in [5] (their ¢ is our p). Note by
Remarkthat it remains to verify their condition (U2) for all p. On page 25
(calculation for (U2)), they give an estimate that works for all p depending
on two constants Cy and vy which are uniform in e by [5, Remark 4.6].

6. Averaging for continuous time fast-slow systems. Let ¢f :
M — M, 0 < € < €, be a family of semiflows defined on the metric
space (M, dys). For each € > 0, let v denote a ¢f-invariant ergodic Borel
probability measure. Let a : RY x M x [0,¢) — R? be a family of vector
fields on R satisfying conditions f.

We consider the family of fast-slow systems
i = ea(z9,y9 e),  2(9(0) = o,
y (1) = diyo,

where the initial condition x(e)(()) = x¢9 is fixed throughout. The initial
condition yy € M is again chosen randomly with respect to various measures
that are specified in the statements of the results.
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Define (9 : [0,1] — R? by setting 2(9)(t) = 2(9)(t/e). Let X : [0,1] — R?
be the solution to the ODE ([2.2)) and define
2= sup [#9(8) — X (1)
te(0,1]
Recall that £ = {x € RY : |z — 29| < L;}. As in Section define
a(x,€) = §,,a(x,y,€) dve(y) and let ve,(y) = a(z,y,€) — a(z,€). We define
the order function 6. = 01+ 62.: M — R by

01 =sup sup €|vegy:| where vy
ze€F 0<t<1/e

¢
Sv€ z 0 ¢S ds,
0
t
d2e=sup sup €/Vegy where Ve, = S
2€FE 0<t<1/e

Duvez) o ¢S ds.

The next result is the continuous time analogue of Theorem [2.2] The
proof is entirely analogous, and hence is omitted.

THEOREM 6.1. Let Se = sup,ep | §,, a(z,y,0) (dve—dw)(y)|+e. Assume
conditions ([2.3)-([2.5) hold. If 6. < 1/2, then z. < 6e*(5. + S).

As in the discrete time setting, we say that vg is statistically stable if
Ve — Vo. Proposition goes through unchanged and statistical stability
implies that S, — 0.

If the measures v, are absolutely continuous with respect to a reference
measure m on M, we define p. = dv./dm and set R, = SM |pe — po| dm.
Then vy is strongly statistically stable if R, — 0. Proposition [2.7]and Corol-
laries 2.8 and [2.9] go through unchanged.

F1x a Borel subset M’ C M and a reference Borel measure m’ on M’. Let
he : M — RY be a family of Lipschitz functions such that D () ( ) e M
for almost all y € M'. The map T, : M' — M', T.(y) = D (y ( ), is then
defined almost everywhere.

As usual, we suppose that there is a family v/ of ergodic T,-invariant
probability measures on M’. Define the suspension M}, = {(y,u) € M’ xR :
0 < u < he(y)}/~ where (y,h(y)) ~ (Tey,0). The suspension semiflow
ff:+ My, — My, is given by ff(y,u) = (y,u + t) modulo identifications. Let
he = §,, hedv.. Then v/ = (V. x {Lebesgue})/hc is an ergodic absolutely
continuous ff-invariant probability measure on M}, . The projection m, :
My, — M given by 7.(y,u) = ¢Sy is a semiconjugacy between ff and ¢y.
Hence ve = mc, v/ is an ergodic ¢§-invariant probability measure on M.

We suppose from now on that there are constants Ko > K; > 1 such
that for all z,y € M’ and € € [0, €):

o K{!'<h <Ky, Liphe < K; and |he — holoo < Kje.
o dy(dsz, ¢fy) < Kodp(x,y) and dps(P5y, gbgy) < Koe for all t < K.
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(These assumptions are easily weakened; in particular changing the € esti-
mates to €/2 will not affect anything.)

PROPOSITION 6.2. Let v : M — RY be Lipschitz. Define v : M' — R? by
o(y) = S(i)zo(y) v(¢%y) du. Then

[ v (dve — dvo) < 3K vlluipe + Kfloloo| § o (dv] — dvf)
M/

—|—K1‘ S 0 (dv, — dv)|.
M/

Proof. We have
| v(dve—dw)= | vomds— | vomdy

M My, e My, ne
= (1/he) | Vvomedudv — (1/ho) | | vomydudy
M’ 0 M’ 0
=hL+1b+1I3+ 14
where
he
Iy = (1/he = 1/hg) | | vomcdudy,
he
I = (1/hy) S S(vowe—vom)dudyé,
M’ 0
he ho
I3 = (1/ho) (S Svowodudué— S Svowodudué),
M’ 0 M’ 0
ho ho
— (1/ho) (S [ vomdudy, — | Svowodudu(’)).
M’ 0 M’ 0
Now
1] < K3|he = holKalvloo < Kol (Kae+ | § o (v — dig)|),
Ml

|I| < K{ sup sup (Lipv)dar(¢gy, dhy) < KiKa(Lipv)e,
yeM’ 0<u<K)
13| < Kilvloolhe — holoe < Kfvloce, || < Ku| | & (du — df)|
M/

The result follows from the combination of these estimates. =

COROLLARY 6.3. Statistical stability of v implies statistical stability
of 1g.
Proof. This follows from Proposition .
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COROLLARY 6.4. Suppose that the measures v, are absolutely continuous
with respect to m’, with densities p. = dv!/dm’. Then

S. < 3K§L(e+ | 10l — pgydm’).
M/
Proof. This follows from Proposition with v(y) = a(z,y,0) for each
fixed x. m

Next we show how the order function for the flows ¢5 : M — M is related
to the order function for the maps T, : M’ — M’. We restrict attention to
01,c since the corresponding statement for ds . is identical.

Define the family of induced observables w;  : M "— R by

he(y)
Wew(y) = S Ve,z(Pyy) du.
0
Note that {, , we . dv] = 0 and we , is dps-Lipschitz with [|we||rip < 2K1 Ko L.
Let

n—1
Aje = sup sup €|wezn| where wegpn = Z We g © Tg.
T€E 1<n<1+4+K; /e j=0
We can now state our main result for this section.
LEMMA 6.5. Let ¢ > 1. Then ‘5175|Lq(V5) < ‘AI,E’Lq(Vé) + 4K Le.

. . t .
Proof. Let ¥cy = Veq © e and define Oc gz = SO Vez 0 fodu. Let Ney -

My, — {0,1,...,1+ [Kit]} be the number of laps by time ¢,
Ne(y,u) = #{s € (0,1] : f(y,u) € M’ x {0}}.
Then
Dez,t(Ys ) = Wz N,y (you) (Y) T Hew 0 fi(y,u) — He oy, u)
where He ;(y,u) = §i Oc o (y, w') du' = Dc 2 (y,0). Note that |He p|oo < 2K L.
Hence

sup |UE,$,S| © Wﬁ(yv u) = Sup ’{)E,I,S(ya u)| < sup ‘ws,x,Ns(y,u) (y)‘ +4K,L
s<t s<t s<t

< ()| + 4K, L.
= jgr?fi}glt |we,x7j (y)| + 1

It follows that

€ Sup |Vegs| 0 me(y,u) < Ay (y) + 4K, Le,
s<1/e

and so 01 o me(y, u) < Ay (y) + 4K Le. The result follows. m

As a consequence of Corollary and Lemma [6.5] our results for maps
go through immediately for semiflows. For example, suppose that the maps
Te(y) = ¢y, W) (y) are a family of quadratic maps as in Example Then for

any ¢ > 0, we obtain averaging in L?(v,) with rate O(¢(//2)~). If moreover vy
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is strongly statistically stable, then we obtain averaging in L' (1) with rate
O(e(1/?7), and averaging in L' (1) for any absolutely continuous probability
measure g on M.

7. Counterexample for almost sure convergence. It is known [7]
that almost sure convergence fails for fully coupled fast-slow systems. Here
we give an example to show that almost sure convergence fails also in the
simpler context of families of skew products as considered in this paper.

We consider the family of maps Tt : [0, 1] — [0, 1] given by Ty = 2y + ¢
mod 1 with invariant measure v, taken to be Lebesgue for all ¢ > 0. Let
a(x,y,€) = cos2my. Since a has mean zero, the averaged ODE is given by
X = 0. We take 29 = 0 so that X (t) = 0. Nevertheless, we prove:

PROPOSITION 7.1. For every yo € [0,1], limsup_,q 2 (1) = 1.

Proof. The idea of the proof is to show that every yy € [0, 1] is eventually

fixed by T, for infinitely many arbitrarily small values of . Namely, y,(f) =

T'yo = —e mod 1 for all large enough n. Moreover, y,(f) gets fixed sufficiently
early to interfere with the averaging.
Let o € [0,1] and 6 > 0. Let N = [6~'/?] and choose an integer 1 < k < 2V
such that
Yo € [0+ (k—1)27N, —5 + k27N,
Choose € such that
Yo = —€+ (k — 1)2_N.

Then
§—2N<e<
If § is small enough, then § — 27V =§ — 2-107% 5 0, and so 0 < € <.
Now
Yl = 2"y + (2" —1)emod 1 = —e + (K — 1)2" "~ mod 1

for all n > 0. In particular, for n > N we have y7(f) = —emod 1, and

cos 27Ty,(f) > 1—me Note that N < e 1/2. Hence ﬁc(e)(l) =€ Zk;é]_lcos 27Ty,(f)
=14 0(e/?) + O(e). Since € € (0, 8] is arbitrarily small, the result follows.

REMARK 7.2. A similar argument works for the family of maps T.y =
2y 4 € mod 1 for any choice of 8 > 0.

Appendix: Proof of second order averaging. In this appendix, we
prove Theorem This is a quantitative version of a result due to [31]
with a somewhat simplified proof. We work with discrete time rather than
continuous time.
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First, we consider the case where T' : M — M is independent of e.
Suppose that a : R4 x M — R? and a : R* — R¢ are functions. Assume that
llallLip < L and ||Dalrip < L where D = % and L > 1.

For € > 0, consider the discrete fast-slow system

Tpil = Tp + ea(a:n, yn)v Yn+1 = Tyn
with 2o € R? and yg € M given.
Define Z : [0,1] — R?, &c(t) = /g, and let X : [0,1] — R? be the
solution of the ODE X = @(X) with initial condition X (0) = xg. As in
Section 2] we define d, = 81 ¢ + d2 . where

n—1

S1e(yo) =sup sup €| (alx,y;) — a(x))

I

d2(yo) =sup sup e Z(Da(x,yj) — Dd(m))‘.

Tz 1<n<l/e
THEOREM A.1. Let € > 0 and zy € R%. For all yo € M with de(yo) <
1/2 and t € [0,1],
|Ee(t) — X ()] < 5> (3e(yo) + €).-
First we recall a discrete version of Gronwall’s lemma.

PROPOSITION A.2. Suppose that b, > 0 and that there exist constants
C,D > 0 such that

n—1
bngC—l—Dme for all n > 0.

m=0

Then b, < C(D + 1)".
Proof. This follows by induction. =

Define a function u : R? x {0,1,...,[1/€]} by setting u(zx,0) =0 and
n—1
€ _
u(:c,n) = &;(a(x’yj)_a(x))’ n > 1.

PROPOSITION A.3. For any n < 1/¢, we have |u(-,n)lec < 1 and
Lipu(-,n) < 1.

Proof. For all z,

n—1
€ _ 52,6
|Du(z,n)| = 5: jZO(Da(a:,yj) — Da(x))| < 5 < 1.

Hence the second estimate follows from the mean value theorem, and the
first estimate is easier. m
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Define a new sequence w,, by setting wy = x¢ and
Wy, = Ty — Ou(wp—1,m), n>1.

LEMMA A4, Forall 0 <n <1/e and all y € M with 6.(y) < 1/2,
n—1
Wy, — WQ — eZ&(wk)‘ < 4Lé.,.
k=0
Proof. By definition, for all 0 < k < 1/e,

Oc[u(wy, k + 1) — u(wy, k)] = ela(wy, y) — a(wy)].

Thus »
deu(Wp—1,m) = ¢ Z{u(wk, E+1) —u(wg—1,k)}
k=0
n—1 n—1
=6, <Z{u(wk, E+1) —u(wg, k)} + Z{u(wk, k) — u(wg_1, k)})
k=0 k=0
n—1
= > {a(w, yx) — a(wi)} +Tn,
k=0
where

n—1
I =0 »_{u(wp, k) — u(wy_1,k)}.
k=1

This together with the definition of x,, yields

n—1
wn =0+ € Y _ alar, yr) — deu(wn_1,y,7)
k=0
n—1 n—1
=wp + € Z a(@k, Yi) — € Z{a(wm yr) — alwy)} —In
k=0 k=0
n—1
= wgy + eZ&(wk) -1, +11,,
k=0
where _—
II, =€ Z{CL(CEk, yk) - a(wka yk)}
k=0

We claim that for all 0 < n < 1/e,

| w11 — wy, — €a(wy)| < 4L€d,.
The result follows by summing over n.
It remains to prove the claim. It is easy to check w; — wp — ea(wp) = 0.
Inductively, suppose that |w, — w,—1 — ea(wy,—1)| < 4Led,. Notice that

[II,+1 — II,| < e(Lipa)|zy, — wy| < (Lip a)ede|u(wn—_1,n)| < Led,.
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Also,
Lnt1 — L] < ée(Lipw)|wy, — wp—1] < de(€la(wpn—1)| + 4Lede) < 3Lebe,

where the second inequality follows by the induction hypothesis and the
third inequality uses d. < 1/2. Therefore

|Wht1 — wy, — €a(wy)| < [Ty — L] + 141 — 10, | < 4L€f,
proving the claim. m
Define the sequence
Zntl = Zn +€a(zn), 20 = Tp.

COROLLARY A.5. |z, — 2| < 56.e2F for all 1 <n < 1/e and all y € M
with d¢(y) < 1/2.

Proof. Write

n—1
Wy, — Zp = Wy, — To —EZd(zk.)
k=0
n—1 n—1
= wy, — wp — eza(wk) + EZ{a(wk) —a(zk)}
k=0 k=0
By Lemmal[A]],
n—1 n—1
|wy, — 2zp| < 4L + ez la(wy) — a(zx)| < 4L6. + Lez |wg, — 2k |.
k=0 k=0

By Proposition |wyp, — 2zn| < 4L6.e" < 46.e2F. Moreover, |z, — wy| <
Oe|t| oo < 0 and the result follows. m

LEMMA A.6. |X(ne) — z,| < L?eFe.

Proof. Write

n—1 (m+1)e n—1
X (ne) = xo + Z S [a(X(s)) — a(X(me))]ds + € Z a(X (me)).
m=0 me m=0

Since
|C_L(X(t1)) — (_L(X(tz))‘ < L|X(t1) — X(t2)| < L2|t1 — tg’ for all £, to,
we obtain

n—1
X(ne) —xg—€ Z EL(X(me))‘ < L?ne? < L%
m=0
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Hence

| X (ne) —zn\<62]a (me)) — a(zm)| + L€

n—1
< Le Z | X (me) — 2| + L2e.
m=0

The result follows from Proposition .
Proof of Theorem By Corollary and Lemma
|z07g — X (@) < |X () — X([t/ele)| + [ X ([t/ele) — 21e/e| + 121t/ — 21/
< el + L?e"e + 5eLs, < 562L(<56 +e€). m
Proof of Theorem|[2.9 Replacing T, a(z,y) and a(z) in Theorem [A.1] by

Te, a(z,y,€) and a(x,€), we obtain
|Ee(t) — Xe(t)] < 5e(5c + ¢)

where

< Ac+ L{|Xc(s) = X (s)| ds.
0

By Gronwall’s lemma, | X,(t) — X (t)] < el A for all t < 1.
Next, Ac < Le 4+ sup,ep | §,, a(x,y,0) (dve — dp)(y)|. Combining these
estimates leads to

|Zc(t) — X (t)| < 5e*L6, 4 6e?Le

+ eL sup S a(a:,y,O) (dVE - dVO)(y) )
zelR M

yielding the result. »
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